THE CONTRA VERSION OF THE CATEGORY O
LEONID POSITSELSKI

ABSTRACT. The semicoderived category of the category O over a Tate Lie algebra
(or, more precisely, over a Tate Harish-Chandra pair) is equivalent to the semicon-
traderived category of the contra version of the category O with the complementary
or shifted central charge. This is the main result of the book [2]. In this paper we
show that the forgetful functor from the contra version of the category O into the
category of modules over the Lie algebra is fully faithful for many Tate Lie alge-
bras, such as the Virasoro or the Kac-Moody. Similarly, the forgetful functor from
the category of contramodules over the topological Lie algebra into the category of
modules over the underlying abstract Lie algebra, or over any its dense subalgebra,
is fully faithful for such Lie algebras. These assertions extend the line of known
results claiming that the forgetful functors from contramodules to modules are fully
faithful under certain assumptions.
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INTRODUCTION

0.1.  Contramodules is the common name for objects of the categories dual-analogous
to the categories of comodules over coalgebras and corings, or discrete modules over
topological rings or Lie algebras, or smooth modules over locally profinite groups,
or torsion modules over a commutative ring with a fixed ideal. The words “dual-
analogous” mean that the category of contramodules is somewhat similar to but
quite different from the opposite category to the category of comodules. We refer to
the overview paper [5] and the introductory exposition [7] for in-depth discussions of
various classes of contramodules and contramodule categories.



In good situations, both the comodule and the contramodule categories are abelian,
and furthermore, there are covariant triangulated equivalences connecting their (“ap-
propriately defined”, i. e., possibly “exotic”) derived categories. Results of the latter
kind are known under the common name of the derived comodule-contramodule cor-
respondence. We refer to the introductions to the book [2] and the papers [6, 8] for
substantial discussions.

The simplest result of this kind is the triangulated equivalence between the
(bounded or unbounded, conventional) derived categories of the abelian category of
p-primary torsion abelian groups and the abelian category of contramodules over the
topological ring of p-adic integers,

D*(Z,—discr) ~ D*(Z,—contra),

where x = b, +, —, or &. Here p-primary torsion abelian groups are, of course, the
same thing as discrete Z,-modules.

The most deep and important result of this kind is the triangulated equivalence
between the (always unbounded) semiderived categories of the abelian category
O..(g, H) of Tate Harish-Chandra modules with the central charge » over a Tate
Harish-Chandra pair (g, H) and the abelian category OF', (g, H) of Tate Harish-
Chandra contramodules with the complementary or shifted central charge » + 3¢

over the same Tate Harish-Chandra pair [2, Corollary D.3.1],
D¥°(0..(g, H)) ~ D**" (0%, (9, ).

Here the “semiderived category” is a generic term for the two dual notions of the
semicoderived and the semicontraderived categories, which appear on the two sides
of the triangulated equivalence. The canonical central charge kg is the central charge
with which the Tate Lie algebra g acts in the space of semi-infinite exterior forms
over it. For example, for the Virasoro Lie algebra, the canonical central charge s
corresponds to ¢ = —26 in the standard notation. The category of Tate Harish-
Chandra contramodules with the central charge ¢ + > contains, in particular, the
dual vector spaces to Tate Harish-Chandra modules with the central charge — ¢y — s¢;
in this sense this is called “complementary or shifted central charge”.

0.2. The discrete, the smooth, and the torsion modules form full subcategories in
the related categories of modules, by the definition. So do the comodules over coal-
gebras over fields. The contramodules, on the other hand, are module-like structures
with infinite summation operations [5]. Thus the claim that they form a full subcat-
egory in the related category of modules sounds somewhat unexpected. An infinite
summation operation is uniquely determined by its finite aspects. Why should it be?
Nevertheless, such results are known to hold in a number of situations.

The observation that weakly p-complete/Ext-p-complete abelian groups carry a
uniquely defined natural structure of Z,-modules that is preserved by any group
homomorphisms between them goes back to [1, Lemma 4.13]. The claim that the
forgetful functor provides an isomorphism between the category of Z,-contramodules
Z,—contra and the full subcategory of weakly p-complete abelian groups in Z-mod
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was announced in [2, Remark A.3], where the definition of a contramodule over a
topological associative ring also first appeared. Similarly, it was mentioned in |2,
Remark A.1.1] that contramodules over the coalgebra € dual to the algebra of formal
power series C* = k[[z]] in one variable z over a field k form a full subcategory in the
category of k[x]-modules; and a generalization to the coalgebras dual to power series
in several commutative variables C* = k[[x1, ..., x,,]] was formulated.

A more elaborated discussion of these results for the rings k[[z]] and Z, can be
found in [5, Section 1.6]; and a generalization to the adic completions of Noetherian
rings with respect to arbitrary ideals was proved in [3, Theorem B.1.1]. A version
for adic completions of right Noetherian associative rings at their centrally generated
ideals was obtained in [4, Theorem C.5.1]. A definitive treatment based on modern
techniques can be found in [10, Examples 2.2 and 2.3].

In the most straightforward terms, the situation can be explained as follows. One
says that an z-power infinite summation operation is defined on an abelian group P
if for every sequence of elements pg, p1, p2, ... € P an element denoted formally by
Yo 2", € P is defined in such a way that the equations of additivity

Z:ozo 2" (pn + Gn) = Z:O:O z"pp + ZZOZO " qp YV Pn, qn € P,

contraunitality

and contraassociativity

o0 . o0 . o0
E ZE J .._E nE . . S
z':()x jzox Dij = nzox Z.ﬂ:npm Vpi;eP, i,57=0,1,2,...

are satisfied. Then it is an elementary linear algebra exercise [7, Section 3| to show
that an x-power infinite summation operation on an abelian group P is uniquely
determined by the additive operator x: P — P,

xp:znzoxnpm where pPL=2p and p0:p2:p3:p4:...20'

Furthermore, a Z[x]-module structure on P comes from an z-power infinite summa-
tion operation if and only if

(1) Homgyj,) (Z[z, 2], P) =0 = Extém (Z[z, 2], P).
“An abelian group with an z-power infinite summation operation” is another name
for a contramodule over the topological ring of formal power series Z[[z]]; so the

forgetful functor Z[[z]]-contra — Z[x]-mod is fully faithful, and the conditions (1)
describe its image. Notice that the dual condition

Z[x,l‘_l] Q7[2] M =0

describes the category of discrete/torsion Z[[z]]-modules as a full subcategory in the
category of Z[z]-modules. In the case of several commutative variables xi, ..., z,
rewriting an [zq,...,Z,]-power infinite summation operation as the composition of
xj-power infinite summations over the indices j = 1, ..., m allows to obtain a similar
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description of the abelian category of Z[[x1, ..., z,,]]-contramodules as a full subcat-
egory in the abelian category of Z|[xy, ..., z,,)-modules [7, Section 4].

0.3. The discussion in Section 0.2 applies to finite collections of commutative vari-
ables only. So it was a kind of breakthrough when it was shown in [9, Theorem 1.1]
that the forgetful functor from the category of left contramodules over the coalgebra
€ dual to the algebra of formal power series C* = k{{xy,...,z,,}} in noncommuta-
tive variables xq, ..., x,, into the category of left modules over the free associative
algebra k{xy,...,x,,} is fully faithful.

To give another example, let us consider contramodules over the Virasoro Lie alge-
bra Vir. The Virasoro Lie algebra is the topological vector space Vir = k((z))d/dz &
kC of vector fields with coefficients in the field of Laurent power series in one vari-
able z over a field k of characteristic 0, extended by adding a one-dimensional vector
space kC' as a second direct summand. The vectors L, = 2""'d/dz, n € Z, and C
form a topological basis in Vir, and the Lie bracket is defined by the formula

i3 —i

[Li7 LJ] = (] - Z)LH—] + 6i, —jT07 [Lla C] = 07 ia ] € Za
where ¢ is the Kronecker symbol.
A Vir-contramodule P is a k-vector space endowed with a linear operator C': P —»

P and an infinite summation operation assigning to every sequence of vectors p_y,

P-N+41, D-N42, ... € P, N € Z, a vector denoted formally by > \ L;p; € P. The
equations of agreement

> yLim=) L when N <M and py = =poar =0,
linearity

Zi:_N Li(ap; + bq;) = GZZ_:_N Lipi + bZi:—N Ligg VYa,bek, pi,q€P,

centrality of C'
C Zisz Lip; = ZiZ*N Li(Cp:),

and contra-Jacobi identity

i_ i o,i_ iPij | — i_ J i_ iDij
(3 ) = 30 e (T )
00 i>—N,j>—M i>-N,j>-M (i3 — 4
B (S o) e (S )

have to be satisfied [2, Section D.2.7], [5, Section 1.7].

One of the main results of this paper claims that the forgetful functor Vir—contra
— Vir-mod from the abelian category of Vir-contramodules to the abelian category
of modules over the Lie algebra Vir is fully faithful. Moreover, so is the forgetful
functor Vir-contra — Vir-mod from the category of Vir-contramodules to the cat-

egory of modules over a discrete version Vir = k[z, 27!]d/dz & kC C Vir of Virasoro
Lie algebra.
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1. MAIN THEOREM FOR TOPOLOGICAL RINGS

We refer to [11, Sections 1.1-2 of the Introduction]| and [10, Section 1] for a dis-
cussion of additive accessible monads on the category of sets. In this paper, we
are interested in the monads associated with topological rings [2, Remark A.3|, [3,
Section 1.2], [5, Section 2.1}, [11, Section 5], [10, Example 1.3(2)].

Let R be a separated and complete topological associative ring with a base of
neighborhoods of zero formed by open right ideals. The former two conditions mean
that the natural map R — l'&nJ M /J, where the projective limit is taken over all the

open right ideals J in R, is an isomorphism of abelian groups (or right S-modules).
For any set X, we denote by QR[[X]] the set l'&l3 M/J[X], where, once again, the

projecitive limit is taken over all the open right ideals J C R, and the notation A[X]
for any abelian group A and a set X stands for the direct sum of X copies of A.

Elements of the set R[[X]] are interpreted as infinite formal linear combinations
Y sex Tz of elements of X with families of coefficients r, € R converging to zero
in the topology of R. The latter condition means that an infinite formal linear
combination ) _. r,x belongs to R[[X]] if and only if for every neighborhood of
zero 4 C R the set of all x € X such that r, ¢ 4 is finite.

For any map of sets f: X — Y, one constructs the induced map R[[f]]: R[[X]]
— R[[Y]] by computing infinite sums of coefficients, in the sense of the limit of finite
partial sums in the topology of R, along the fibers of the map f. The convergence
condition on the families of coefficients r, and the separatedness and completeness
condition on the topology of the ring R are used here.

The covariant functor Tg: Sets — Sets taking every set X to the set R[[X]]
is an (additive and accessible) monad on the category of sets. The monad unit
map ex(X): X — R[[X]] simply takes every element zy € X to the formal linear
combination er « Te® with the coefficients 7., = 1 and 7, = 0 for x # x; while the
monad multiplication map ¢n(X): R[[R[[X]]]] — R[[X]] opens the parentheses in
a formal linear combination of formal linear combinations, computing the coefficients
of the resulting formal linear combination of elements of X using the multiplication
in the ring R and the infinite summation understood, once again, in the sense of the
limit of finite partial sums in the topology of fR.

More precisely, the map R[[R[[X]]]] — R[[X]] is constructed as the projective
limit of natural maps R/J[R[[X]]] — R/J[X] over the open right ideals J C R. To
construct the latter map, one has to show that for every element 7 € 2R/J there is a
well-defined map of left multiplication with 7 acting from R[[X]] to R/J[X]. Here it
is important that J is a right ideal in 2R and that for every element r € R there exists
an open right ideal J, C 2R such that rJ, C J. The latter property follows from the
continuity condition on the multiplication in a topological ring.

5



A left R-contramodule is an algebra/module over the monad Ty: X —— R[[X]]
on the category of sets. In other words, a left SA-contramodule ‘B is a set endowed
with a map of sets, called the contraaction map, mp: R[[B]] — P satisfying the
contraassociativity and contraunitality equations.

Specifically, the two maps R[[R[[B]]]] = R[[B]], one of them being the monad mul-
tiplication map ¢n () and the other one the map MR[[my]] induced by the contraaction
map 7y, should have equal compositions with the map my,

RRIFN] = RIP] — B,

and the composition of the monad unit map ex () : P — R[[P]] with the contraac-
tion map my should be equal to the identity map idyg of the set B,

B — R[P] — B

The category $R—contra of left contramodules over a topological ring R satisfy-
ing the above conditions is abelian with set-indexed direct sums and products, and
a natural projective generator 8 = 2R. More generally, for any set X, the left
PR-contramodule R[[X]], with the contraaction map myx = ¢n(X), is called the
free left R-contramodule generated by the set X. There are enough projective ob-
jects in the abelian category R—contra, and a left SR-contramodule is projective if and
only if it is a direct summand of a free left JR-contramodule.

In particular, when R is a discrete ring, a left JR-contramodule is the same thing
as a conventional left SR-module, because left Y3-modules can be defined as modules
over the monad X —— PR[X] on the category of sets. Here, as above, SR[X] is the set
of all finite formal linear combinations of elements of X with coefficients in R. So,
when R is a topological ring, R[X] is a subset in R[[X]]. Composing the inclusion
map R[P|] — R[[P]] with the contraaction map my: R[[P] — B, one recovers the
underlying left SR-module structure of a left R-contramodule.

The forgetful functor !R—contra — YA3-mod is exact and preserves infinite products
(but not infinite direct sums). More generally, let R be an associative ring and
0: R — R be an associative ring homomorphism. Composing the forgetful functor
PR—contra — R—mod with the functor of restriction of scalars i—mod — R-mod
induced by 6, one obtains a forgetful functor ©: R-contra — R-mod. The latter
functor is also exact and preserves infinite products.

Let J C fR be a right ideal. We will say that a finite set of elements s, ..., s, € J
strongly generates the right ideal J if for every family of elements r, € J, indexed
by some set X and converging to zero in the topology of R, there exist families of

elements r;, € R, j =1, ..., m, each of them indexed by the set X and converging
to zero in the topology of R, such that r, = Z;n:l s, for all x € X. Since any

finite family of elements in YR converges to zero in the topology of R, any finite set
of elements of a right ideal J C fR strongly generating the ideal J also generates the
right ideal J in the conventional sense (cf. [3, Section B.4]).

The following theorem is our main result. It is a generalization of [9, Theorem 1.1],
and its proof is similar to that [9] (see Examples 2.3 for a discussion).



Theorem 1.1. Let R be a complete, separated topological associative ring, R be
an associative ring, and 0: R — R be a ring homomorphism with a dense image.
Assume that R has a countable base of neighborhoods of zero consisting of open
two-sided ideals, each of which, viewed as a right ideal, is strongly generated by a
finite set of elements lying in the image of the map 6. Then the forgetful functor
©: M-contra — R-mod s fully faithful.

Proof. Given a set X and a complete, separated topological abelian group 2 with a
base of neighborhoods of zero formed by open subgroups 4 C 2, denote by A[[X]]
the abelian group lgnucm 2A/4[X]. Following the notation in [4, Section D.1] and [11,
Sections 5-6], for any closed subgroup 2 C QR and any left 2R-contramodule P, we
denote by 2 <P C P the image of the composition A[[P]] — P of the natural
embedding A[[B]] — R[[P]] and the contraaction map my: R[[P]] — PB. The map
2A[[B]] — P is an abelian group homomorphism, so A <P is a subgroup in P.

As usually, for any left SR-module P and any subgroup A C R, we denote by
AP C P the subgroup generated by the products ap, where a € A and p € P. So we
have 5P C A P for any closed subgroup 2 C R and any left SR-contramodule 3.
For any left ideal I C R and any left R-module P, the subgroup IP C P is a left
R-submodule in P. For any closed left ideal J C R and any left SR-contramodule 3,
the subgroup J AP C P is a left R-subcontramodule in P. On the other hand, when
a closed right ideal J C fR is strongly generated by a finite set of elements sy, ...,
Sm € J, one has J AP = IP = 1P + - - - + 5,°B for any left R-contramodule P.

Let B and Q be two left R-contramodules, and let f: P — Q be a left R-module
morphism. The contraaction map my: R[[P]] — P is a surjective morphism of
left SR-contramodules. In order to show that f is an R-contramodule morphism, it
suffices to check that the composition R[[B]] — P — Q is an R-contramodule
morphism. Hence we can replace B with SR[[B]] and suppose that P = R[[X]] is a
free left R-contramodule generated by a set X.

Then the composition X — Q of the natural embedding X — R[[X]] with
a left R-module morphism f: R[[X]] — Q can be extended uniquely to a left
MR-contramodule morphism f": R[[X]] — Q. Setting g = f — f’, we have a left
R-module morphism ¢: R[[X]] — Q taking the elements of the set X to zero
elements in . We have to show that g = 0. Without loss of generality, we can
assume that the left JM-contramodule Q is generated by its subset g(R[[X]]) C Q
(otherwise, replace Q with its subcontramodule generated by g(R[[X]])). Then we
have to show that Q = 0.

Let 3 C R be an open two-sided ideal strongly generated, as a right ideal, by
a finite set of elements sy, ..., s,, € J belonging to the image of #. Denote by
I C R the full preimage of the ideal J with respect to ring homomorphism 6; so
I is a two-sided ideal in R and R/I ~ R/J (since the image of # is dense in R).
Then we have J[[X]] = T A R[[X]] = IR[X]] = s1R[X]] + -+ + suR[[X]] and
TAQ=I0=59Q+ -+ s,9.

Now the induced left (R/I)-module morphism ¢/I: R[[X]]/IR[X]] — Q/IQ
vanishes, because the left (R/I)-module R[[X]]/IR[[X]] = R/I[X] = R/I[X] is
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generated by elements from X. So the image of the morphism ¢ is contained in /.
Since the left SR-contramodule 9 is generated by g(R[[X]]) and IQ =T £Q is a left
R-subcontramodule in £, it follows that Q = 1.

We have shown that Q = J £ Q for a countable set of open two-sided ideals
J C R forming a base of neighborhoods of zero in R. According to the contramodule
Nakayama lemma ([4, Lemma D.1.2] or [11, Lemma 6.14]), it follows that Q = 0. O

The following proposition explains, in a context more general than that of Theo-
rem 1.1, how to distinguish the objects of the full subcategory Yi—contra among the
objects of the ambient category R—mod.

Proposition 1.2. Let R be a complete, separated topological associative ring with
a base of meighborhoods of zero formed by open right ideals, R be an associative
ring, and 0: R — R be a ring homomorphism such that the related forgetful func-
tor ©: R—contra — R-mod is fully faithful. Let Y be a set of the cardinality
greater or equal to the cardinality of a base of neighborhoods of zero in R. De-
note by Oy the natural left R-module morphism R[Y] — R[[Y]]. Then a left
R-module P belongs to ©(R—contra) if and only if the morphism of abelian groups
Hompg(fy, P): Homg(R[[Y]], P) — Homg(R[Y], P) = PY is an isomorphism.

In particular, in the context of Theorem 1.1, it suffices to take a countable set Y.

Proof. This is essentially the particular case of (the proof of) [10, Theorem 3.5(a)]
that occurs when one considers the accessible additive monad T = Ty associated with
a topological ring 2R. Notice that if Z is a subset in Y and the map Hompg(fy, P) is
an isomorphism for a certain left R-module P, then the map Hompg (07, P) is also an
isomorphism, because the left R-module morphism 0;: R[Z] — R[[Z]] is a direct
summand of the morphism 6y .

2. EXAMPLES TO THE MAIN THEOREM

Below we list some examples of topological rings R together with ring homomor-
phisms R — R into R from a discrete ring R for which one can show the forgetful
functor SR—contra — R—mod is fully faithful using Theorem 1.1 (or parts of the ar-
gument from its proof), as well as a certain counterexample. Further such examples
will be provided in Sections 3-4.

Remark 2.1. Let R be a complete, separated topological associative ring with a
countable base of neighborhoods of zero consisting of open right ideals. Let 8 C R
be a closed two-sided ideal and & = 9R/R be the quotient ring endowed with the
quotient topology. Then & is also a complete, separated topological associative ring
with a countable base of neighborhoods of zero consisting of open right ideals, and
the functor of restriction of scalars G—contra — $R—contra is fully faithful. Indeed,
any family of elements of & converging to zero in the topology of & can be lifted to
a family of elements of R converging to zero in the topology of fA.
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Moreover, if a homomorphism of associative rings #: R — R satisfies the as-
sumptions of Theorem 1.1, then so does the composition §: R — & of the homo-
morphism ¢ with the natural surjective homomorphism R — &. Indeed, for any
open right /two-sided ideal J C R, one can consider the open right/two-sided ideal
J=(3+ K /R C & Then any family of elements of J converging to zero in the
topology of & can be lifted to a family of elements of J converging to zero in the
topology of R, hence the image of any finite set of elements strongly generating the
right ideal J C R strongly generated the right ideal J C &.

Examples 2.2. (1) Let k£ be a commutative ring and R = k{{z1,...,2,}} be the
k-algebra of noncommutative formal Taylor power series in the variables x1, ..., x,,
with the coefficients in k, endowed with the formal power series topology (or, in
other words, the J-adic topology for the ideal J = (xy,...,2,) C ). We observe
that the ideal J" C R of all the formal power series with vanishing coefficients at
all the noncommutative monomials of the total degree less than n in x4, ..., z,, is
strongly generated, as a left ideal in R, by the finite set of all the noncommutative
monomials of the total degree n in xq, ..., z,. Denoting by R = k{xy,...,2n}
the k-algebra of noncommutative polynomials in xy, ..., x,, and by #: R — ‘R the
natural embedding, we conclude, by applying Theorem 1.1, that the forgetful functor
PR—contra —» R—mod is fully faithful.

(2) More generally, let R be a quotient algebra of the algebra k{zi,...,z,} of
noncommutative polynomials in the variables =y, ..., z,, over a commutative ring k
by a two-sided ideal K C k{z1,...,2,}. Let R = Hm R/I™ be the adic comple-
tion of the algebra R with respect to the two-sided ideal I = (xy,...,x,) C R,
endowed with the projective limit topology (= I-adic topology of the left or right
R-module fR). Then fR is the topological quotient ring of the algebra of noncommu-
tative formal power series k{{x1,..., 2, }} by the closure R of the image of the ideal
K C E{zy,...,xpn} in k{{z1,..., 2, }}. In view of Remark 2.1, the forgetful functor
R—contra — R—mod is fully faithful.

(3) Even more generally, let R be the quotient ring of the topological algebra
of noncommutative formal power series k{{x1,...,z,}} by a closed two-sided ideal
R C k{{z1,...,zm}}, endowed with the quotient topology. Then the forgetful functor
MR-contra — k{z1,...,x,}mod is fully faithful.

(4) One can also drop the commutatity assumption on the ring k, presuming only
that the elements of k commute with the variables 1, ..., z,, (while the variables
do not commute with each other and the elements of k do not necessarily commute
with each other). All the assertions of (1-3) remain valid in this setting.

Examples 2.3. (1) Let k be a field and € be a coassociative, counital k-coalgebra.
Then the dual vector space €V to the k-vector space C has a natural topological
k-algebra structure. The category C—contra of left contramodules over the coalgebra
C is isomorphic to the category €V—contra of left contramodules over the topological
algebra C* [3, Section 1.10], [5, Section 2.3].



(2) In particular, when € is a conilpotent coalgebra over k with a finite dimensional
cohomology space H'(€), the topological algebra €V is a topological quotient algebra
of the algebra of noncommutative formal power series k{{x1,..., 2z, }}, where m =
dimy, H'(@), by a closed two-sided ideal, as in Example 2.2(3). This allows to recover
the result of [9, Thereom 1.1] as a particular case of our Theorem 1.1. (A change
of variables may be needed in order to ensure that an arbitrary dense subalgebra
R C €Y contains the images of the generators x; € k{{z1,...,2m}}.)

Examples 2.4. (1) Let R be an associative ring with a two-sided ideal I C R.
Consider the associated graded ring gr;R = @, , I"/I"! and the I-adic completion
R = l&nn R/I™ (viewed as a topological ring in the projective limit topology). Assume
that the ideal gr;/ = @7, I"/I™"" in the graded ring gr; R is generated by a finite
set of central elements s, ..., §,, of grading 1.

Choose some liftings s, ..., s,, € I of the elements 5, ..., 5, € I/I?. Then
the open two-sided ideal J, = 1&1Z I" /1" in the topological ring R, viewed as a
right ideal, is strongly generated by the images of the monomials of degree n in the
elements sq, ..., Sp,. According to Theorem 1.1, it follows that the forgetful functor
R—contra — R—mod is fully faithful.

(2) In particular, let R be an associative ring and I C R be the ideal generated
by a finite set of central elements sy, ..., s, € R. Let R = @n R/I™ be the I-adic
completion of the ring R, endowed with the projective limit (= [-adic) topology.
Then the forgetful functor Yi—contra — R-mod is fully faithful. This result was
announced in [10, Examples 2.2(2) and 2.3(3)].

Examples 2.5. (1) Let R be an associative ring and S C R be a multiplicative
subset consisting of some central elements in R. Let R = lim R/sR denote the
S-completion of the ring R, viewed as a topological ring in the projective limit topol-
ogy. Assume that the projective limit topology of fR coincides with the S-topology of
R-module R, and moreover, assume that for every set X the projective limit topology
of the free R-contramodule R[[X]] = Hm R/sR[X] coincides with the S-topology

of the R-module R[[X]] (cf. [8, Theorem 2.3]).

The latter condition can be expressed by saying that for any X-indexed family of
elements r, € R, converging to zero in the topology of SR and belonging to the kernel
ideal of the natural ring homomorphism 8 — R/sR, there exists an X-indexed
family of elements in ¢, € R, converging to zero in the topology of R, such that
ry, = st, for all x € X. In other words, it means that the kernel ideals of the
ring homomorphism R — R/sR is strongly generated by (the image in R of) an
element s, for every s € S.

Following the proof of Theorem 1.1, we would be able to conclude that the for-
getful functor M—contra — R-mod is fully faithful if we knew that, for every left
MR-contramodule Q, the equations Q = sQ for all s € S imply Q = 0. This condition
holds whenever every S-divisible left R-module is S-h-divisible (see the discussion
in [8, Section 1] and the references therein).
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To sum up, the forgetful functor R—contra — R—mod is fully faithful whenever
the S-completion of the free left R-module R[X] is S-complete for every set X and
all the S-divisible left R-modules are S-h-disible.

(2) In particular, for any countable multiplicative subset S consisting of some

central elements in an associative ring R, the forgetful functor Yi—contra — R-mod
is fully faithful (see [8, Proposition 2.2]).
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