COHERENT ANALOGUES OF MATRIX FACTORIZATIONS

AND RELATIVE SINGULARITY CATEGORIES
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ABSTRACT. We define the triangulated category of relative singularities of a closed
subscheme in a scheme. When the closed subscheme is a Cartier divisor, we con-
sider matrix factorizations of the related section of a line bundle, and their analogues
with locally free sheaves replaced by coherent ones. The appropriate exotic derived
category of coherent matrix factorizations is then identified with the triangulated
category of relative singularities, while the similar exotic derived category of locally
free matrix factorizations is its full subcategory. The latter category is identified
with the kernel of the direct image functor corresponding to the closed embed-
ding of the zero locus and acting between the conventional (absolute) triangulated
categories of singularities. Similar results are obtained for matrix factorizations
of infinite rank; and two different “large” versions of the triangulated category of
relative singularities, corresponding to the approaches of Orlov and Krause, are
identified in the case of a Cartier divisor. Contravariant (coherent) and covariant
(quasi-coherent) versions of the Serre-Grothendieck duality theorems for matrix
factorizations are established, and pull-backs and push-forwards of matrix factor-
izations are discussed at length. A number of general results about derived cate-
gories of the second kind for CDG-modules over quasi-coherent CDG-algebras are
proven on the way. Hochschild (co)homology of matrix factorization categories are
discussed in an appendix.

CONTENTS

Introduction
1. Exotic Derived Categories of Quasi-Coherent CDG-Modules

1.1.
1.2.
1.3.
1.4.
1.5.
1.6.
1.7.
1.8.
1.9.
1.10.

CDG-rings and CDG-modules

Quasi-coherent CDG-algebras

Derived categories of the second kind

Finite flat dimension theorem

Fully faithful embedding

Finite homological dimension theorem

Gorenstein case

Pull-backs and push-forwards

Morphisms of finite flat dimension
Supports of CDG-modules

2. Triangulated Categories of Relative Singularities

2.1.
2.2.

Relative singularity category
Matrix factorizations



2.3.  Exotic derived categories of matrix factorizations 31

2.4. Regular and Gorenstein scheme cases 33
2.5.  Serre-Grothendieck duality 34
2.6. w-flat matrix factorizations 40
2.7.  Main theorem 42
2.8. Infinite matrix factorizations 46
2.9. Stable derived category 50
2.10. Relative stable derived category 53
3. Supports, Pull-Backs, and Push-Forwards 55
3.1. Locality of local freeness 55
3.2. Supports 59
3.3. Pull-backs and push-forwards in singularity categories 62
3.4. Push-forwards of matrix factorizations 63
3.5.  Push-forwards for morphisms of finite flat dimension 65
3.6.  Duality and push-forwards 68
3.7.  Duality and pull-backs 70
Appendix A. Quasi-Coherent Graded Modules 72
A.1. Flat quasi-coherent sheaves 72
A.2. Locally projective quasi-coherent graded modules 73
A.3. Injective quasi-coherent graded modules 73
Appendix B.  Hochschild (Co)Homology of Matrix Factorizations 76
B.1. Locally free matrix factorizations of finite rank 76
B.1.1. Coherent and Noetherian CDG-categories 76
B.1.2. Derived functors of the second kind 7
B.1.3. Comparison of the two theories 79
B.1.4. Comparison for the DG-category of CDG-modules 81
B.1.5. Locally free matrix factorizations 83
B.1.6. Smooth stratifications 84
B.2. Coherent matrix factorizations 85
B.2.1. Noncritical functions 85
B.2.2. External tensor products 87
B.2.3. Hochschild cohomology 89
B.2.4. Cotensor product 89
B.2.5. Hochschild homology 89
References 89
INTRODUCTION

A matriz factorization of an element w in a commutative ring R is a pair of square
matrices (@, ¥) of the same size, with entries from R, such that both the products ®W¥
and W& are equal to w times the identity matrix. In the coordinate-free language,
a matrix factorization is a pair of finitely generated free R-modules M° and M!
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together with R-module homomorphisms M°? — M?!' and M' — M such that
both the compositions MY — M! —s M? and M' — M° — M*' are equal to
the multiplication with w. Matrix factorizations were introduced by Eisenbud [16]
and used by Buchweitz [4] for the purposes of the study of maximal Cohen—Macaulay
modules over hypersurface local rings.

Another name for this notion is “D-branes in the Landau-Ginzburg B model” (as
suggested by Kontsevich) [20]; in this context, the element w is called the potential.
One generalizes the above definition, replacing free modules with projective mod-
ules [20, 29|, with locally free sheaves [31], and finally with coherent sheaves [22].
The importance of the latter generalization is emphasized in the present paper.

Being particular cases of curved DG-modules over a curved DG-ring [20, 37], matrix
factorizations form a DG-category. So one can consider the corresponding category of
closed degree-zero morphisms up to chain homotopy, which is a triangulated category.
Generally speaking, however, the homotopy category is “too big” for most purposes,
and one would like to pass from it to an appropriately defined derived category.
One can use the homotopy category in lieu of the derived one when dealing with
projective modules [20, 29]; for locally free matrix factorizations over a nonaffine
scheme, there is an option of working with the quotient category of the homotopy
category by the locally contractible objects [33, Definition 3.13]. When dealing with
coherent (analogues of) matrix factorizations, having some kind of a derived category
construction is apparently unavoidable.

The relevant concept of a derived category is that of the derived category of the
second kind, as developed in [37, 36]. There are several versions of this notion; the
appropriate one for quasi-coherent sheaves is called the coderived category and for
coherent sheaves it is the absolute derived category. The absolute derived category
of locally free matrix factorizations was studied in [31]; for coherent matrix factor-
izations over a smooth variety, it was considered in [22]. These two absolute derived
categories are equivalent for regular schemes, but may be different otherwise.

The triangulated category of singularities of a Noetherian scheme was defined by
D. Orlov in [29] as the quotient category of the bounded derived category of coherent
sheaves by its full triangulated subcategory of perfect complexes, i. e., the objects
locally presentable as finite complexes of locally free sheaves. This triangulated cat-
egory vanishes if and only if the Noetherian scheme is regular. It was shown in [29,
Theorem 3.9], under mild assumptions on an affine regular Noetherian scheme X
and a potential (regular function) w on it, that the homotopy category of locally
free matrix factorizations of w over X is equivalent to the triangulated category of
singularities of the zero locus Xy of w in X.

In his recent paper [31], Orlov shows that the affineness assumption on X can be
dropped in this result, if one replaces the homotopy category of locally free matrix
factorizations with their absolute derived category. He also considers the general
case of a nonaffine singular scheme X, for which he obtains a fully faithful functor
from the absolute derived category of locally free matrix factorizations over X to the



triangulated category of singularities of X,. The problem of studying the difference
between these two triangulated categories was posed in the introduction to [31].

The first aim of the present paper is to provide an alternative proof of these re-
sults of Orlov for regular schemes, an alternative generalization of them to singular
schemes, and a more precise version of Orlov’s original generalization. We replace
the triangulated category at the source of Orlov’s fully faithful functor by a “larger”
category (containing the original one) and the triangulated category at the target
by a “smaller” category (a quotient of the original one), thereby transforming this
functor into an equivalence of triangulated categories. We also describe the image of
Orlov’s fully faithful functor as the kernel of a certain other triangulated functor.

More precisely, we show that the absolute derived category of coherent matrix
factorizations of w over X is equivalent to what we call the triangulated category of
singularities of Xy relative to X. The latter category is a certain quotient category
of the triangulated category of singularities of Xj; it measures, roughly speaking,
how much worse are the singularities of X, compared to those of X. As to the
image of Orlov’s fully faithful embedding, it consists precisely of those objects of
the conventional (absolute) triangulated category of singularities of X, whose direct
images vanish in the triangulated category of singularities of X.

The paper consists of three sections and two appendices. In Section 1, we prove
three rather general technical assertions about derived categories of the second kind
for CDG-modules over a quasi-coherent CDG-algebra with a restriction on the homo-
logical dimension. One of them, claiming that certain embeddings of DG-categories
of CDG-modules induce equivalences of the derived categories of the second kind, is
a generalization of [32, Theorem 3.2] based on a modification of the same argument,
originally introduced for the proof of [36, Theorem 7.2.2].

The idea of the proof of the other assertion, according to which certain natural
functors between derived categories of the second kind are fully faithful, is new. The
third technical assertion explains when the coderived category coincides with the
absolute derived category of the same class of CDG-modules: e. g., for the locally
projective CDG-modules this is true.

A version of (the former two of) these results is used in Section 2 in order to extend
Orlov’s cokernel functor from the absolute derived category of locally free matrix
factorizations to the absolute derived category of coherent ones. This extension
of the cokernel functor admits a simple construction of a functor in the opposite
direction, suggested in [22]. We use these constructions to obtain a new proof of
Orlov’s theorem, and our own generalization of it to the singular case.

When X is regular, Orlov’s and our results amount to the same assertion, since
the absolute derived categories of locally free and coherent matrix factorizations are
equivalent by our Theorem 1.4. When X is singular, the natural functor between
these two absolute derived categories is fully faithful by our Proposition 1.5, and
Orlov’s full-and-faithfullness theorem follows from ours by virtue of an appropriate
semiorthogonality property.



We also compare a “large” version of the triangulated category of relative singu-
larities with the coderived category of quasi-coherent matrix factorizations, strength-
ening some results of Polishchuk—Vaintrob [33]. A “large” version of the absolute
triangulated category of singularities, defined by Orlov in [29], is identified with
H. Krause’s stable derived category [21] in the case of a divisor in a regular scheme.
Similar results are proven in the case of a Cartier divisor in a singular scheme, where
we extend Krause’s theory by defining the relative stable derived category. For any
closed subscheme of finite flat dimension in a separated Noetherian scheme, the rel-
ative stable derived category is compactly generated by its full triangulated subcat-
egory equivalent to the triangulated category of relative singularities.

The homotopy categories of unbounded complexes of projective modules over a
ring and injective quasi-coherent sheaves over a scheme were studied in the papers by
Jorgensen [18] and Krause [21]; subsequently, Iyengar and Krause have constructed
an equivalence between these two categories for rings with dualizing complexes [17].
These results were extended to quasi-coherent sheaves over schemes by Neeman [28]
and Murfet [23], who found a way to define a replacement of the homotopy category
of (nonexistent) projective sheaves in terms of the flat ones. The equivalence between
these two categories is a covariant version of the Serre-Grothendieck duality [14]. It
is also very similar to the derived comodule-contramodule correspondence theory,
developed by the present author in [37, 36].

The Serre-Grothendieck duality for matrix factorizations in the situation of a
smooth variety X (and an isolated singularity of X,) was studied in [24]. In this paper
we extend the duality to matrix factorizations over much more general schemes X,
constructing an equivalence between two “large” exotic derived categories, namely,
the coderived category of flat (or locally free) matrix factorizations of possibly infinite
rank and the coderived category of quasi-coherent matrix factorizations. Unless X
is Gorenstein, this equivalence is not provided by the natural functor induced by the
embedding of DG-categories, but rather differs from it in that the tensor product
with the dualizing complex has to be taken along the way. A contravariant Serre
duality in the form of an auto-anti-equivalence of the absolute derived category of
coherent matrix factorizations is also obtained.

There was some attention paid to pull-backs and push-forwards of matrix factor-
izations recently [33, 8, 34]. In Section 3, we approach this topic with our techniques,
constructing the push-forwards of locally free matrix factorizations of infinite rank
for any morphism of finite flat dimension between schemes of finite Krull dimension,
and the push-forwards of locally free matrix factorizations of finite rank for any such
morphism for which the induced morphism of the zero loci of w is proper. At the
price of having to adjoin the images of idempotent endomorphisms, the preservation
of finite rank under push-forwards is proven assuming only the support of the matrix
factorization [33] to be proper over the base.

Push-forwards of quasi-coherent matrix factorizations are well-defined for any mor-
phism of Noetherian schemes, and push-forwards of coherent matrix factorizations



exist under properness assumptions similar to the above. A general study of category-
theoretic and set-theoretic supports of quasi-coherent and coherent CDG-modules is
undertaken in this paper in order to obtain an independent proof of the preservation
of coherence under the push-forwards not based on the passage to the triangulated
categories of singularities.

The compatibility with pull-backs and push-forwards in an organic part of the
Serre-Grothendieck duality theory. The contravariant duality agrees with push-
forwards of coherent sheaves (or matrix factorizations) with respect to proper mor-
phisms [14], while the covariant duality transforms the conventional inverse image
of flat matrix factorizations into the extraordinary inverse image of quasi-coherent
ones [39]. We use the latter result in order to construct the Hartshorne-Deligne ex-
traordinary inverse image functor, which is denoted by f' in [14] and which we denote
by fT, in the case of quasi-coherent matrix factorizations.

Appendix A contains proofs of some basic facts about flat, locally projective, and
injective quasi-coherent graded modules which are occasionally used in the main
body of the paper. Appendix B is essentially a complement to the paper [32], con-
taining both some variations and improvements on the results about Hochschild
(co)homology of (C)DG-categories and matrix factorizations in [32], and an alter-
native approach to Hochschild (co)homology of coherent matrix factorizations based
on the techniques developed in the main body of this paper.
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1. ExoTic DERIVED CATEGORIES OF QUASI-COHERENT CDG-MODULES

1.1. CDG-rings and CDG-modules. A CDG-ring (curved differential graded
ring) B = (B,d,h) is defined as a graded ring B = @,_, B' endowed with an odd
derivation d: B — B of degree 1 and an element h € B? such that d*(b) = [h, b
for all b € B and d(h) = 0. So one should have d: B* — B! and d(ab) = d(a)b +
(—1)l%lad(b); the brackets [—, —] denote the supercommutator [a, b] = ab— (—1)1*lpa.
The element A is called the curvature element.

A morphism of CDG-rings B — A is a pair (f,a), with a morphism of graded
rings f: B — A and an element a € A', such that f(dgb) = daf(b) + [a, f(D)] for
all b € B and f(hg) = ha + daa + a®. The composition of morphisms of CDG-rings
is defined by the obvious rule (f,a)o(g,b) = (fog, a+ f(b)). The element a is called
the change-of-connection element. A discussion of the origins of these definitions can
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be found in the paper [35], where the above terminology first appeared (see also an
earlier paper [10], where the motivation was entirely different).

A left CDG-module M = (M,dy) over a CDG-ring B is a graded B-module
endowed with an odd derivation dy;: M — M compatible with the derivation d
on B such that d3;(m) = hm for all m € M. Given a morphism of CDG-rings
(f,a): B— A and a CDG-module (M, d) over A, the CDG-module (M,d') over B
is defined by the rule d'(m) = d(m) + am.

Given graded left B-modules M and N, homogeneous B-module morphisms
f: M — N of degree n are defined as homogeneous maps supercommuting with
the action of B, i. e., f(bm) = (=1)"*lbf(m). When M and N are CDG-modules,
the homogeneous B-module morphisms M — N form a complex of abelian groups
with the differential d(f)(m) = d(f(m)) — (=1)¥1f(d(m)). The curvature-related
terms cancel out in the computation of the square of this differential, so one has
d*(f) = 0. Therefore, left CDG-modules over B form a DG-category.

Two aspects of the above definitions are worth to be pointed out. First, the
CDG-rings or modules have no cohomology modules, as their differentials do not
square to zero. Second, given a CDG-ring B, there is no natural way to define a
CDG-module structure on the free graded B-module B (though B is naturally a
CDG-bimodule over itself, in the appropriate sense).

We refer the reader to [37, Section 3.1] or [36, Sections 0.4.3-0.4.5] for more detailed
discussions of the above notions. We will not need to consider any gradings different
from Z-gradings in this paper, though all the general results will be equally applicable
in the I'-graded situation in the sense of [32, Section 1.1].

1.2. Quasi-coherent CDG-algebras. Throughout this paper, unless specified oth-
erwise, X is separated Noetherian scheme with enough vector bundles; in other words,
it is assumed that every coherent sheaf on X is the quotient sheaf of a locally free
sheaf of finite rank. Note that the class of all schemes satisfying these conditions
is closed under the passages to open and closed subschemes [29, Section 1.2] and
contains all regular separated Noetherian schemes [15, Exercise 111.6.8].

Recall the definition of a quasi-coherent CDG-algebra from [37, Appendix B|. A
quasi-coherent CDG-algebra B over X is a graded quasi-coherent O y-algebra such
that for each affine open subscheme U C X the graded ring B(U) is endowed with a
structure of CDG-ring, i. e., a (not necessarily Ox-linear) odd derivation d: B(U) —
B(U) of degree 1 and an element h € B*(U). For each pair of embedded affine
open subschemes U C V C X, an element ayy € BY(U) is fixed such that the
restriction morphism B(V) — B(U) together with the element ay form a morphism
of CDG-rings. The obvious compatibility condition is imposed for triples of embedded
affine open subschemes U C V C W C X.

A quasi-coherent left CDG-module M over B is an Ox-quasi-coherent (or, equiva-
lently, B-quasi-coherent) sheaf of graded left modules over B together with a family
of differentials d: M(U) — M(U) defined for all affine open subschemes U C X
such that M(U) is a CDG-module over B(U) and the appropriate compatibility con-
dition holds with respect to the restriction morphisms of CDG-rings B(V') — B(U).
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Specifically, for a quasi-coherent left CDG-module M one should have d(s)|y =
d(S’U) + aUVS|U for any s € M(V)

Quasi-coherent left CDG-modules over a quasi-coherent CDG-algebra B form a
DG-category [37]. The complex of morphisms between CDG-modules N' and M is
the graded abelian group of homogeneous B-module morphisms f: N' — M with
the differential d( f) defined locally as the supercommutator of f with the differentials
in V(U) and M(U). We denote this DG-category by B—qcoh.

We will call a quasi-coherent graded algebra B over X Noetherian if the graded
ring B(U) is left Noetherian for any affine open subscheme U C X. Equivalently,
B is Noetherian if the abelian category of quasi-coherent graded left B-modules is a
locally Noetherian Grothendieck category. In this case, the full DG-subcategory in
B—-qcoh formed by CDG-modules whose underlying graded B-modules are coherent
(i. e., finitely generated over B) is denoted by B—coh.

Given a quasi-coherent graded left B-module M and a quasi-coherent graded right
B-module NV, one can define their tensor product N’ ®z M, which is a quasi-coherent
graded Ox-module. A quasi-coherent graded left B-module M is called flat if the
functor — ®p M is exact on the abelian category of quasi-coherent graded right
B-modules. Equivalently, M is flat if the graded left B(U)-module M(U) is flat for
any affine open subscheme U C X. The flat dimension of a quasi-coherent graded
module M is the minimal length of its flat left resolution.

The full DG-subcategory in B-qcoh formed by CDG-modules whose underlying
graded B-modules are flat is denoted by B-qcohy, and the full subcategory formed
by CDG-modules whose underlying graded B-modules have finite flat dimension is
denoted by B-qcohgy. The similarly defined DG-categories of coherent CDG-modules
are denoted by B—cohyq and B—cohgy.

All the above DG-categories of quasi-coherent CDG-modules (and the similar ones
defined below in this paper) admit shifts and twists, and, in particular, cones. It
follows that their homotopy categories H°(B—qcoh), H°(B-qcohy), H°(B-coh), etc.
are triangulated. Besides, to any finite complex (of objects and closed morphisms)
in one of these DG-categories one can assign its total object, which is an object of
(i. e., a CDG-module belonging to) the same DG-category [37, Section 1.2].

The DG-categories B-qcoh and B-qcohy also admit infinite direct sums. Hence
in these two DG-categories one can totalize even an unbounded complex by taking
infinite direct sums along the diagonals.

The DG-category B—qcoh also admits infinite products (which one can obtain using
the coherator construction from [42, Section B.14]), but these are not well-behaved
(neither exact nor local), so we will not use them.

1.3. Derived categories of the second kind. The nonexistence of the cohomology
groups for curved structures stands in the way of the conventional definition of the
derived category of CDG-modules, which therefore does not seem to make sense. The
suitable class of constructions of derived categories for CDG-modules is that of the
derived categories of the second kind [36, 37].



Let B be a quasi-coherent CDG-algebra over X; assume that the quasi-coherent
graded algebra B is Noetherian. Then a coherent CDG-module over B is called
absolutely acyclic if it belongs to the minimal thick subcategory of the homotopy
category of coherent CDG-modules H°(B-coh) containing the total CDG-modules of
all the short exact sequences of coherent CDG-modules over B (with closed morphisms
between them). The quotient category of H°(B—coh) by the thick subcategory of
absolutely acyclic CDG-modules is called the absolute derived category of coherent
CDG-modules over B and denoted by D(B-coh) [37].

For any quasi-coherent CDG-algebra B over X, a quasi-coherent CDG-module
over B is called coacyclic if it belongs to the minimal triangulated subcategory of
the homotopy category of quasi-coherent CDG-modules H°(B-qcoh) containing the
total CDG-modules of all the short exact sequences of quasi-coherent CDG-modules
over B and closed under infinite direct sums. The quotient category of H°(B-coh)
by the thick subcategory of coacyclic CDG-modules is called the coderived category
of quasi-coherent CDG-modules over B and denoted by D(B—qcoh) [36, 37].

Given an exact subcategory E in the abelian category of quasi-coherent graded left
B-modules, one can define the absolute derived category of left CDG-modules over B
with the underlying graded B-modules belonging to E as the quotient category of the
corresponding homotopy category by its minimal thick subcategory containing the to-
tal CDG-modules of all the exact triples of CDG-modules with the underlying graded
B-modules belonging to E. The objects of the latter subcategory are called absolutely
acyclic with respect to E (or with respect to the DG-category of CDG-modules with
the underlying graded modules belonging to E) [32].

So one defines the absolute derived categories D2*(B—cohgq) and D?P(B-cohy) as
the quotient categories of the homotopy categories H°(B-cohgy) and H°(B-cohg) by
the thick subcategories of CDG-modules absolutely acyclic with respect to B—cohgy
and B-cohg, respectively.

When the exact subcategory E is closed under infinite direct sums, the thick sub-
category of CDG-modules coacyclic with respect to E is the minimal triangulated
subcategory of the homotopy category CDG-modules with the underlying graded
modules belonging to E, containing the total CDG-modules of all the exact triples of
CDG-modules with the underlying graded modules belonging to E and closed under
infinite direct sums. The quotient category by this thick subcategory is called the
coderiwed category of left CDG-modules over B with the underlying graded modules
belonging to E [36, 32].

Thus one defines the coderived category D®(B—qcoh;) as the quotient categories
of the homotopy category H®(B-qcohy) by the thick subcategory of CDG-modules
coacyclic with respect to B-qcohy. The definition of the coderived category
De°(B-qcohgy) requires a little more care, since the class of graded modules of
finite flat dimension is not in general closed under infinite direct sums. An object
M € HY(B-qcohgy) is said to be coacyclic with respect to B—qcohgy if there exists
an integer d > 0 such that M is coacyclic with respect to the exact category of
quasi-coherent CDG-modules of flat dimension < d. The coderived category of
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quasi-coherent CDG-modules of finite flat dimension is, by the definition, the quo-
tient category of H°(B-qcohgy) by the above-defined thick subcategory of coacyclic
CDG-modules [32, Section 3.2].

Remark. One may wonder whether coacyclicity (absolute acyclicity) of quasi-
coherent CDG-modules (of a certain class) is a local notion. One general approach
to this kind of problems is to consider the MayerVietoris/Cech exact sequence

0 > M ’ @ajUa*jl*jaM — @a<ﬂjUaﬂZ/{3*j(*]aﬂU3M P 0
for a finite affine open covering U, of X. Since the inverse and direct images with
respect to affine open embeddings are exact and compatible with direct sums, they
preserve coacyclicity (absolute acyclicity). Hence if the restrictions of M to all U,
are coacyclic (absolutely acyclic), then so is M itself.

Alternatively, one can base this kind of argument on the implications of the
Noetherianness assumption, rather than the separatedness assumption. For this pur-
pose, one replaces a quasi-coherent CDG-module M with its injective resolution
(see Lemma 1.7(b)) before writing down its Cech resolution. In this approach, the
covering need not be affine, as injective coacyclic objects are contractible, and di-
rect images preserve contractibility; but it is important that the restrictions to open
subschemes should preserve injectivity of quasi-coherent graded B-modules (see [14,
Theorem I1.7.18] and Theorem A.3; cf. [42, Appendix B)).

When one is working with coherent CDG-modules, the Cech sequence argument is
to be used in conjuction with Proposition 1.5 below. (Cf. Sections 1.10 and 3.1.)

1.4. Finite flat dimension theorem. The next theorem is our main technical re-
sult on which the proofs in Section 2 are based.

Though we generally prefer the coderived categories of (various classes of) infinitely
generated CDG-modules over their absolute derived categories, technical considera-
tions sometimes force us to deal with the latter (see Remark 1.5). Therefore, let
Dbs(B-qcohy), D"*(B-qcohgy), and DP(B—qcoh) denote the absolute derived cat-
egories of (flat, of finite flat dimension, or arbitrary) quasi-coherent CDG-modules
over a quasi-coherent CDG-algebra B.

Theorem. (a) For any quasi-coherent CDG-algebra B over X, the functor
D (B-qcohy) — D<(B—qcohgy) induced by the embedding of DG-categories
B-qcohy — B-qcohgy is an equivalence of triangulated categories.

(b) For any quasi-coherent CDG-algebra B over X , the functor D35(B—qcohy) —
D3bs(B-qcohgy) induced by the embedding of DG-categories B—qcohq — B—qcohgy is
an equivalence of triangulated categories.

(¢) For any quasi-coherent CDG-algebra B over X such that the underlying quasi-
coherent graded algebra B is Noetherian, the functor D**(B—cohg) — D2P$(B—cohgy)
induced by the embedding of DG-categories B—cohy — B—cohgq is an equivalence of
triangulated categories.
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Proof. The proof follows that of [32, Theorem 3.2] (see also [36, Theorem 7.2.2]) with
some modifications. We will prove part (a); the proofs of parts (b-c) are completely
similar. (Alternatively, parts (b-c) can be deduced from Proposition 1.5(a-b) below.)

Given an affine open subscheme U C X and a graded module P over the graded ring
B(U), one can construct the freely generated CDG-module G*(P) over the CDG-ring
B(U) in the way explained in [37, proof of Theorem 3.6]. The elements of G*(P) are
formal expressions of the form p+ dq, where p, ¢ € P. Given a quasi-coherent graded
module P over B, the CDG-modules G (P (U)) glue together to form a quasi-coherent
CDG-module G (P) over B. For any quasi-coherent CDG-module M over B, there
is a bijective correspondence between morphisms of graded B-modules P — M and
closed morphisms of CDG-modules G*(P) — M over B. There is a natural short
exact sequence of quasi-coherent graded B-modules P — G (P) — P[—1]. The
quasi-coherent CDG-module G*(P) is naturally contractible with the contracting
homotopy tp given by the composition G*(P) — P[—1] — G*(P)[-1].

Due to our assumption on X, for any quasi-coherent Ox-module I over X there
exists a surjective morphism & — K onto K from a direct sum & of locally free
sheaves of finite rank on X. Hence for any quasi-coherent graded B-module M
there is a surjective morphism onto M from a flat quasi-coherent graded B-module
P = P, B ®o, En], and for any quasi-coherent CDG-module M over B there
is a surjective closed morphism onto M from the CDG-module G*(P) € B-qcohy.
(In fact, parts (a-b) of Theorem can be proven without the assumption of enough
vector bundles on X, since there are always enough flat sheaves; see Remark 2.6 and
Lemma A.1.)

Now the construction from [37, proof of Theorem 3.6] provides for any object
M of B-qcohgy a closed morphism onto M from an object of B—qcohy with the
cone absolutely acyclic with respect to B—qcohgy. To obtain this morphism, one
picks a finite left resolution of M consisting of objects from B-qcohy with closed
morphisms between them, and takes the total CDG-module of this resolution. By [37,
Lemma 1.6], it follows that the triangulated category D°(B—qcohgy) is equivalent
to the quotient category of H°(B—qcohy) by its intersection in H®(B-qcohg,) with
the thick subcategory of CDG-modules coacyclic with respect to B—qcohgy. It only
remains to show that any object of H°(B—qcohg) that is coacyclic with respect to
B—qcohgy is coacyclic with respect to B—qcohy,.

Let us call a quasi-coherent CDG-module M over B d-flat if its underlying
quasi-coherent graded B-module M has flat dimension not exceeding d. A d-flat
quasi-coherent CDG-module is said to be d-coacyclic if it is homotopy equivalent
to a CDG-module obtained from the total CDG-modules of exact triples of d-flat
CDG-modules using the operations of cone and infinite direct sum. Our goal is to
show that any O-flat d-coacyclic CDG-module is 0O-coacyclic. For this purpose, we
will prove that any (d — 1)-flat d-coacyclic CDG-module is (d — 1)-coacyclic; the
desired assertion will then follow by induction.

It suffices to construct for any d-coacyclic CDG-module M a (d — 1)-coacyclic
CDG-module £ with a (d — 1)-coacyclic CDG-submodule K such that the quotient
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CDG-module £/K is isomorphic to M. Then if M is (d — 1)-flat, it would follow
that both the cone of the morphism I — £ and the total CDG-module of the exact
triple X — L — M are (d — 1)-coacyclic, so M also is. The construction is based
on four lemmas similar to those in [32, Section 3.2].

Lemma A. Let M be the total CDG-module of an exact triple of d-flat quasi-coherent
CDG-modules M' — M" — M" over B. Then there exists a surjective closed

morphism onto M from a contractible 0-flat CDG-module P with a (d — 1)-coacyclic
kernel IC.

Proof. Choose 0-flat quasi-coherent CDG-modules P’ and P” such that there exist
surjective closed morphisms P’ — M’ and P” — M"”. Then there exists a
surjective morphism from the exact triple of CDG-modules P’ — P’ @ P — P
onto the exact triple M’ — M"” — M"". The rest of the proof is similar to that
in [32]. O

Lemma B. (a) Let K' C L' and K" C L be (d — 1)-coacyclic CDG-submodules in
(d — 1)-coacyclic CDG-modules, and let L'/K' — L"/K" be a closed morphism of
CDG-modules. Then there exists a (d — 1)-coacyclic CDG-module L with a (d — 1)-
coacyclic CDG-submodule IC such that L/KC ~ cone(L' /K" — L"/K").

(b) In the situation of (a), assume that the morphism L' /K" — L" /K" is injective
with a d-flat cokernel Mgy. Then there exists a (d—1)-coacyclic CDG-module Ly with
a (d — 1)-coacyclic CDG-submodule Ky such that Lo/Ko ~ M.

Proof. The proof is similar to that in [32]. O

Lemma C. For any contractible d-flat CDG-module M there exists a surjective
closed morphism onto M from a contractible 0-flat CDG-module £ with a (d — 1)-
coacyclic kernel K.

Proof. Let p: P — M be a surjective morphism onto the quasi-coherent graded
B-module M from a flat quasi-coherent graded B-module P, and p: G*(P) — M
be the induced surjective closed morphism of quasi-coherent CDG-modules. Let
t: M — M be a contracting homotopy for M and tp: GT(P) — GT(P) be
the natural contracting homotopy for G*(P). Then @ = ptp — tp: GT(P) — M
is a closed morphism of quasi-coherent CDG-modules of degree —1. Denote by u
the restriction of @ to P C G*(P). There exists a surjective morphism from a
flat quasi-coherent graded B-module Q onto the fibered product of the morphisms
p: P — M and u: P — M. Hence we obtain a surjective morphism of quasi-
coherent graded B-modules ¢: @ — P and a morphism of quasi-coherent graded
B-modules v: Q@ — P of degree —1 such that uqg = pv.

The morphism ¢ induces a surjective closed morphism of quasi-coherent CDG-mod-
ules G: GT(Q) — G(P). The morphism ¢ is homotopic to zero with the natural
contracting homotopy ¢tg = tpg. The morphism v induces a closed morphism of
CDG-modules ©: GT(Q) — G*(P) of degree —1. The morphism ¢p§ — v is another
contracting homotopy for g. The latter homotopy forms a commutative square with

the morphisms p, pg, and the contracting homotopy ¢ for the CDG-module M.
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Let NV be the kernel of the morphism p¢: G*(Q) — M and K be the kernel of the
morphism p: Gt(P) — M. Then the natural surjective closed morphism r: N' —
KC is homotopic to zero; the restriction of the map tpq — v provides the contracting
homotopy that we need. In addition, the kernel G*(kerq) of the morphism r is
contractible. So the cone of the morphism r is isomorphic to K & N[1], and on the
other hand there is an exact triple G*(ker ¢)[1] — cone(r) — cone(idx). Since K
is (d — 1)-flat and ker ¢ is flat, this proves that I is (d — 1)-coacyclic. It remains to
take £ = G*(P). 0O

Lemma D. Let M — M’ be a homotopy equivalence of d-flat CDG-modules such
that M’ is the quotient CDG-module of a (d—1)-coacyclic CDG-module by a (d—1)-
coacyclic CDG-submodule. Then M is also such a quotient.

Proof. The proof is similar to that in [32]. O

It is clear that the property of a CDG-module to be presentable as the cokernel
of an injective closed morphism of (d — 1)-coacyclic CDG-modules is stable under
infinite direct sums. This finishes our construction and the proof of Theorem. O

Remark. The assertion of part (c¢) of Theorem 1.4 can be equivalently rephrased
with flat modules replaced by locally projective ones. Indeed, a finitely presented
module over a ring is flat if and only if it is projective.

In the infinitely generated situation of parts (a-b), flatness of quasi-coherent sheaves
is different from their local projectivity (which is a stronger condition), but the as-
sertions remain true after one replaces the former with the latter. The same applies
to Proposition 1.5(a) below. Indeed, by Theorem A.2, for any quasi-coherent graded
algebra B over an affine scheme U, projectivity of a graded module over the graded
ring B(U) is a local notion. Taking this fact into account, our proof goes through for
locally projective quasi-coherent graded modules in place of flat ones and the locally
projective dimension (defined as the minimal length of a locally projective resolution)
in place of the flat dimension.

When B = Oy, local projectivity of quasi-coherent modules is equivalent to local
freeness [2, Corollary 4.5]. Furthermore, in this case, assuming additionally that X
has finite Krull dimension, the classes of quasi-coherent sheaves of finite flat dimension
and of finite locally projective dimension coincide [40, Corollaire 11.3.3.2].

1.5. Fully faithful embedding. The next proposition is stronger than Theorem 1.4
in some respects, and is proven by an entirely different technique.

Proposition. (a) For any quasi-coherent CDG-algebra B over X, the func-
tor D¥(B-qcohy) — D3®(B-qcoh) induced by the embedding of DG-categories
B-qcohy — B-qcoh is fully faithful.

Furthermore, let B be a quasi-coherent CDG-algebra over X such that the under-
lying quasi-coherent graded algebra B is Noetherian. Then

(b) the functor D*5(B-cohq) — D(B-coh) induced by the embedding of
DG-categories B—cohy — B—coh s fully faithful;
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(c) the functor D¥®(B-coh) — D(B-qcoh) induced by the embedding of
DG-categories B-coh —> B—qcoh is fully faithful;

(d) the functor D3"(B-coh) — D<(B-qcoh) induced by the embedding of
DG-categories B-coh — B-qcoh is fully faithful and its image forms a set of
compact generators for D°(B-qcoh).

Proof. The proof of part (d) in the case when X is affine can be found in [37, Sec-
tion 3.11] (the part concerning compact generation belongs to D. Arinkin). The proof
in the general case is similar; and part (c¢) can be also proven in the way similar to [37,
Theorem 3.11.1]. Part (b) in the affine case is easy and follows from the semiorthog-
onality property of CDG-modules with projective underlying graded modules and
absolutely acyclic/contraacyclic CDG-modules [37, Theorem 3.5(b)], since finitely
generated flat modules over a Noetherian ring are projective. A detailed proof of
part (b) in the general case is given below; and the proof of part (a) (which does not
automatically simplify in the affine case) is similar.

We will show that any morphism & — £ from a CDG-module £ € H®(B-cohyg)
to a CDG-module £ € H°(B-coh) absolutely acyclic with respect to B—coh can be
annihilated by a morphism P — & from a CDG-module P € H"(B-cohq) with
a cone of the morphism P — & being absolutely acyclic with respect to B—cohy.
By the definition, the CDG-module £ is a direct summand of a CDG-module ho-
motopy equivalent to a CDG-module obtained from the totalizations of exact triples
of CDG-modules in B-coh using the operation of passage to the cone of a closed
morphism repeatedly. It suffices to consider the case when L itself is obtained from
totalizations of exact triples using cones. We proceed by induction in the number of
operations of passage to the cone in such a construction of L.

So we assume that there is a distinguished triangle K — £ — M — K[1] in
H°(B-coh) such that M is the total CDG-module of an exact triple of CDG-modules
in B-coh, while the CDG-module K has the desired property with respect to mor-
phisms into it from all CDG-modules F € H"(B-cohy). If we knew that the object M
also has the same property, it would follow that the composition & — £ — M can
be annihilated by a morphism F — & with F € H°(B-cohg) and a cone absolutely
acyclic with respect to B—cohg. The composition F — £ — L then factorizes
through I, and the morphism F — K can be annihilated by a morphism P — F
with P € H°(B-cohg) and a cone absolutely acyclic with respect to B—cohg. The
composition P —» F — &£ provides the desired morphism P — £.

Thus it remains to construct a morphism F — & with the required properties an-
nihilating a morphism & — M, where M is the total CDG-module of an exact triple
of CDG-modules f — V — W. For any graded module N over B, morphisms of
graded B-modules N' — M of degree n are represented by triples (f, g, h), where
f: N — U is a morphism of degree n + 1, g: N'— V is a morphism of degree n,
and h: N' — W is a morphism of degree n — 1. Denote the closed morphisms in
the exact tripled —V — Why j: U — Vand k: V — W.

Lemma E. Let N be a CDG-module over B and M be the total CDG-module of an

exact triple of CDG-modulesd — V — W as above. Then
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(a) the differential of a morphism of graded B-modules N' — M of degree n rep-
resented by a triple (f, g, h) is given by the rule d(f, g,h) = (—=df, —jf +dg, kg —dh);
(b) when (f,g,h) is a closed morphism of CDG-modules of degree n and the mor-
phism of graded B-modules h: N — W can be lifted to a morphism of graded
B-modules t: N'— V of degree n — 1, the morphism (f, g, h) is homotopic to zero.

Proof. The complex of morphisms in the DG-category of CDG-modules Homg(N, M)
is the total complex of the bicomplex of abelian groups Homg(N,U) —>
Homp(N,V) — Homg(N,W). The formula in (a) is the formula for the dif-
ferential of a total complex.

Furthermore, the sequence 0 — Homp(N,U) — Homp(N,V) — Homg(N, W)
is exact. Let Homyz(N, W) denote the cokernel of the morphisms of complexes
Homp(N,U) — Homg(N,V); then Homz (N, W) is a subcomplex of Homg(N, W)
and the total complex of the bicomplex Homg(N,U) — Homg(N,V) —
Homyuz (N, W) is an acyclic subcomplex of Homg(AN, M). Hence any cocycle in
Homp(N, M) that belongs to this subcomplex is a coboundary.

To present the same argument using our letter notation for morphisms, assume
that kt = h. Then k(dt — g) = dh — kg = 0, so there exists a morphism of graded
B-modules s: N' — U of degree n such that dt — g = js. Then jds = —dg = —jf,
hence ds = —f and d(s,t,0) = (f, g,h). O

Recall the notation GT(Q) for the CDG-module freely generated by a graded
B-module Q (see the beginning of the proof of Theorem 1.4).

Lemma F. Let M be the total CDG-module of an ezxact triple of CDG-modules
U— YV — W as above, and let Q be a graded B-module. Assume that a morphism
of graded B-modules p: Q — M of degree n with the components (f,qg,h) is given
such that the component h: Q@ — W can be lifted to a morphism of graded B-modules
t: Q —V of degree n — 1. Let p: GT(Q) — M be the induced closed morphism of
CDG-modules of degree n and (f, g, iL) be its three components. Then the morphism of
graded B-modules h: GT(Q) — W can be lifted to a morphism of graded B-modules
t: GH(Q) — V of degree n — 1.

Proof. Notice that any closed morphism of CDG-modules G*(Q) — M is homo-
topic to zero, since the CDG-module G*(Q) is contractible. The conclusion of the
lemma is stronger, and we will need its full strength. The argument consists in a
computation in the letter notation for morphisms.

For any CDG-module A over B, morphisms of graded B-modules 7: Gt(Q) — N
of degree n — 1 are uniquely determined by their restriction to @ and the restriction
to Q of their differential dr, which can be arbitrary morphisms of graded B-modules
Q — N of the degrees n—1 and n, respectively. Extend our morphism¢: @ — V to
a morphism of graded B-modules £: G(Q) — V of degree n—1 such that (dt)|g = g.
Then kil = kt = h = h|g and (d(kt))|o = k(di)lo = kg = kjlo = (dh)|g by
Lemma E(a), hence ki = h. O
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Now represent a closed morphism & — M by a triple (f, g, h) of morphisms of
the degrees 1, 0, and —1, respectively. Let Q be a flat coherent graded B-module
mapping surjectively onto the fibered product of the morphisms k: )V — W and
h: & — W (see the beginning of the proof of Theorem 1.4 again). Then there is a
surjective morphism of graded B-modules ¢: @ — £ and its composition with the
morphism h: & — W can be lifted to a morphism of graded B-modules t: Q@ — V
of degree —1. Consider the induced morphism of CDG-modules ¢: GT(Q) — £. By
Lemma F, the composition hg: GT(Q) — W can be lifted to a morphism of graded
B-modules t: GT(Q) — V of degree —1.

Let R denote the kernel of the closed morphism ¢. Then the cone F of the em-
bedding R — G*(Q) maps naturally onto £ with the cone absolutely acyclic with
respect to B-cohy. As a graded B-module, the CDG-module F is isomorphic to
GT(Q) & R[1]; the composition F —» & — M factorizes through the direct sum-
mand G (Q), where it is defined by the triple (fq, g, hG). Since the morphism hg
can be lifted to V), so can the corresponding component F — W of the morphism
F — M. Thus the latter morphism is homotopic to zero by Lemma E(b). O

In some cases the use of Lemma F in the above proof of part (b) can be avoided.
Assume that X is a projective scheme over a Noetherian ring and the category of
coherent graded B-modules is equivalent to the category of coherent modules over
some coherent (graded) Ox-algebra A. In this situation, one takes Q to be the graded
B-module corresponding to the (graded) A-module induced from a large enough finite
direct sum of (shifts of) copies of a sufficiently negative invertible Ox-module; then
there is a surjective morphism of graded B-modules @ — £ and any morphism of
graded B-modules G*(Q) — W lifts to V.

Remark. We do not know how to extend the proof of Proposition 1.5(a-b) to the
coderived categories of quasi-coherent CDG-modules. Instead, this argument appears
to be well-suited for use with the contraderived categories (see [37, Section 3.3] for
the definition). In particular, it allows to show that the contraderived category of left
CDG-modules over a CDG-ring B with a right coherent underlying graded ring is
equivalent to the contraderived category of CDG-modules whose underlying graded
B-modules are flat (cf. [37, paragraph after the proof of Theorem 3.8]).

This is the main reason why we sometimes find it easier to deal with the absolute
derived rather than the coderived categories of infinitely generated CDG-modules
(cf. Remark 2.8). On the other hand, for the coderived category of quasi-coherent
CDG-modules we have the compact generation result (part (d) of Proposition), the
results and arguments of Sections 1.7, 1.10, 2.5, 2.9, etc. The conditions under which
these two versions of the construction of the derived category of the second kind for
a given class of CDG-modules lead to the same triangulated category are discussed
below in Section 1.6.

1.6. Finite homological dimension theorem. Let B-qcoh,, denote the DG-cate-
gory of quasi-coherent CDG-modules over B whose underlying graded B-modules are
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locally projective (see Remark 1.4 and Theorem A.2). Denote by D*(B-qcoh,,) and
Dabs(qucohlp) the corresponding coderived and absolute derived categories.

Theorem. The triangulated categories D®(B-qcohy,) and D**S(B-qcoh,,) coincide,
i. e., every CDG-module over B that is coacyclic with respect to B-qcoh,, is also
absolutely acyclic with respect to B-qcohy,.

Proof. The reason for this assertion to be true is that the exact category of locally
projective graded B-modules has finite homological dimension [29, Lemma 1.12] and
exact functors of infinite direct sums. If this exact category also had enough injectives,
the simple argument from [37, Theorem 3.6(a) and Remark 3.6] would suffice to
establish the desired D = D" isomorphism for it (see also [36, Remark 2.1]). The
lengthy argument below is designed to provide a way around the injective objects
issue in this kind of proof.

Our aim is to show that for any closed morphism P — £ from a CDG-module
P € B-qcohy, to a CDG-module absolutely acyclic with respect to B-qcoh, there
exists an exact sequence 0 — Q4 — Q41 — -+ — Qg — P — 0 of
CDG-modules and closed morphisms in B-qcoh,, such that the induced morphism
from the total CDG-module of Q4 — .-+ — Qy to L is homotopic to zero. Here
d is a fixed integer equal to the homological dimension of the exact category of locally
projective graded B-modules, which does not exceed the number of open subsets in
an affine covering of X minus one.

Taking P = L and the morphism P — L to be the identity, we will then conclude
that P is isomorphic to a direct summand of the total CDG-module of Q; — - -+ —
Qy — P in H°(B-qcoh,,). Hence an object of H°(B-qcoh,,) is absolutely acyclic
with respect to B-qcohy, if and only if it is isomorphic to a direct summand of the
total CDG-module of a (d + 2)-term exact sequence of CDG-modules from B-qcohy,
with closed morphisms between them. It will immediately follow that the class of
CDG-modules absolutely acyclic with respect to B-qcoh, is closed under infinite
direct sums, so it coincides with the class of coacyclic CDG-modules.

We can suppose that there exists a sequence of distinguished triangles ;_; —
Ki — M; — K;_[1] in HO(B—qcohlp) such that Ky = 0, K, = £, and M, is
the total CDG-module of an exact triple U; — V; — W, of CDG-modules from
B-qcoh,, for all 1 < i < n. We will start with constructing an exact sequence
0— Q, — -+ — Q) — P — 0 with the above properties, but of the length n
rather than d. Then we will use the finite homological dimension property of locally
projective graded B-modules in order to obtain the desired resolution Q, of a fixed
length d from a resolution Q..

Lemma G. Let M be the total CDG-module of an exact triple U — V — W
of CDG-modules from B-qcoh,, and K — L — M — K[1] be a distinguished
triangle in H°(B-qcoh,). Then for any CDG-module P € B-qcohy, and a mor-
phism P — L in HO(qucohm) there exists an exact triple R — Q — P of
CDG-modules from B-qcoh, and a morphism R[1] — K in H°(B-qcoh,) such
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that the composition F — P — L, where F is the cone of the closed morphism
R — Q, is equal to the composition F — R[1] — K — L in H(B-qcoh,,).

Proof. The argument is based on Lemmas E-F from Section 1.5. We can assume
that £ is the cone of a closed morphism M[—1] — K and fix a closed morphism
P — L representing the given morphism in the homotopy category. Arguing as in
the proof of Proposition 1.5, we can construct a surjective closed morphism Q' — P
onto P from a CDG-module Q' € qucoh“, such that the composition @' — P —
L — M — W[—1] lifts to a morphism of graded B-modules Q" — V[—1]. Here
it suffices to apply the functor G to the fibered product of the morphisms of graded
B-modules P — W[—1] and V[-1] — W[—1], and use Lemma F.

Then the morphism Q@ — M is homotopic to zero with a natural contracting
homotopy (provided by the proof of Lemma E), so the morphism Q" — L factorizes,
up to a homotopy, as the composition of a naturally defined closed morphism Q" —
KC and the closed morphism K — L. Set Q to be the cocone of the closed morphism
Q" — K; then we have a surjective closed morphism Q — Q' such that the
composition @ — Q" — K is homotopic to zero.

Let R be kernel of the morphism @ — P and F be the cone of the morphism
R — Q; then there is a natural closed morphism F — P. Using Lemma E and
arguing as in the end of the proof of Proposition 1.5 again, we can conclude that the
composition F — P — L — M is homotopic to zero. Indeed, the composition
F — M — WI[—1] lifts to a graded B-module morphism F — V[—1], since
F ~ Q@ R[—1] as a graded B-module, the morphism F — M factorizes through
the projection of F onto Q, and the morphism Q — Q" — W[—1] lifts to a graded
B-module morphism @ — Q" — V[—1] by our construction.

Notice that the contracting homotopy that we have obtained for the closed mor-
phism F — M forms a commutative diagram with the closed morphisms Q@ — F,
Q — @', and the contracting homotopy that we have previously had for the closed
morphism Q@ — M (since so do the liftings F — V[—1] and Q" — V[-1]).
This allows to factorize, up to a homotopy, the closed morphism F — L as the
composition of a closed morphism F — K and the closed morphism £ — L in
such a way that the morphism F — K forms a commutative diagram with the
closed morphisms @ — F, Q — @', and the closed morphism Q" — K that we
have previously constructed. The composition @ — F — K, being equal to the
composition @ — @' — I, is homotopic to zero; hence the morphism F — K
factorizes through the closed morphism F — R[1] in H°(B-qcoh,,). O

Applying Lemma G to the morphism P — L and the distinguished triangle
Kn-1— L — M, — K,_1, we obtain an exact triple Rj — Q; — P and
a morphism R{[1] — K,_1 in H(B-qcoh,,). Applying the same lemma again to
the morphism Rj[1] — K,_; and the distinguished triangle IC,,— o — K,—; —
M1 — K,—2[1], we construct an exact triple R} — Q] — R, and a morphism
R1[2] — K, _9, etc. Finally we obtain an exact triple R),_; — Q! — R/, and
a morphism R! _[n] — Ky = 0.
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Let us check that the natural morphism from the total CDG-module of the complex
0 — R, — Q. , — -+ — Qp to the CDG-module £ is homotopic to
zero. Denote this morphism by f,. It factorizes naturally through the cone Fj
of the closed morphism R — @, and the morphism F, — L is homotopic
to the composition Fy — R[] — K,,-1 — L. Hence, up to the homotopy, the
morphism f,, factorizes through the morphism f,,_; from the the total CDG-module of
the complex 0 — R, |, — Q) _; — --- — Q] to K,,_; induced by the morphism
Ry[1] — K,—1. Continuing to argue in this way, we conclude that the morphism f
factorizes, up to a homotopy, through the morphism fy: R,,_,[n] — Ko = 0.

It remains to “cut” our exact sequence of an unknown length n to a fixed size d.
For this purpose, we will assume that n > d and construct from our exact sequence
of length n another exact sequence with the same properties, but of the length n — 1.
This part of the argument is based on the following lemma.

Lemma H. For any CDG-module M € B—qcoh,,, locally projective graded B-module
&, and a homogeneous surjective morphism of locally projective graded B-modules
& — M, there exist a CDG-module Q € B-qcohy,, a surjective closed morphism of
CDG-modules @ — M, and a homogeneous surjective morphism of locally projective
graded B-modules @ — &£, such that the triangle @ — & — M commutes.

Proof. For any open subscheme U C X, one can simply define Q(U) as the abelian
group of all pairs (¢/ € ETY(U), e € EY(U)) such that df (e) = f(e’), where f denotes
the morphism of graded B-modules & — M and d is the differential in M. The
action of B in Q is defined by the formula b(e/,e) = ((—1)lbe’ 4 d(b)e, be); the
differential in Q is given by the obvious rule d(¢’,e) = (he, e’). The morphism Q —
€ is defined as (¢/,e) — e; the morphism Q@ — M, given by (¢/,e) — f(e),
obviously commutes with the differentials.

It remains to check that the graded B-module Q is locally projective. This can
be done by comparing the above construction with the constructions of the freely
(co)generated CDG-modules G*(€) and G~ (€) from [37, proof of Theorem 3.6] (see
the beginning of the proof of Theorem 1.4). One can simply define G~ (€) as being
isomorphic to G*(&)[1]. Since M is a CDG-module, there is a natural closed mor-
phism of CDG-modules M — G~ (M). The CDG-module Q is the fibered prod-
uct of the surjective closed morphism of CDG-modules G~ (£) — G~ (M) and the
closed morphism M — G~ (M); hence the graded B-module Q is locally projective.
The morphism Q — & is induced by the natural morphism of graded B-modules
G~ (£) — &. Tt forms a commutative diagram with the morphism & — M, since
the composition M — G~ (M) — M is the identity morphism. O

The exact sequence of CDG-modules 0 — R/, ;| — Q) | — -+ — Q) —
P — 0 represents a certain Yoneda Ext class of degree n between the locally pro-
jective graded B-modules P and R/ _,. Since the homological dimension of the exact
category of such B-modules is equal to d and we assume that n > d, this Ext class
has to vanish. This means that there exists an exact sequence of locally projective

graded B-modules 0 — R! | — &, — -+ — & — P — 0 mapping to our
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original exact sequence, with the maps on the rightmost and lefmost terms being the
identity maps, such that the embedding of B-modules R} _; — &, splits.

As explained in [38, proof of Lemma 4.4], one can assume the morphisms & — Q)
to be surjective. Applying Lemma H, we obtain a surjective closed morphism of
CDG-modules Qy — Q9 and a morphism of graded B-modules Qy — & forming
a commutative triangle with the morphism & — Qf. Applying Lemma H to the
surjective morphism of fibered products Qy xg, &1 — Qo X gy Q), we obtain a
surjective closed morphism Q; — Q) and a closed morphism Q; — Qy forming a
commutative square with the closed morphisms Q) — Qf and Q] — Qf. Besides,
the sequence Q1 — Qy — P is exact at Qy. We also obtain a morphism of graded
B-modules Q; — & forming a commutative triangle with the morphisms to Q) and
a commutative square with the morphisms to &.

Proceeding in this way, we construct a sequence Q,, o — -+ — Qg — P — 0,
which is exact at all the middle terms, maps onto the sequence Q! , — -+ —»
Qi — P by closed morphisms, and maps into the sequence &, 3 — -+ — & —>
P so that the triangle of the maps of sequences commutes. Finally, notice that
En1 =& axXg Q) q,andset Q, 1 = Q, 2xXg Q) ;. Then the exact sequence
of CDG-modules 0 — R, , — Q.1 — -+ — Qy — P — 0 maps onto

n—1
the exact sequence 0 — R,_, — Q) | — -+ — Q) — P — 0 by closed

n—1
morphisms, and this map of exact sequences factorizes through the exact sequence
of graded B-modules 0 — R)_ ;| — &1 — -+ — & — P — 0. The
composition of the morphism Q,,_; — &,_; with the splitting &,_1 — R,_; of the
embedding R]_; — &,-1 provides a graded B-module splitting Q,,_1 — R/,_; of
the embedding of CDG-modules R),_; — Q,,_1.

Denote by R,,_» the image of the morphism of CDG-modules Q,,_1 — 9,,_». The
morphism from the total CDG-module of the complexR], | — Q) _; — --- — Q)
to the CDG-module £ is homotopic to zero, hence so is the morphism to £ from

the total CDG-module of the complex R, , — Q,_1 — -+ — Qy. The lat-

n—1
ter morphism factorizes naturally through the total CDG-module of the complex
Rpu—a — Qno — --- —> Qy. The cone of this closed morphism between two

total CDG-modules is homotopy equivalent to the total CDG-module of the exact
triple R/, ; — 9,1 — R,_2. Since this exact triple splits as an exact triple
of graded B-modules, its total CDG-module is contractible. Consequently, the mor-
phism between the total CDG-modules of R/, | — Q,.1 — -+ — Qp and
Rpo — Qpo —> - —> Qp is a homotopy equivalence.

It follows that the natural morphism from the total CDG-module of the resolution
Rp—a — Qg — -+ — 9y of the CDG-module P to the CDG-module L is

homotopic to zero, and we are done. 0

So far we have only considered flat coherent CDG-modules over quasi-coherent
CDG-algebras B whose underlying quasi-coherent graded algebras are Noetherian.
But the latter restriction is not necessary, as flat and locally finitely presented
(or, which is equivalent, locally projective and finitely generated) quasi-coherent
graded B-modules always form an exact subcategory of flat (or locally projective)
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graded B-modules. The notation B-coh), (understood in the obvious sense as the
DG-category of CDG-modules over B with coherent and locally projective underly-
ing graded B-modules) is synonymous to B—cohq (see Remark 1.4).

Corollary. The functor D*(B-cohy,) — D®(B-qcoh,,) induced by the embedding
of DG-calegories B—cohy, — B-qcoh,, is fully faithful.

Proof. When B is Noetherian, one can show that the functor D*s(B-coh),) —
Dabs(B—qcohlp) is fully faithful by comparing parts (a-c) of Proposition 1.5 (with the
flatness condition replaced by the local projectivity). In the general case, one proves
this assertion directly, using an argument similar to the proof of Proposition 1.5(a-b).
Then it remains to use the above Theorem. 0

When every flat quasi-coherent graded module over B has finite locally projective
dimension (see Remark 1.4), one has D*(B-qcoh,,) ~ D°(B-qcohg) ~ D*°(B-qcohgy)
and D?**(B-qcoh,,) ~ D*3(B-qcohy) ~ D¥s(B-qcohgy) by appropriate versions of
Theorem 1.4. Consequently, it follows from Theorem above that D¥5(B-qcohy) =
D (B-qcohy) and D®5(B—qcohgy) = D®(B-qcohg,) in this case. Thus the functor
Db(B-cohq) —+ D<(B-qcohy) is fully faithful; when B is Noetherian, so is the
functor D2**(B—cohgy) — D°(B—qcohgy).

1.7. Gorenstein case. Here we establish a sufficient condition for the functor
D<°(B—qcoh;) — D°(B—qcoh) to be an equivalence of triangulated categories.

Let B-qcoh;,; denote the full DG-subcategory in B-qcoh consisting of the
CDG-modules whose underlying quasi-coherent graded B-modules are injective.
Furthermore, let B-qcohgy be the full DG-subcategory in B-qcoh consisting of
the CDG-modules whose underlying quasi-coherent graded B-modules have finite
injective dimension (i. e., admit a finite right resolution by injective quasi-coherent
graded B-modules). Let D°(B—qcohgy) and D2**(B—qcohg,y) denote the corresponding
derived categories of the second kind. (The difficulty in the definition of the latter
category, similar to the difficulty in the definition of D®(B-qcohgy) discussed in
Section 1.3, does not actually arise, as it is clear from part (a) of the next lemma.)

Lemma. (a) For any quasi-coherent CDG-algebra B over X, the natural functors
H°(B-qcohy,;)) — D**(B-qcohgy) — D(B-qcohyy) are equivalences of triangu-
lated categories.

(b) Let B be a quasi-coherent CDG-algebra over X whose underlying quasi-coherent
graded algebra B is Noetherian. Then the functor H°(B—qcoh;,;) — D®(B-qcoh)
induced by the embedding B-qcoh,,; — B-qcoh is an equivalence of triangulated
categories.

Proof. Part (a) is provided by [37, Theorem and Remark in Section 3.6]. Part (b)
is a particular case of [37, Theorem and Remark in Section 3.7], since the class of
injective quasi-coherent graded B-modules is closed under infinite direct sums in its
assumptions. (Cf. [22, Proposition 2.4].) O
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Proposition. Let B be a quasi-coherent CDG-algebra over X such that the quasi-
coherent graded algebra B is Noetherian and the classes of quasi-coherent graded
B-modules of finite flat dimension and of finite injective dimension coincide. Then the
functors D (B-qcohg) — D®°(B-qcohy) — D®(B-qcoh) induced by the embedding
B—qcohy — B—qcoh are equivalences of triangulated categories.

Proof. Since B-qcohgy = B—qcohgy, the isomorphism of categories D*5(B-qcohgy) =
De°(B—qcohgy) follows from part (a) of Lemma. Applying Theorem 1.4, we obtain
the isomorphism of categories D*5(B—qcohy) — D“(B—qcohy). Similarly, it suf-
fices to compare parts (a) and (b) of Lemma in order to conclude that the functor
De°(B—qcohgy) —> D°(B—qcoh) is an equivalence of categories, hence so are the func-
tors D°(B—qcohy) — D®(B-qcohgy) — D°(B—qcoh). (Cf. [37, Section 3.9].) O

1.8. Pull-backs and push-forwards. Let f: Y — X be a morphism of sep-
arated Noetherian schemes with enough vector bundles, Bx be a quasi-coherent
CDG-algebra over X, and By a quasi-coherent CDG-algebra over Y. A morphism
of quasi-coherent CDG-algebras Bx — By compatible with the morphism Y — X
is the data of a CDG-ring morphism Bx(U) — By (V') for each pair of affine open
subschemes U C X and V C Y such that f(V) C U. This data should satisfy
the obvious compatibility condition: for any affine open subschemes U’ C U and
V' C V such that f(V') C U’, the square diagram of CDG-ring morphisms between
the CDG-rings Bx (U), Bx(U’), By (V), and By (V') must be commutative.

Let By — By be a morphism of quasi-coherent CDG-algebras compatible with
a morphism of schemes ¥ — X. Then for any quasi-coherent left CDG-module
M over Bx the quasi-coherent graded left module f*M = By ®-15, f~'M over
By has a natural structure of quasi-coherent CDG-module over By. Similarly, for
any quasi-coherent left CDG-module A over By the quasi-coherent graded left mod-
ule f.N over Bx has a natural structure of quasi-coherent CDG-module over By.
These CDG-module structures are defined in terms of the CDG-ring morphisms
Bx(U) — By (V). The above constructions provide the underived direct and inverse
image functors, which can be viewed as triangulated functors f*: H°(Bx—qcoh) —
HY(By—qcoh) and f,: H°(By—qcoh) — H°(Bx—qcoh). The functor f, is right ad-
joint to the functor f*.

The derived inverse image functor L f* is in general only defined on CDG-modules
satisfying certain finite flat dimension conditions. Restricting the functor f* to flat
CDG-modules, we obtain a triangulated functor H°(Bx—qcohy) — H°(By—qcohy),
which takes objects coacyclic with respect to Bx—qcohy to objects coacyclic with
respect to By —qcohy, since the inverse image preserves infinite direct sums and short
exact sequences of flat quasi-coherent graded modules. Hence there is the induced
triangulated functor D®(Bx—qcohy) — D (By—qcohy). Applying Theorem 1.4(a),
we construct the derived inverse image functor

Lf*: D®°(Bx—qcohgy) —— D°(By—qcohgy).

Restricting the functor f* to flat coherent CDG-modules, we obtain a triangu-
lated functor H°(Bx—cohg) — H°(By—cohyg), which induces a triangulated functor
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D35 (By—cohy) — D*(By—cohy). Assuming that the quasi-coherent graded alge-
bras Bx and By are Noetherian and applying Theorem 1.4(c), we construct the
derived inverse image functor

Lf*i DabS(BXfCOhffd) — Dabs(By*COhffd).

When f is an affine morphism, the direct image of quasi-coherent sheaves is an ex-
act functor (preserving also infinite direct sums), so the functor f.: H°(By—qcoh) —
H°(Bx—qcoh) induces a triangulated functor D®(By—qcoh) — D%(Bx—qcoh). To
construct the derived direct image functor between the coderived categories in the
general case, we need to use injective resolutions.

From now on we assume that Bx and By are Noetherian; so Lemma 1.7(b) is ap-
plicable to By. Restricting the functor f, to the full subcategory HO(By—qcohinJ-) C
H°(By—qcoh) and composing it with the localization functor HY(Bx-qcoh) —
D°(Bx—qcoh), we obtain the derived direct image functor

Rf.: D®°(By—qcoh) —— D®(Bx—qcoh).

Proposition. The functors Lf*: D®5(Bx—cohgy) — D?*(By—cohgy) and Rf,: D
(By—qcoh) — D<°(Bx—qcoh) are “partially adjoint” to each other in the following
sense: for any objects M € D (Bx—cohgqy) and N' € D®(By—qcoh) there is a natural
1somorphism of abelian groups

HomDCO(BX—qcoh)<LXM7 Rf*/\/) ~ Hocho(By,qcoh)(Lny*M’ N),

where 1x: D3 (Bx—cohgy) — D<®(Bx—qcoh) and iy: D*(By—cohgy) —> D«
(By—qcoh) are the natural fully faithful triangulated functors.

Proof. The functors tx and ¢y are fully faithful by Theorem 1.4(c) and Proposi-
tion 1.5(b,d). Using Theorem 1.4(c), let us assume that M € D3®(By—cohy). We
can also assume that N" € H?(By—qcohy;).

Then the left-hand side is the (filtered) inductive limit of Hom go(gy—qeom (M”, i)
over all morphisms M” — M in H°(Bx—qcoh) with a cone coacyclic with respect to
Bx—qcoh. According to the proofs of Proposition 1.5(b) and [37, Theorem 3.11.1}, any
morphism from M to an object coacyclic with respect to Bx—qcoh factorizes through
an object absolutely acyclic with respect to Bx—cohg. Thus the above inductive limit
coincides with the similar limit taken over all morphisms M’ — M in H°(Bx—cohy)
with a cone absolutely acyclic with respect to Bx—cohy.

By [37, Theorem 3.5(a), Remark 3.5, and Lemma 1.3], the right-hand side is isomor-
phic to Hompo s, —qeon) (f*M, N') and to Homgo(s,—qeon (f*M’, N), since the objects
of H°(By—qcoh;,;) are right orthogonal to any coacyclic objects in H%(By—qcoh). So
the assertion follows from the adjointness of the functors f* and f, on the level of
the homotopy categories of quasi-coherent CDG-modules. 0

Remark. It is not immediately obvious from the above construction that the derived
functor R f, is compatible with the compositions, i. e., for g: Z — Y and f: YV —
X one has R(fg). ~ Rf, o Rg,. The problem is that the direct image functor f,
does not preserve injectivity of quasi-coherent graded modules in general. When the
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derived direct image functors are adjoint to appropriately defined derived inverse
images (see Section 1.9 below for some results of this kind), the problem reduces to
checking that the derived inverse images are compatible with the compositions, which
may be easier to see from our definitions.

One general approach to this problem is to replace injective quasi-coherent graded
B-modules with quasi-coherent graded B-modules that are flabby as sheaves of
graded abelian groups in our construction of the derived direct images. The class
of flabby sheaves of abelian groups is closed under infinite direct sums, since the
underlying topological space of the scheme is Noetherian; it is also always closed
under extensions and cokernels of injective morphisms. Whenever the quasi-coherent
graded algebra B is Noetherian, all injective quasi-coherent graded B-modules are
flabby by Theorem A.3. Therefore, the coderived category of flabby quasi-coherent
CDG-modules over B is equivalent to the homotopy category H O(qucohinj) by a
version of Lemma 1.7(b), hence it is also equivalent to the coderived category of all
quasi-coherent CDG-modules D°(B-qcoh) (cf. the proof of Proposition 1.7).

The direct images preserve exact triples of flabby sheaves, so derived direct images
can be defined using flabby resolutions. The direct images also take flabby sheaves
to flabby sheaves, hence the desired compatibility of their derived functors with the
compositions of scheme morphisms follows.

Moreover, assuming additionally that the scheme has finite Krull dimension, the
absolute derived category of flabby quasi-coherent CDG-modules is equivalent to
D3bs(B-qcoh) by a dual version of Theorem 1.4(b), as the “fabby dimension” of any
quasi-coherent graded B-module is finite. This allows to define the derived direct
images on the absolute derived categories of quasi-coherent CDG-modules (another
approach to this question is to use the construction from the proof of Proposition 1.9
below). Notice that all our constructions of derived inverse images are also applicable
to the categories D2P*(B—qcoh).

Finally, let us point out that the functor Rf, has a right adjoint functor
f': D®°(Bx—qcoh) —— D®(By—qcoh).

Indeed, the triangulated category D (By—qcoh) is compactly generated by Propo-
sition 1.5(d), and the functor Rf, preserves infinite direct sums, since the class of
injective quasi-coherent graded By-modules is closed under infinite direct sums, due
to Noetherianness of By. So it remains to apply [26, Theorem 4.1].

1.9. Morphisms of finite flat dimension. Let f: Y — X be a morphism of
schemes as above, and Bx — By is a compatible morphism of quasi-coherent
CDG-algebras. We will say that the quasi-coherent graded algebra By has finite
flat dimension over Bx if (the left derived functor of) the functor of inverse image f*
acting between the abelian categories of quasi-coherent graded modules over By and
By has finite homological dimension. Equivalently, for any affine open subschemes
U C X and V C Y such that f(V) C U the graded right Bx(U)-module By (V)
should have finite flat dimension.
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A quasi-coherent graded By-module is said to be adjusted to f* if its derived
inverse image under f, as an object of the derived category of the abelian category
of quasi-coherent graded By-modules, coincides with the underived inverse image.
Denote the DG-category of quasi-coherent CDG-modules over Bx whose underlying
graded Bx-modules are adjusted to f* by Bx—qcoh; ,4. When Bx is Noetherian,
let Bx—cohy_,g; denote the similarly defined DG-category of coherent CDG-modules.
We will use our usual notation for the absolute derived and coderived categories of
these DG-categories of CDG-modules.

Lemma. Assume that the quasi-coherent graded algebra By has finite flat dimension
over Bx. Then

(a) the functor D°(Bx—qcoh; ,4;) — D°°(Bx—qcoh) induced by the embedding of
DG-categories Bx—qcohy 4 — Bx—qcoh is an equivalence of triangulated categories;

(b) the functor D**(Bx—qcoh; 4) — D**(Bx—qcoh) induced by the embedding of
DG-categories Bx—qcohy 4 —> Bx—qcoh is an equivalence of triangulated categories;

(c) if Bx is Noetherian, the functor D**(Bx—coh; .4) — D?P*(Bx—coh) induced
by the embedding of DG-categories Bx—cohy ,q; — Bx—coh is an equivalence of
triangulated categories.

Proof. This is a version of Theorem 1.4, provable in the same way (cf. Corollary 2.6
below). The assertions hold, because any quasi-coherent graded Bx-module has a
finite left resolution consisting of quasi-coherent CDG-modules adjusted to f*, and
similarly for coherent CDG-modules. 0

The functor of inverse image f*: H°(Bx—qcoh) — H°(By—qcoh) takes CDG-mod-
ules coacyclic with respect to Bx—qcoh; 4 to CDG-modules coacyclic with respect
to By—qcoh, and hence induces a triangulated functor D®°(Bx—qcoh; .4;) —
D<(By—qcoh). Taking Lemma into account, we construct the derived inverse image
functor

Lf*: D*(Bx—qcoh) —— D°(By—qcoh).
One shows that this functor is left adjoint to the functor Rf, constructed in 1.8 in
the way analogous to (but simpler than) the proof of Proposition 1.8.
When By and By are Noetherian, we construct the derived inverse image functor

Lf*: D*5(Bx-coh) —— D*3(By—coh)

in the similar way.
Let BY and ByF denote the quasi-coherent graded algebras with the opposite mul-
tiplication to Bx and By.

Proposition. When By has finite flat dimension over BY, the derived inverse image
functor Lf*: D°(Bx—qcohgy) — D<(By—qcohgy) constructed in 1.8 has a right

adjoint functor
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Proof. Let {U,} be a finite affine covering of Y. To any object N € By—qcohgy,
assign the total CDG-module Ry, 3 fi N of the finite Cech complex

@af|Ua*(N|Ua) — @a<5 f|Uaﬁu5*(N|UaﬁU5) —_

of CDG-modules over By.

The terms of this complex belong to Bx—qcohgy, since the morphism f|y: V —
X is affine for any intersection V' of a nonempty subset of affine open subschemes
U, C Y and the quasi-coherent graded algebra By’ has finite flat dimension over
BY. Hence one has Ryy,} fuN € Bx—qcohgy; it is clear that Ryy,y f« is a DG-functor
By —qcohgy — Bx—qcohgy taking coacyclic objects to coacyclic objects. So we have
the induced functor Rf, between the coderived categories.

It remains to obtain the adjuction isomorphism

HomDm(BX—qcohffd)(Ma Rf*N> ~ Hoch‘)(BY*qcohfrd)(]Lf*M,N)
for M € D®(Bx—qcohgy). Denote by A, the total CDG-module of the finite complex
{.Ua}N = <®o¢ jUa*jT*JaN — @a</j jUaﬂM,g*j;}amUﬁN —_— )

of CDG-modules over By (where ji: V. — Y denotes the embedding of an affine
open subscheme). Then we have Ry fiN ~ fNy. There is a natural closed
morphism N' — N, of CDG-modules over By with the cone coacyclic (and even
absolutely acyclic) with respect to By —qcohgy.

For any CDG-module Q € By —qcohgy, there is a natural map

w: HomDC"(Bqucohffd)(Ma f* Q) — Home(Bychohffd)(Lf*Ma Q)

Indeed, by (the proof of) Theorem 1.4(a), any morphism M — f,Q in
H°(Bx—qcohgy) can be represented as a fraction formed by a morphism M’ — M
in H°(Bx-qcohgy) with M’ € Bx-qcohy and a cone coacyclic with respect to
Bx—qcohgy, and a morphism M’ — f,Q in H°(Bx—qcohgy). To such a fraction, the
map 1) assigns the related morphism Lf*M = f*M' — Q.

For a fixed M, the map v is a morphism of cohomological functors of the argument
Q € H°(By—qcohg,). Thus in order to show that it is an isomorphism for @ = N/,
it suffices to check that it is an isomorphism for Q = jy,P for every affine V C Y
and P € By |y—qcohgy. This follows from the adjunction isomorphism

HomDCO(Bqucohffd)(My f|V*P) = HomDCO(By|V7qcohde)(Lf|*VMa 73)

and the similar isomorphism for the embedding jy,, which hold because the functors
flv« and jy, are exact, the morphisms f|,; and jy being affine. O

Remark. One can also use the above Cech complex approach in order to construct
a version of the derived functor Rf,: D°(By—qcoh) — D®(Bx—qcoh). One can
check that this construction agrees with the injective resolution construction from
Section 1.8, using the fact that the restrictions of injective quasi-coherent graded
By-modules to open subschemes are injective (Theorem A.3). Alternatively, in the
assumption of finite flat dimension of By over By, one checks that both constructions
provide functors right adjoint to IL f*, hence they are isomorphic.
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This allows to conclude that the derived functors Rf, acting on arbitrary quasi-
coherent CDG-modules and quasi-coherent CDG-modules of finite flat dimension
form a commutative diagram with the natural functors from the coderived categories
of the latter to the coderived categories of the former.

1.10. Supports of CDG-modules. Let X be a Noetherian scheme. The set-
theoretic support of a quasi-coherent sheaf M on X is the minimal closed subset
T C X such that the restriction of M to the open subscheme X \ T vanishes. Given
a Noetherian quasi-coherent graded algebra B over X and a quasi-coherent graded
B-module M, the set-theoretic support T = Supp M of M is defined similarly. It
only depends on the underlying quasi-coherent O x-module of M.

Let B be a quasi-coherent CDG-algebra over X whose underlying quasi-coherent
graded algebra B is Noetherian. Fix a closed subset 7' C X. Denote by B-qcoh,
the full DG-subcategory in B—qcoh consisting of all the quasi-coherent CDG-modules
whose underlying quasi-coherent graded B-modules have their set-theoretic supports
contained in T. The DG-category B—cohr of coherent CDG-modules with the set-
theoretic support in 7' is defined similarly.

Let D°(B—qcohy) and D2P*(B—cohr) denote the coderived and the absolute derived
category of these DG-categories of CDG-modules. Finally, let B-qcohy ;. denote the
DG-category of quasi-coherent CDG-modules over B whose underlying quasi-coherent
graded modules are injective objects of the abelian category of quasi-coherent graded
B-modules with the set-theoretic support contained in 7.

Proposition. (a) The functor H°(B-qcohs;,;) — D°(B-qcohy) induced by the
embedding of DG-categories B-qcohr . — B-qcohy is an equivalence of triangulated
categories.

(b) The functor D***(B-cohy) — D®(B-qcohy) induced by the embedding of
DG-categories B-cohp — B—qcoh, is fully faithful and its image is a set of compact
generators of the target category.

(¢) The functor D°(B-qcoh;) — D«(B-qcoh) induced by the embedding of
DG-categories B—qcohy, — B—qcoh is fully faithful.

(d) The functor D¥®*(B-cohy) — D3*(B-coh) induced by the embedding of
DG-categories B—cohr — B—coh is fully faithful.

Proof. Part (a) is essentially a particular case of [37, Theorem and Remark in Sec-
tion 3.7]. Tt is only important here that there are enough injective objects in the
abelian category of quasi-coherent graded B-modules supported set-theoretically in T’
and the class of such injective objects is closed under infinite direct sums. This is so
because the abelian category in question is a locally Noetherian Grothendieck cate-
gory (since X and B are Noetherian). Part (b) can be proven in the same way as the
results of [37, Section 3.11]. Part (d) follows from parts (b-¢) and Proposition 1.5(d).

Finally, part (c) follows from part (a), Lemma 1.7(b), and the fact that any in-
jective object J in the category of quasi-coherent graded B-modules supported set-
theoretically in T is also an injective object in the category of arbitrary quasi-coherent
graded B-modules. The latter is essentially a reformulation of the Artin—Rees lemma.
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Indeed, it suffices to check that for any coherent graded B-module M and its
coherent graded B-submodule N, any morphism of quasi-coherent graded B-modules
¢: N — J can be extended to M. Let Z be a closed subscheme structure on the
closed subset 7' C X. Then there is an integer n > 0 such that the morphism ¢
annihilates ZN (where Z is the sheaf of ideals of the closed subscheme Z). By
Lemma A.3, there exists m > 0 such that ZP M NN C ZZN. Then there exists
a morphism M/ZZ?M — J of quasi-coherent graded B-modules supported set-
theoretically in T" which extends the given morphism into J from the quasi-coherent

graded B-submodule N'/(ZZMNN) C M/TFM. 0O
Let U C X denote the open subscheme X \ 7T

Theorem. (a) The functor of restriction to the open subscheme D°(B-qcoh) —
De°(B|y—qcoh) is the Verdier localization functor by the thick subcategory D°(B—qcohy)
C De°(B—qcoh). In particular, the kernel of the restriction functor coincides with the
subcategory D°(B—qcohy).

(b) The functor of restriction to the open subscheme D2P*(B—coh) — Db*(B|;—coh)
is the Verdier localization functor by the triangulated subcategory D*(B—cohy) C
D3*(B-coh). In particular, the kernel of the restriction functor coincides with the

thick envelope of (i. e., the minimal thick subcategory containing) D*(B-cohr) in
D3bs(B-coh).

Proof. Let j: U — X denote the natural open embedding. To prove part (a), con-
sider the functor Rj,: D®(B|y—qcoh) — D<(B—qcoh) as constructed in Section 1.8.
The quasi-coherent graded algebra B|y being flat over B, the functor Rj, is right ad-
joint to the restriction functor j*: D<°(B—qcoh) — D(B|y—qcoh). Obviously, the
composition 7*Rj, is the identity functor. It follows that the functor j* is a Verdier
localization functor by its kernel, which is the full subcategory consisting of all the
cones of the adjunction morphisms M — Rj,j*M, where M € D°(3—qcoh).

Represent the object M by a CDG-module with an injective underlying quasi-
coherent graded B-module. By Theorem A.3, the quasi-coherent graded B|y-module
j*M is then also injective, so we have Rj,j* M = j,j* M. Obviously, both the kernel
and the cokernel of the closed morphism of CDG-modules M — j,5*M belong to
B—qcohy, and it follows, in view of part (c) of Proposition, that the cone also belongs
to D (B—qcohy).

To prove part (b), notice first that any coherent CDG-module over B|y can be ex-
tended to a coherent CDG-module over B (because a coherent sheaf K on U can be
extended to a coherent subsheaf of j,K), so the restriction functor is essentially surjec-
tive. Taking this observation into account, part (b) follows from part (a), part (b) of
the above Proposition, Proposition 1.5(d), and the standard results about localization
of compactly generated triangulated categories [25, Lemma 2.5 to Theorem 2.1]. O

Define the category-theoretic support supp M of a quasi-coherent CDG-module M
over B as the minimal closed subset 7' C X such that the restriction M|y of M to
the open subscheme U = X'\ T is a coacyclic CDG-module over Bly. In other words,
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X \ supp M is the union of all open subschemes V' C X such that M|y is a coacyclic
CDG-module over Bl (see Remark 1.3). Obviously, one has supp M C Supp M.

The category-theoretic support of a coherent CDG-module M over B can be equiv-
alently defined as the minimal closed subset 7' C X such that the restriction M|y of
M to the open subscheme U = X \ T is absolutely acyclic. Indeed, any CDG-module
from B|y—coh that is coacyclic with respect to B|y—qcoh is also absolutely acyclic
with respect to B|y—coh by Proposition 1.5(d).

Corollary. (a) For any quasi-coherent CDG-module M over B with the category-
theoretic support supp M contained in T', there exists a quasi-coherent CDG-module
M over B such that M is isomorphic to M’ in D®(B-qcoh) and the set-theoretic
support Supp M’ is contained in T.

(b) For any coherent CDG-module M over B with the category-theoretic support
supp M contained in T, there exists a coherent CDG-module M’ over B such that
M s isomorphic to a direct summand of M’ in D®(B-coh) and the set-theoretic
support Supp M’ is contained in T.

Proof. Follows immediately from Theorem. 0

Remark. One can prove that the restriction functor in part (a) of Theorem is a
Verdier localization functor without assuming the quasi-coherent graded algebra B
to be Noetherian. Indeed, one can construct a right adjoint functor Rj, to the
restriction functor 7* in the way similar to that of Proposition 1.9; then it is easy to
see that j*Rj, is the identity functor.

When B is Noetherian, the above Theorem can be generalized as follows. Let
S and T be closed subsets in X; set U = X \ 7. Then the restriction func-
tor D°(B—qcohg) — D°(B|y—qcohyng) is the Verdier localization functor by the
thick subcategory D®(B-qcohsg), and the restriction functor D2P$(B-cohg) —
D3bs(B|y—cohyns) is the Verdier localization functor by the triangulated subcategory
D3 (B-cohzng). The proof is similar to the above.

It is not difficult to deduce from the latter assertions, using the result of [26,
Theorem 2.1(5)], that the property of an object of D®(B-qcoh) to belong to the
thick envelope of D2**(B-coh) is local in X. Using the Cech exact sequence as in
Remark 1.3, one can easily see that the property of an object of D3**(B-qcoh) to
belong to D¥*(B-qcohy) is also local.

We do not know whether the property of an object of D3*5(B-coh) or D2**(B-qcohy)
to belong to D25(B-cohy) is local in general. In the particular case of matrix factoriza-
tions, such results will be proven in Section 3.1 using the connection with singularity
categories (cf. Remarks 3.1 and 3.5).

2. TRIANGULATED CATEGORIES OF RELATIVE SINGULARITIES

2.1. Relative singularity category. Recall that X denotes a separated Noether-
ian scheme with enough vector bundles. The triangulated category of singularities
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D%,,,(X) of the scheme X is defined [29, Section 1.2] as the quotient category of the
bounded derived category DP(X—coh) of coherent sheaves on X by its thick subcat-
egory Perf(X) of perfect complexes on X.

The perfect complexes, in our assumptions, can be simply defined as bounded
complexes of locally free sheaves of finite rank, so Perf(X) = DP(X—cohi) is the
bounded derived category of the exact category X—cohy of locally free sheaves of
finite rank on X. Equivalently, the perfect complexes are the compact objects of the
unbounded derived category of quasi-coherent sheaves D(X—qcoh) on the scheme X
[26, Examples 1.10-1.11 and Corollary 2.3].

Let Z € X be a closed subscheme such that Oz has finite flat dimension as
an Ox-module. In this case the derived inverse image functor IL:* for the closed
embedding 7: Z — X acts on the bounded derived categories of coherent sheaves,
DP(X—coh) — DP(Z—coh). We call the quotient category of DP(Z—coh) by the thick
subcategory generated by the objects in the image of this functor the triangulated

category of singularities of Z relative to X and denote it by ngg(Z/X).

Note that the triangulated category of relative singularities ngg(Z /X) is a quo-
tient category of the conventional (absolute) triangulated category of singularities
D%,,,(Z) of the scheme Z. Indeed, the thick subcategory Perf(Z) C D(Z-coh) is
generated by any ample family of vector bundles on Z, since any such family is a set
of compact generators of the unbounded derived category of quasi-coherent sheaves
D(Z—qcoh) on Z [26]; in particular, it is generated by the restrictions to Z of vector
bundles from X (see also Lemma 2.8).

The functor Li*: D’(X-coh) — DP(Z-coh) induces a triangulated functor
i°: DY, (X) — DY,,,(Z). Furthermore, since the sheaf Oz belongs to Perf(X),
the functor 4,: D°(Z—coh) — DP(X-coh) takes Perf(Z) to Perf(X) (cf. [29,
paragraphs before Proposition 1.14]). Hence the functor i, induces a triangulated
functor io: D%, (Z) — D%, (X) right adjoint to i°. The triangulated category
D%, (Z/X) is the quotient category of D¥,,,(Z) by the thick subcategory generated
by the image of the functor °.

When X is regular, any coherent sheaf on X has a finite resolution by locally free
sheaves of finite rank. So D%, (X) = 0, hence the triangulated categories D%, (Z)
and DY, (Z/X) coincide. The converse is also true: the structure sheaf of the reduced
scheme structure on the closure of any singular point of X is not a perfect complex

on X, so D%, (X) # 0 when X is not regular.

Remark. Roughly speaking, the triangulated category of relative singularities
D%,,,(Z/X) measures how much worse are the singularities of Z compared to the
singularities of X in a neighborhood of Z.

The basic formal properties of DY,,,(Z/X) are similar to those of D¥,,,(Z). When
the Ox-module Oy has finite flat dimension, the derived category D (X -coh) is gener-
ated by coherent sheaves adjusted to i*. Let E;/x denote the minimal full subcategory
of the abelian category of coherent sheaves on Z containing the restrictions of such co-

herent sheaves from X and closed under extensions and the kernels of epimorphisms of
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sheaves. Then Ez, x is naturally an exact category and its bounded derived category
D®(Ez/x) is equivalent to the thick subcategory of D°(Z-coh) generated by the de-
rived restrictions of coherent sheaves from X, so D%;,,(Z/X) = D*(Z~coh)/D°(Ez/x).
One can define the E-homological dimension of a coherent sheaf (or bounded com-
plex) on Z as the minimal length of a left resolution consisting of objects from E/x.
This dimension does not depend on the choice of a resolution (in the same sense as
the conventional flat dimension doesn’t). The thick subcategory DP(Ez/x) consists
of those objects of DP(Z-coh) that have finite E-homological dimensions.

Unlike in the case of perfect complexes, we do not know whether the property to
belong to Ez/x or Db(EZ/X) is local, though. In the case when Z is a Cartier divisor,
locality can be established using Theorem 2.7 below and Remark 1.3.

2.2. Matrix factorizations. Following [33], we will consider matrix factorizations
of a global section of a line bundle. So let £ be a line bundle (invertible sheaf) on X
and w € L(X) be a fixed section, called the potential.

Let B = (X, L,w) denote the following Z-graded quasi-coherent CDG-algebra
over X. The component B" is isomorphic to £&"? for n € 2Z and vanishes for
n € 27Z+1, the multiplication in B being given by the natural isomorphisms £2"/2®¢
L£8m/2 y £8M+m)/2  For any affine open subscheme U C X, the differential on B(U)
is zero, and the curvature element is w|; € B*(U) = L(U). The elements ayy defining
the restriction morphisms of CDG-rings B(V) — B(U) all vanish.

The category of quasi-coherent Z-graded B-modules is equivalent to the category
of quasi-coherent Z/2-graded Ox-modules, the equivalence assigning to a graded
B-module M the pair of Ox-modules which we denote symbolically by U° = M? and
U' @ L2 = M. Conversely, M" ~ U" ™42 @4,  LZ? for all n € Z (the meaning
of the notation in the right-hand side being the obvious one). This equivalence of
abelian categories preserves all the properties of coherence, flatness, flat dimension,
local projectivity/localy freeness, etc. that we have been interested in in Section 1.

Following [22], we will consider CDG-modules over B = (X, £, w) whose underlying
graded B-modules correspond to coherent or quasi-coherent O x-modules, rather than
just locally free sheaves (as in the conventional matrix factorizations). A quasi-
coherent CDG-module over (X, £, w) is the same thing as a pair of quasi-coherent
Ox-modules U° and U' @ L£2V/? endowed with Ox-linear morphisms U° — U' ®
L2 and U' ® L%Y? — U° ®p, L such that both compositions U’ — U' ®
L2 — U @0, L and U' @ LOV? — U° R, L — U @0, LZ/? are equal to
the multiplications with w.

2.3. Exotic derived categories of matrix factorizations. The following corol-
lary is a restatement of the results of Section 1 in the application to the quasi-coherent
CDG-algebra B = (X, £,w). We will use the notation (X, £, w)—cohy (instead ot the
previously introduced B—cohg) for the DG-category of locally free matrix factoriza-
tions of finite rank, and the notation (X, £, w)-qcoh (instead of the previously intro-
duced B-qcoh,,) for the DG-category of locally free matrix factorizations of possibly
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infinite rank (see Remark 1.4). The rest of our notation system for various classes of
quasi-coherent CDG-modules over B = (X, £, w) remains in use.

In addition, we also denote by (X, £, w)—qcohy the DG-category of quasi-coherent
CDG-modules of finite locally free/locally projective dimension over (X, L, w) (see
Remark 1.4 again). Let D((X, £, w)-qcohy,) and D**((X, £, w)—qcohy,) be the
corresponding derived categories of the second kind.

Corollary. (a) The functor D°((X, £, w)-qcohy) — D((X, £, w)-qcohgy) induced
by the embedding of DG-categories (X, L, w)—qcohy — (X, L, w)—qcohgy is an equiv-
alence of triangulated categories.

(b) The functor D*((X, L, w)—qcohy) — D®((X, L, w)—qcohgy) induced by the
embedding of DG-categories (X, L, w)—qcohy — (X, L, w)—qcohgy is an equivalence
of triangulated categories.

(c) The functors D®((X, L, w)—qcoh,) — D<((X, L, w)—qcohy) and D*((X, L,
w)—qcoh) — D¥*((X, L, w)—qcohyy) induced by the embedding of DG-categories
X, L,w)—qcoh; — (X, L, w)—qcohyy are equivalences of triangulated categories.

(d) The triangulated categories D®((X, L, w)—qcohy) and D*((X, L, w)—qcoh)
coincide, as do the categories D°((X, L, w)—qcoh,y) and D**((X, L, w)—qcohyy). The
natural functors between these four categories form a commutative square of equiva-
lences of triangulated categories.

(e) When the scheme X has finite Krull dimension, the functors D°((X, L, w)
—qcoh) — D%°((X, L, w)-qcohy) and D*((X, L, w)—qcoh) — D¥P((X, L, w)
—qcohy) induced by the embedding of DG-categories (X, L, w)—qcohy — (X, L, w)
—qcohy are equivalences of triangulated categories. The natural functors between these
four categories form a commutative square of equivalences.

(f) When the scheme X has finite Krull dimension, the triangulated category
D ((X, L, w)—qcohy) coincides with D***((X, £, w)—qcohy) and the triangulated cate-
gory D((X, L, w)—qcohgy) coincides with D*((X, £, w)—qcohgy). The natural func-
tors between these four categories form a commutative square of equivalences.

(g) The functor D*®((X, L, w)-coht) — D¥®((X, L, w)—cohgy) induced by the
embedding of DG-categories (X, L, w)—cohy — (X, L, w)—cohgy is an equivalence of
triangulated categories.

(h) The triangulated functors D®*((X, L, w)-qcohy) — D¥®((X, L, w)—qcohy)
— D¥*((X, L, w)—qcoh) induced by the embeddings of DG-categories (X, L, w)
—qcohyy — (X, £, w)—qcohy — (X, L, w)—qcoh) are fully faithful.

(i) The triangulated functor D ((X, £, w)—cohy) — D¥®*((X, L, w)—coh) induced
by the embedding of DG-categories (X, L, w)—cohy — (X, L, w)—coh is fully faithful.

(j) The triangulated functor D®((X, L, w)-cohy) — D<((X, L, w)—qcohy) in-
duced by the embedding of DG-categories (X, L, w)—cohy — (X, L, w)—qcohy is fully
faithful.

(k) The triangulated functor D**((X, £, w)—coh) — D*((X, £, w)—qcoh) induced
by the embedding of DG-categories (X, L, w)—coh — (X, L, w)—qcoh is fully faithful.



(1) The triangulated functor D**((X, L, w)-coh) — D®°((X, £, w)—qcoh) induced
by the embedding of DG-categories (X, L, w)-coh — (X, L, w)—qcoh is fully faithful
and its image forms a set of compact generators for D°((X, L, w)—qcoh).

Proof. Parts (a-b) and (g) are particular cases of Theorem 1.4, and the proof of
part (c) is similar (see Remark 1.4). Part (g) also essentially follows from Proposi-
tion 1.5(b) (and part (b) can be proven similarly). Parts (h-i) and (k-1) are particular
cases of Proposition 1.5 (except for “locally free half” of part (h), which is similar to
the “flat half”). Part (d) is Theorem 1.6 together with part (c). Part (j) is Corol-
lary 1.6. Part (e) follows from parts (a-c) and Remark 1.4 (cf. the discussion in the
end of Section 1.6). Part (f) follows from parts (a-b) and (d-e); alternatively, it can be
proven directly in the way similar to part (d), using the fact that the exact category
of flat quasi-coherent sheaves on X has finite homological dimension when the Krull
dimension of X is finite. O

2.4. Regular and Gorenstein scheme cases. When the scheme X is regular or
Gorenstein, the assertions of Corollary 2.3 simplify as follows.

Corollary. (a) When the scheme X is Gorenstein of finite Krull dimension, the
functors D((X, £, w)-qcohy) — D°((X, L, w)—qcohy) — D((X, L, w)—qcoh)
induced by the embedding of DG-categories (X, L, w)—qcohy — (X, L, w)—qcoh are
equivalences of triangulated categories.

(b) When the scheme X 1is reqular of finite Krull dimension, the natural functors
between the categories D*P*((X, £, w)—qcohy), D®((X, L, w)—qcohy), D¥®*((X, L, w)
—qcoh), and D((X, L, w)—qcoh) form a commutative square of equivalences of tri-
angulated categories.

(c) When the scheme X is reqular, the natural functor D*®((X, L, w)—cohy) —
D3bs((X, £, w)—coh) is an equivalence of triangulated categories.

Proof. Part (a) is a particular case of Proposition 1.7. Part (c) follows from
Corollary 2.3(g), since any coherent sheaf on a regular scheme has finite flat di-
mension. In the assumptions of part (b), the functor D**((X, L, w)-qcoh) —
De((X, £, w)—qcoh) is an isomorphism of triangulated categories by [37, Theo-
rem 3.6(a) and Remark 3.6], since the abelian category of quasi-coherent sheaves
on a regular scheme of finite Krull dimension has finite homological dimension and
enough injectives (cf. Theorem 1.6). The remaining assertions of part (b) follow
from Corollary 2.3(a-b), or alternatively from part (a). O

Assuming that X has finite Krull dimension, the assertions of Corollaries 2.3-2.4
may be summarized by the following commutative diagram of triangulated functors.
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Here, as above, B denotes the quasi-coherent CDG-algebra (X, £, w):

Db%(B-cohyf) === D*(B-cohq)

D2P%(B-coh)

D**=*(8qcohy) [;g:;;;
= N
co=abs - ;abs = when X Gorenstein D (B h
D (B-qcohy) == D (B-qcohgyg) / (B-qcoh)
A =
- - = when X = when X

pco=abs (qucohﬂ) Dabs(quCOh) regular

regular

The four categories in the left lower area are coderived categories coinciding with
absolute derived categories (of the same classes of quasi-coherent CDG-modules).
The five double lines between these four categories are equivalences, as is the upper
left horizontal line. All the arrows going down are fully faithful functors. The image
of the rightmost vertical arrow is a set of compact generators in the target category.
The only arrow going up is a Verdier localization functor.

Nothing is claimed about the long horizontal arrow in the right lower area of
the diagram in general; but when X is Gorenstein, this functor is an equivalence of
categories. When X is regular, all the arrows going right are equivalences of categories
(so the whole diagram reduces to one triangulated category with infinite direct sums,
containing a full triangulated subcategory of compact generators).

Recall also that, by Lemma 1.7, for any X we have a commutative diagram of
triangulated functors

HO(quCOh;nj) —— D%°=5(B_qcohyy) D (B—qcoh)

/

Db%(B-qcoh)

with equivalences of categories in the upper line. The fully faithful embedding
D3s(B-qcohgy) — D(B—qcoh), which in the Gorenstein case (of finite Krull di-
mension) coincides with the embedding D*(B-qcohgy) — D3*(B—qcoh), is always
right adjoint to the localization functor D***(B-qcoh) — D% (B—qcoh).

Remark. When X is an affine Noetherian scheme of finite Krull dimension, the em-
beddings of DG-categories (X, £, w)-qcoh;, — (X, £, w)—qcohq — (X, £, w)—qcoh)
induce equivalences H°(B-qcoh,,) ~ D**(B-qcohy) ~ D" (B-qcoh) between the ho-
motopy category of (locally) projective matrix factorizations of infinite rank, the ab-
solute derived category of flat matrix factorizations, and the contraderived category of
arbitrary quasi-coherent matrix factorizations (see [37, Section 3.8]; cf. Remark 1.5).

2.5. Serre—Grothendieck duality. The aim of this section is to show that the
somewhat misterious long horizontal arrow in the above large diagram is actu-
ally a functor between two equivalent triangulated categories, for a rather wide
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class of schemes X. The functor D®((X, L, w)—qcohy) — D<((X, L, w)—qcoh)
in the above diagram, which is induced by the embedding of DG-categories
(X, L, w)-qcohy — (X, L, w)—qcoh, is not the equivalence that we have in mind,
however (unless the scheme is Gorenstein). Instead, the equivalence between the
categories D((X, L, w)—qcohy) and D<((X, L, w)-qcoh) is constructed using a
dualizing complex on X [14, Section V.2].

Before recalling the definition of a dualizing complex, let us discuss the notion of
the quasi-coherent internal Hom. Given quasi-coherent sheaves M and A over X, the
quasi-coherent sheaf Homx_qc(M,N) is defined by the isomorphism Homop, (— @0
M, N) ~ Homo, (—, Homx q(M,N)) of functors from the category of quasi-
coherent sheaves to the category of abelian groups. Equivalently, the quasi-coherent
sheaf Homx_qc(M,N) can be obtained by applying the coherator functor [42, Sec-
tions B.12-B.14] to the sheaf of Ox-modules Home, (M, N). Whenever M is a co-
herent sheaf, the sheaf Home, (M, N') of Ox-module internal Hom is quasi-coherent,
and Homx_qc(M,N) ~ Homeo, (M, N).

Notice that the construction of the sheaf Homx_qc(M,N) is not local in general,
i. e., it does not commute with the restrictions of quasi-coherent sheaves to open
subschemes; when the sheaf M is coherent, it does.

Lemma. (a) For any injective quasi-coherent sheaf J over a separated Noetherian
scheme X, the functor M —— Homx q(M,T) is exact.

(b) For any flat quasi-coherent sheaf F and injective quasi-coherent sheaf J over
X, the quasi-coherent sheaves F @p, J and Homx_q(F,J) are injective.

(¢c) For any injective quasi-coherent sheaves J' and J over X, the quasi-coherent

sheaf Homx_qc(J', J) is flat.

Proof. The second assertion of part (b) is obvious from the universal property defining
Homx_qc. To prove the first one, notice that injectivity of quasi-coherent sheaves over
a Noetherian scheme is a local property ([14, Lemma I1.7.16 and Theorem I1.7.18] or
Theorem A.3), a flat quasi-coherent sheaf over an affine scheme is a filtered inductive
limit of locally free sheaves of finite rank [3, No. 1.5-6], and injectivity of modules
over a Noetherian ring is preserved by filtered inductive limits.

The proof of parts (a) and (c) follows the argument in [23, Lemma 8.7]. Choose
a finite affine covering U, of the scheme X and consider the morphism J —
D, ju.+ji,J- Being an embedding of injective quasi-coherent sheaves, it splits,
so J is a direct summand of the direct sum of jy,_. Ju.,J. Hence it suffices to prove
both assertions in the case when J = jy.J", where J” is an injective quasi-coherent
sheaf on an affine open subscheme V C X.

Now we have Homx_qc(M, jvT") = jve Homy_qc (55 M, T"). Since V.— X is a
flat affine morphism, the functor jy . is exact and preserves flatness of quasi-coherent
sheaves. This proves part (a), and reduces part (c) to the case of an affine scheme
X = V. Then it remains to apply [5, Proposition VI.5.3]. O

For our purposes, a dualizing complexr D% on X is a finite complex of injective quasi-
coherent sheaves such that the cohomology sheaves of D% are coherent and for any

35



coherent sheaf M over X the natural morphism of finite complexes of quasi-coherent
sheaves M — Homx_qc(Homx_qc(M, D% ), D%) is a quasi-isomorphism. Note that
it follows from the former two conditions on D% that the complex Hom x_qc(M, D)
has coherent cohomology sheaves. This makes the conditions imposed on D% actually
local in X, so the restriction Df; = D% |y of the complex of sheaves D% to an open
subscheme U C X is a dualizing complex on U.

Given a quasi-coherent CDG-algebra B over X, a quasi-coherent left CDG-module
M over B, and a complex of quasi-coherent sheaves F* on X, one can consider the
complexes of quasi-coherent left CDG-modules F* ®p, M and Homx o (F*, M)
over B. Taking their totalizations (formed, if necessary, by taking infinite direct
sums along the diagonals), one constructs two triangulated functors H°(B-qcoh) —
H°(B—qcoh) depending on a complex F*. Given a right CDG-module N over B
(see [37, Sections 3.1 and B.1]), one can similarly construct a complex of quasi-
coherent left CDG-modules Hom x_qc (N, F*) over B, obtaining a triangulated functor
from the homotopy category of right CDG-modules H"(qcoh-B) to H°(B—qcoh).

In the particular case of matrix factorizations, we conclude that the covariant func-
tors F* ®p, — and Homx_qc(F*, —) take quasi-coherent matrix factorizations of a
potential w € L£(X) to (complexes of)) quasi-coherent matrix factorizations of w, while
the contravariant functor Homy_q.(—, F*) transforms quasi-coherent matrix factor-
izations of the opposite potential —w € L(X) into (complexes of) quasi-coherent
matrix factorizations of w. Of course, the quasi-coherent CDG-algebras (X, £, w)
and (X, £, —w) over a scheme X are naturally isomorphic, but we prefer to keep the
distinction between the two.

The next proposition provides the matrix factorization version of the conven-
tional (contravariant) Serre-Grothendieck duality for bounded complexes of coherent
sheaves. We assume that X is a separated Noetherian scheme with a dualizing com-
plex D%. Recall that any such scheme has finite Krull dimension [14, Corollary V.7.2].

Proposition. The triangulated functor Homx qc(—, D%): H*((X, L, —w)-qcoh) —
HO((X, L, w)—qcoh) induces a well-defined triangulated functor D***((X, L, —w)—qcoh
— D*((X, L, w)—qcoh) taking the full triangulated subcategory D®((X, L, —w)
—coh) C D*((X, L, —w)—qcoh) into the full subcategory D**((X, L, w)-coh) C
D3s((X, L, w)—coh). The composition of the duality functors D®*((X, L, w)—coh) —
D¥s((X, £, —w)—coh) — D**((X, £, w)—coh) is the identity functor.

Proof. The functor Homx q.(—, D%) preserves absolute acyclicity, because D% is a
complex of injective quasi-coherent sheaves, so part (a) of Lemma applies. Given
a coherent matrix factorization M, the finite complex of matrix factorizations
Homx_qc(—, D% ) has coherent cohomology matrix factorizations, so one can use its
canonical truncations in order to prove by induction that its totalization belongs to
the triangulated subcategory D¥((X, £, w)—coh).

Finally, for any quasi-coherent matrix factorization M consider the bicomplex of
matrix factorizations Homx_qc(Homx_qc(M, D% ), D%) and take its totalization in
the two directions where it is a complex, obtaining a complex of matrix factoriza-

tions. Then there is a natural morphism of finite complexes of matrix factorizations
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M — Homx q(Homx qc(M,D%),D%), which is a quasi-isomorphism of com-
plexes of matrix factorizations when M is coherent. The induced closed morphism of
the total matrix factorizations is an isomorphism in D®*((X, £, w)—qcoh), since the
totalization of a finite acyclic complex of matrix factorizations is absolutely acyclic. It
remains to use the fact that the functor D***((X, £, w)-coh) — D*((X, £, w)—qcoh)
is fully faithful (see Corollary 2.3(k)) again. O

The next result is our covariant Serre-Grothendieck duality theorem for matrix fac-
torizations. It is the matrix factorization analogue of the similar results for complexes
of projective and injective modules [17, Theorem 4.2] and sheaves [23, Theorem 8.4].
It also strongly resembles the derived comodule-contramodule correspondence theory
(see [37, Theorem 5.2], [36, Corollaries 5.4 and 6.3]; cf. Remark 2.4 above). Notice
that our proof is more akin to the arguments in [37, 36] than those of [17, 23] in that
we give a direct proof of the covariant duality independent of both the contravariant
duality and any descriptions of the compact objects in the categories to be compared.

Theorem. The functors Dy ®o, —: H*((X, L, w)-qcohy) — HO((X, L, w)-qcoh;)
and Homx (D, —): H°((X, L, w)-qcoh,;) — H°((X, £, w)-qcohy) induce mutu-
ally inverse equivalences between the coderived categories D®((X, L, w)—qcohy) and
D ((X, £, w)—qcoh).

Proof. Recall that H°((X, L, w)-qcoh;;) ~ D®((X, L, w)-qcoh) by Lemma 1.7(b)
and D*((X, £, w)—qcohy) = D®((X, L, w)—qcohy) by Corollary 2.3(f) (though we
will reprove the latter fact rather than use it in the following argument; see also Re-
mark 2.6 below and Lemma A.1). The functor D% ®e, —: H°((X, L, w)-qgcohy) —
H°((X, L, w)—qcoh,,;) obviously takes matrix factorizations coacyclic with respect to
(X, £, w)—qcohy to matrix factorizations coacyclic with respect to (X, £, w)-qcoh;;,
which are all contractible. It remains to check that the induced functors are mutually
inverse.

Let £ be a matrix factorization from (X, L, w)-qcohy. As in the previous proof,
consider the bicomplex of matrix factorizations Homx (D%, D% ®o, €) and
take its total complex of matrix factorizations. Then there is a natural morphism
E — Homx 4(D%, D% ®o, &) of finite complexes of matrix factorizations from
(X, L, w)—qcohy. To prove that the induced morphism of the total matrix factoriza-
tions is an isomorphism in D®((X, £, w)-qcohy¢), we once again use the fact that the
totalization of a finite acyclic complex of matrix factorizations is absolutely acyclic.
So it suffices to check that for any flat quasi-coherent sheaf F over X the natural
morphism F — Homx (D%, D% ®oy F) is a quasi-isomorphism of complexes of
flat quasi-coherent sheaves. This will be done below.

Similarly, let M be a matrix factorization from (X, L, w)-qcoh;,;. Consider the
morphism of finite complexes of injective matrix factorizations Dy ®p, Homx qgc
(D%, M) — M. To prove that the cone of the induced morphism of the total
matrix factorizations is contractible, it suffices to check that for any injective quasi-
coherent sheaf J over X the natural morphism of complexes of injective sheaves
D% ®o, Homx_q(D%,J) — J is a quasi-isomorphism.
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Let "D% denote a finite complex of coherent sheaves over X endowed with a
quasi-isomorphism "Dy — D%. Then the morphism Homx (D%, Dk ®oy F) —
Homx o (D%, D% @0, F) is a quasi-isomorphism for any flat quasi-coherent
sheaf F. The construction of the composition F — Homx_qc(D%, D% @0y F) —
Homx_ oD%, D% ®o, F) is local in X, so it suffices to check that the composition
is a quasi-isomorphism when X is affine. Then, using the passage to the filtered
inductive limit, we may assume that F is locally free of finite rank, and further that
F = Ox. It remains to recall that the morphism Ox — Homx (D%, D%) is a
quasi-isomorphism by the definition of DY%.

Let "D% be a bounded above complex of flat quasi-coherent sheaves mapping quasi-
isomorphically to "D%. Then for any injective quasi-coherent sheaf J over X there
are quasi-isomorphisms "D ®o, Homx q(D%,J) — D% Qo Homx q(D%,T)
and "D @0, Homx qc(Dk, J) — "Dy Q®oy Homx_qc (D%, J) forming a commuta-
tive diagram with the evaluation morphisms into 7. Hence it remains to check that
the morphism "D% ®o, Homx_qc('D%, J) — J is a quasi-isomorphism, which is a
local question. Assume futher that "D% is a bounded above complex of locally free
sheaves of finite rank. Then there is a natural isomorphism of complexes of sheaves
"Dy ®oy Homx oD, T) = Homx_qc(Homx_qc("D%,' D% ), J). The related mor-
phism Homx_qc(Homx_q("D%,'D%),J) — J is induced by the natural morphism
of complexes Ox — Homx_qc("D%,'D%). The latter is again a quasi-isomorphism
essentially by the definition of DY%. O

From this point on we resume assuming that X has enough vector bundles.

Notice that the equivalence functor D% ®o, —: D((X, L, w)-qcohy) —
De((X, L, w)—qcoh) that we have constructed takes the full triangulated sub-
category Ds((X, L, w)-cohy) C D%((X, L, w)—qcohy) into the full triangulated
subcategory D®s((X, £, w)-coh) C D®((X, L, w)-qcoh). This is so because the
dualizing complex D% has bounded coherent cohomology sheaves.

Now we will use the above Proposition and Theorem in order to construct compact
generators of the triangulated category D°((X, £, w)—qcohy) (cf. [18, 28]).

Consider the abelian category Z°((X, L, —w)-coh) of coherent matrix factoriza-
tions of —w and closed morphisms of degree 0 between them, and its exact subcat-
egory of locally free matrix factorizations of finite rank Z°((X, £, —w)—cohy). The
natural functor between the bounded above derived categories of our abelian cate-
gory and its exact subcategory D~ (Z°((X, £, —w)-cohi) — D~ (Z°((X, L, —w)-coh)
is an equivalence of triangulated categories.

The vector bundle duality functor Homx_q(—, Ox): Z°((X, L, —w)—cohy)°P —
Z°((X, L, w)—cohy) induces a triangulated functor D~ (Z°((X, L, —w)—cohi)°P —
D (Z°(X, L, w)-cohy) taking bounded above complexes to bounded below ones. Here
D°P denotes the opposite category to a category D.

Let D (Z°((X, L, w)—qcoh)) denote the bounded below derived category of the
exact category of locally free matrix factorizations of possibly infinite rank. Since the
bounded below acyclic complexes over any exact category with infinite direct sums
are coacyclic [36, Lemma 2.1], there is a well-defined, triangulated totalization functor
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DT(Z°((X, L, w)—qcoh,)) — D°((X, L, w)—qcoh,). Consider the composition
Z°((X, L, —w)—coh)® —— D~ (Z°((X, L, —w)—coh))°P
~ D (Z°(X, L, —w)-coh))®® —— D (Z°(X, L, w)-cohy)) —
D (Z°(X, £, w)-qcoh,) — D®((X, L, w)qcoh,),

where two of the functors are the duality and the totalization discussed above, while
the other two are the natural embedding and the functor induced by such.

One easily checks that this composition takes cones of closed morphisms in
Z%((X, L, —w)-coh) to cocones in D°((X, L, w)-qcohy), hence induces a triangu-
lated functor H((X, £, —w)-coh)°® — D®((X, L, w)-qcoh). Similarly, the above
composition takes the totalizations of short exact sequences in (X, £, —w)—coh to ob-
jects corresponding to the totalizations of short exact sequences in (X, £, w)—qcohy;
one checks this by considering a left locally free resolution of a short exact sequence
of coherent matrix factorizations. Thus we obtain a triangulated functor

Q: D*((X, £, —w)-coh)°®® —— D®((X, £, w)-qcohy).

Corollary. The functor Q is fully faithful, and its image forms a set of compact
generators in D°((X, L, w)—qcohy). The following diagram of triangulated functors
18 commutative:

Dabs<<X, ﬁ, —IU)*COth)Op

VOP

D***(X, L, —w)—coh)°P

Homeqc(_po) ’HomX,qc(—,'D;{)

D;(®OX —

D***((X, £, w)cohy) D?**((X, £, w)-coh)

”I 7Icomp.

gener.
DY Q0 , —

DCO((X7 ‘Cv ’LU)*C]COh”) — Dco((Xa £7 ’ll))*qCOh)

Hom x—qc(D%,—)

Here v, k, and ~ denote the fully faithful functors induced by the natural embed-

dings of DG-categories of CDG-modules. The two upper vertical lines are the natural

contravariant dualities (anti-equivalences) on the (absolute derived) categories of lo-

cally free matrix factorizations of finite rank and coherent matrix factorizations. The

lower horizontal line is the equivalence of categories from Theorem, and the middle
horizontal arrow is the fully faithful functor discussed after the proof of Theorem.

The above diagram is to be compared with the following subdiagram of the large
diagram in the end of Section 2.4:

D**((X, £, w)-cohy) D*(X, £, w)-coh)

“I {[comp.
gener.

D((X, £, w)-qcohy) D((X, £, w)—qcoh)

v
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Here A denotes the triangulated functor induced by the embedding of DG-categories
of CDG-modules (X, £, w)-qcohy — (X, L, w)—qcoh.

Notice that it is clear from these two diagrams that the functor A is an equivalence
of triangulated categories whenever the functor v is. Indeed, if v is an equivalence
of categories, then the image of x is a set of compact generators in the target cat-
egory, and A is an infinite direct sum-preserving triangulated functor identifying
triangulated subcategories of compact generators, hence an equivalence. In this case,
the functor Dy ®p, — becomes an auto-equivalence of the triangulated category
De((X, £, w)—qcoh) and restricts to an auto-equivalence of its full subcategory of
compact generators D¥5((X, £, w)—coh).

Proof of Corollary. The assertions in the first sentence follow from the second one,
as we know 7 to be fully faithful and its image to be a set of compact generators
by Corollary 2.3(1). The commutativity of both squares and the upper left trian-
gle is clear. To check commutativity of the lower right triangle, consider a coher-
ent matrix factorization M of the potential —w; let &, be its left resolution in the
abelian category Z°((X, £, —w)—coh) whose terms &, belong to Z°((X, L, —w)—cohy).
Then the finite complex of injective matrix factorizations Homy 4 (M, DY) maps
quasi-isomorphically to the bounded below complex of injective matrix factorizations
Homx_qc(Ea, DY) =~ D% Qo Homx_qc(E, Ox), so the cone of the corresponding
morphism of the total matrix factorizations is coacyclic (and in fact contractible). O

2.6. w-flat matrix factorizations. From now on we will assume that for any affine
open subscheme U C X the element w|y is not a zero divisor in the O(U)-module
L(U); in other words, the morphism of sheaves w: Ox — L is injective.

The following results will be used in the proof of the main theorem and its analogues
below. Let us call a quasi-coherent Ox-module & w-flat if the map w: & — E®p, L
is injective. Notice that any submodule of a w-flat module is w-flat, so the “w-flat
dimension” of a quasi-coherent sheaf over X never exceeds 1.

Denote by (X, L, w)-coh, g the DG-category of coherent CDG-modules over
(X, L, w) with w-flat underlying graded Ox-modules and by (X, £, w)—qcoh,, 4 the
similar DG-category of quasi-coherent CDG-modules. Let D¥5((X, £, w)—coh, q),
Ds((X, £, w)—qcoh,, 4, and D°((X, L, w)-qcoh, ¢) denote the corresponding de-
rived categories of the second kind.

Furthermore, denote by (X, L, w)—coh, fnme the DG-category of coherent CDG-
modules over (X, £, w) whose underlying graded Ox-modules are both w-flat and of
finite flat dimension, and by (X, £, w)—-qcoh,, g~ the DG-category of w-flat quasi-
coherent CDG-modules of finite locally free dimension. Let D5((X, £, w)—coh., qinfd),
D3s((X, £, w)—qcoh,, qri), and D((X, £, w)—qcoh,, giq) denote the corresponding
exotic derived categories.

Corollary. (a) The functor D°((X, £, w)—qcoh,, 4) — D°((X, L, w)—qcoh) induced
by the embedding of DG-categories (X, L, w)—qcoh,,_ g — (X, L, w)—qcoh is an equiv-
alence of triangulated categories.
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(b) The functor D**((X, L, w)—qcoh,, ) — D ((X, £, w)—qcoh) induced by the
embedding of DG-categories (X, L, w)—qcoh,, 4 — (X, L, w)—qcoh is an equivalence
of triangulated categories.

(c) The functor D®((X, L, w)-coh, ) — D¥®((X, L, w)-coh) induced by the
embedding of DG-categories (X, L, w)—coh, g — (X, L, w)—coh is an equivalence of
triangulated categories.

(d) The functor D((X, L, w)—qcoh,, gria) —> DC((X, L, w)—qcohy) induced by
the embedding of DG-categories (X, L, w)-qcoh, grg — (X, L, w)—qcohyy is an
equivalence of triangulated categories.

(e) The functor D®((X, L, w)—qcoh,, qqra) — DP((X, L, w)—qcohyy) induced by
the embedding of DG-categories (X, L, w)-qcoh, g — (X, L, w)—qcohyy is an
equivalence of triangulated categories.

(f) The functor D®((X, L, w)—cohy, fnma) — DP((X, L, w)—cohgy) induced by
the embedding of DG-categories (X, L, w)—cohy anfa —> (X, £, w)—cohgq is an equiv-
alence of triangulated categories.

Proof. The proofs are analogous to those of Corollary 2.3(a-c) and (g) (except that
no induction in d is needed, as it suffices to consider the case d = 1). Parts (d), (e),
(f) are analogous to parts (a), (b), (c), respectively. Parts (b-c) and (e-f) can be also
proven in the way similar to Corollary 2.3(h-i). O

Remark. The assertions of parts (a-b) hold under somewhat weaker assumptions
than above: namely, one does not need to assume the existence of enough vector
bundles on X. And one can make parts (d-e) hold without vector bundles by re-
placing the finite locally free dimension condition in their formulation with the finite
flat dimension condition. The reason is that there are enough flat sheaves on any
reasonable scheme (see Lemma A.1).

In fact, even part (c¢) does not depend on the existence of vector bundles, since
a surjective morphism onto a given coherent sheaf M from a w-flat coherent sheaf
can be easily constructed, e. g., by starting from a surjective morphism onto M from
a flat quasi-coherent sheaf F and picking a large enough coherent subsheaf in F.
Accordingly, one does not need vector bundles to prove the equivalence of categories
in the lower horizontal line in Theorem 2.7 below and the other two equivalences
in Theorem 2.8. Replacing locally free sheaves with flat ones in the relevant defi-
nitions and assuming the Krull dimension to be finite, one can have the whole of
Proposition 2.8 hold without vector bundles as well.

Another alternative is to use very flat quasi-coherent sheaves, which there are al-
ways enough of and which always form a category of finite homological dimension
on a quasi-compact semi-separated scheme [39, Section 4.1]. Similarly, the exis-
tence of vector bundles is not needed for the validity of Theorem 1.4(a-b), Proposi-
tion 1.5(a,c-d), all the assertions of Sections 1.7 and 1.10, Corollaries 2.3(a-b, f, k-1)
and 2.4(a-b), Proposition 2.5 and Theorem 2.5, and some other results.
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2.7. Main theorem. Let Xy C X be the closed subscheme defined locally by the
equation w = 0, and 72: Xg — X be the natural closed embedding. The next
theorem is the main result of this paper.

Theorem. There is a natural equivalence of triangulated categories
D**((X, £, w)-coh) ~ D% (X,/X).

Sing
Together with the functor %: D**((X, L, w)-cohg) — D%, (Xo) constructed in [31],
this equivalence forms the following diagram of triangulated functors

D%ing (X)

Sing

0 —— Dabs((Xa[Hw)*COhlf) é Dg'mg(XO)

Dabs((X, L, w)—coh) — D ging (Xo0/X)

0

where the upper horizontal arrow ¥ is fully faithful, the left vertical arrow is fully
faithful, the right vertical arrow is a Verdier localization functor, and the lower hori-
zonal line LZ = Y~ is an equivalence of categories. The square is commutative; the
three diagonal arrows i,, i°, i, (the middle one pointing down and the two other ones
pointing up) are adjoint.

Furthermore, the image of the functor ¥ is precisely the full subcategory of objects
annihilated by the functor i,, or equivalently, by the functor i,. In other words,
the image of X is equal both to the left and to the right orthogonal complements
to the thick subcategory gemerated by the image of the functor i°, i. e., an object
F € DY, (Xo) is isomorphic to (M) for some M € D*((X, L, w)—cohy) if and

Sing
only if for every € € ngg(X) one has Hompy, (xo)(I°E, F) = 0, or equivalently, for
ing
every £ € DY, (X) one has Hompy (x,)(F,7°€).
ing

The thick subcategory generated by the image of the functor ° is the kernel of the
right vertical arrow. So the upper horizontal arrow and the right vertical arrow are
included into “exact sequences” of triangulated categories (as marked by the zeroes
at the ends; there is no exactness at the uppermost rightmost end).

When X is a regular scheme, the functor D***((X, £, w)-coh;) — D¥5((X, £, w)
—coh) is an equivalence of categories by Corollary 2.4(c), and so is the functor
D%y (Xo) — D%, (Xo/X) (as explained in Section 2.1). Hence it follows that
the functor X is an equivalence of categories, too. Thus we recover the result
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of Orlov [31, Theorem 3.5] claiming the equivalence of triangulated categories
Ds((X, £, w)-cohy) ~ D%mg(Xo) for a regular X.

Proof of the lower horizontal equivalence. To obtain the equivalence of triangulated
categories in the lower horizontal line, we will construct triangulated functors in both
directions, and then check that they are mutually inverse. Given a bounded complex

of coherent sheaves F* over Xy, consider the CDG-module Y(F*) over (X, £, w) with
the underlying coherent graded module given by the rule

TU(F?) = Bz 172" Gy L

and the differential induced by the differential on F*. Since d*> = 0 on F* and w acts
by zero in i, F7, this is a CDG-module. It is clear that T is a well-defined triangulated
functor DP(Xo—coh) — D*((X, £, w)—coh), since the derived category of bounded
complexes over an abelian category coincides with their absolute derived category.

Let us check that T annihilates the image of the functor LLi*. It suffices to
consider a w-flat coherent sheaf £ on X and check that Y(cokerw) = 0, where
w: EQp, L1 — £. Indeed, T(coker w) is the cokernel of the injective morphism of
contractible coherent CDG-modules N' — M, where N?"t!1 = M2+ = £, LO"
and N?" = € ®p, LZ"!, while M?*" = € ®0, L% for n € Z.

This provides the desired triangulated functor

T: DY, (Xo/X) — D*™((X, L, w)coh).

Sing

The functor in the opposite direction is a version of Orlov’s cokernel functor, but
in our situation it has to be constructed as a derived functor, since the functor of
cokernel of an arbitrary morphism is not exact. Recall the equivalence of triangulated
categories D*((X, £, w)—coh,, 1) — D®((X, £, w)—coh) from Corollary 2.6(c).

Define the functor Z: Z°((X, £, w)-cohy, ) — D%,,,(Xo/X) from the category
of w-flat coherent CDG-modules over (X, £, w) and closed morphisms of degree 0
between them to the triangulated category of relative singularities by the rule

=(M) = coker(d: M~ — M°) = coker(i*d: i*f M~ — i*M°),

where the former cokernel, which is by definition a coherent sheaf on X annihilated
by w, is considered as a coherent sheaf on Xy. One can immediately see that the func-
tor = transforms morphisms homotopic to zero into morphisms factorizable through
the restrictions to X, of w-flat coherent sheaves on X. Hence the functor = factorizes
through the homotopy category HO((X, £, w)—coh, q).

It is explained in [33, Lemma 3.12] (see also Lemma 3.5 below) that the functor =
is triangulated and in [31, Proposition 3.2] that the functor = factorizes through
Ds((X, £, w)-coh, q). The latter assertion can be also deduced by considering
the complex (1.3) from [33]. Indeed, the complex i*M corresponding to the total
CDG-module M of an exact triple in B—coh,, g is the total complex of an exact triple
of complexes in the exact category Ex,,x from Remark 2.1, hence the complex ¢* M
is exact with respect to Ex,/x and the cokernels of its differentials belong to this
exact subcategory in the abelian category of coherent sheaves over X,. So we obtain
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the triangulated functor
Z: D™((X, £, w)-cohy ) — DY, (Xo/X),
and consequently, the left derived functor

LZ: D*((X, £, w)-coh) — DY, (Xo/X).

Let us check that the two functors T and L= are mutually inverse. For any
w-flat coherent CDG-module M over (X, £, w), there is a natural surjective closed
morphism of CDG-modules ¢: M — TZ(M) with a contractible kernel. Clearly,
¢: Id — TLZE is an (iso)morphism of functors.

Conversely, any object of D%, (Xo/X) can be represented by a coherent sheaf
on Xy, and any morphism in ngg(Xo/X ) is isomorphic to a morphism coming
from the abelian category of such coherent sheaves. Indeed, the bounded above
derived category D~ (Xy—coh) of coherent sheaves over X is equivalent to the bounded
above derived category D~ (Xy—cohy) of locally free sheaves; using a truncation far
enough to the left, one can represent any object or morphism in D%, (Xo/X) by
a long enough shift of a coherent sheaf or a morphism of coherent sheaves. Now
for any coherent sheaf F on X, there is a natural distinguished triangle F ®o,,
LY — Li*i, F — F — F ®oy, *L¥7'[2] in DP(X(—coh), which provides a
natural isomorphism F =~ F ®o,_ *L%"'[2] in DY, (Xo/X).

Let F be a coherent sheaf on Xj; pick a vector bundle £ on X together with a
surjective morphism & — i, F with the kernel £. Then the CDG-module M over
(X, £, w) with the components M?*" = £ ®p, L% and M*"™! = &' ®@p, LZ" maps
surjectively onto Y (F) with a contractible kernel, and LEY (F) = Z(M) = F (cf. [22,
Lemma 2.18]). Denote the isomorphism we have constructed by ¢: LEZY(F) — F.
The composition Yy o ¢T: YT(F) — YTLEY(F) — Y(F) is clearly the identity
morphism. It is obvious that ¢ commutes with any morphisms of coherent sheaves
F on Xy, but checking that it commutes with all morphisms, or all isomorphisms, in
D%, (Xo/X) is a little delicate.

Notice that Y is an (iso)morphism of functors since ¢Y is, and consequently
L=Y% is an (iso)morphism of functors. Thus it remains to check that the functor
IL=TY is faithful, i. e., does not annihilate any morphisms. Indeed, any morphism in
D%;,,(Xo/X) is isomorphic to a morphism coming from the abelian category of coher-
ent sheaves on X, and the functor L=Y transforms such morphisms into isomorphic
ones. The construction of the equivalence of categories in the lower horizontal line is
finished. One still has to check that the isomorphisms ¢ commute with the isomor-
phisms T=(M][1]) ~ T=(M)][1], but this is straightforward.

Alternatively, one can use w-flat coherent sheaves on X or objects of the exact
category Ex,/x of coherent sheaves on Xy (as applicable) instead of the locally free
sheaves everywhere in the above argument. ([l

Proof of “exactness” in the upper line. We start with a discussion of the three ad-
joint functors in the right upper corner. The functor ¢, right adjoint to the functor

i°: DYy, (X) — DY, (Xo) was constructed in Section 2.1.
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To construct the left adjoint functor to ¢°, notice that the right derived
functor of subsheaf with the scheme-theoretic support in the closed subscheme
Ri': DP(X—coh) — DP(X,—coh) only differs from the functor Li* by a shift and a
twist, Ri'E® ~ Li*E* ®ox, Llx,[—1]. One can check this first for w-flat coherent
sheaves £, when both objects to be identified are shifts of sheaves, so it suffices to
compare their direct images under ¢, which are both computed by the same two-term
complex £ — £ ®o, L; then replace a complex £° with a finite complex of w-flat
coherent sheaves (for a general result of this kind, see [26, Theorem 5.4]).

Hence the functor Ri' takes Perf(X) to Perf(X,) and induces a triangulated
functor i*: DY,,,(X) — DY,,(Xo) right adjoint to 4,. It follows that the functor
io(F) = io(F) ®o, L][—1] is left adjoint to the functor i°.

To prove the vanishing of the composition of functors in the upper line and the
orthogonality assertions, notice that

HomD%mg(Xo)(iOE, XM) ~ Hompy () (€,i.2M)

and i,2(M) = coker(M™t — M) € Perf(X) for any M € D®*s((X, L, w)—cohy),
since the morphism M~! — MO of locally free sheaves on X is injective. Similarly,
Hompp

smg(Xo)(EM’ i°E) ~ HomD%mg(X)(i.EM, )
and i,5(M) = i, (M) @0, L[-1] =0 in DY, (X).

Obviously, our derived cokernel functor L= makes a commutative diagram with
the cokernel functor ¥ from [31]. The left vertical arrow is fully faithful by Corol-
lary 2.3(i). The assertion that the upper horizontal arrow is fully faithful is due to
Orlov [31, Theorem 3.4]. We have just obtained a new proof of it with our methods.
Indeed, it follows from the orthogonality that the functor D%, (Xo) — D%, (Xo/X)
induces isomorphisms on the groups of morphisms between any two objects one of
which comes from D((X, £, w)—cohy). Conversely, Orlov’s theorem together with
the orthogonality argument and the equivalence of categories in the lower horizontal
line imply that the left vertical arrow is fully faithful.

Now assume that i,F = 0 for some F € D¥,,,(X). Clearly, there exists n > 0 and
a coherent sheaf K on X such that F ~ K[n] in DY,,,(Xo). Then i,K is a perfect
complex, i. e., a coherent sheaf of finite flat dimension on X. Let us view it as an
object of (X, L, w)-cohgq, 1. e., consider the CDG-module N over (X, £, w) with the
components N*" = i, K ®0, LZ" and N2 = 0.

The construction of the cokernel functor ¥ can be straightforwardly extended
to w-flat coherent matrix factorizations of finite flat dimension, providing a tri-
angulated functor X: D*((X, £, w)-cohy fnsa) — D%,,(Xo). The functor X
is well-defined, since one has i*M € Perf(X,) for any w-flat coherent sheaf
M of finite flat dimension on X. Using the equivalence of triangulated cate-
gories D((X, £, w)—cohy anra) =~ D¥P((X, L, w)-cohgy) from Corollary 2.6(f),
one constructs the derived functor LY : D**((X, £, w)-cohgq — D%;,,(Xo) in the
same way as it was done above for the derived functor LZ. Since the functor
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D3bs((X, £, w)—cohy) — D3®((X, L, w)—cohgq) is an equivalence of categories by
Corollary 2.3(g), the (essential) images of the functors ¥ and LY coincide.

Let us check that LY(AN) ~ K as an object of D%y, (Xo). We argue as above,
picking a vector bundle £ on X together with a surjective morphism & — .
with the kernel €. Then the CDG-module M over (X, £, w) with the components
M = € ®p, L and M*1 = & ®o, L®" maps surjectively onto N with a
contractible kernel. Hence the object M € (X, L, w)-coh, g is isomorphic to N
in D3((X, £, w)—cohgy), and we have LY(N) = (M) = K. Therefore, the object
K € DY,,,(Xo) belongs to the (essential) image of the functor X, and it follows that
so does the object F ~ K[n].

One can strengthen the above argument so as to obtain a construction of the
(partial) inverse functor A to the functor 3 similar to the above construction of the
functor T inverse to the functor ILZ. Consider the full subcategory Fy,/x C Xo—coh
in the abelian category of coherent sheaves on X consisting of all the sheaves F such
that the sheaf 7, F has finite flat dimension (i. e., is a perfect complex) on X. The
category Fyx,/x contains all the locally free sheaves on X and is closed under the
kernels of surjections, the cokernels of embeddings, and the extensions.

Hence Fy,/x is an exact subcategory in X,—coh. The natural functor DP(Fy, /X)
— DP(Xy—coh) is fully faithful; its image coincides with the kernel of the composition
of the direct image and Verdier localization functors D®(Xy—coh) — DP(X—coh) —
D%y, (X). Accordingly, the quotient category D®(Fx,,x)/D®(Xo—cohy) is identified
with the kernel of the direct image functor i,: DY, (Xo) — D%, (X).
Now the functor

A: Db(FXO/X)/Db(XO*COh”) —_— Dabs((X, E, w)*COhffd)

is constructed in the way similar to the construction of the functor Y, by taking the
direct image from X, to X and applying the periodicity summation. That is

A"(F?) = Byez i-F" " Gy L7

for any F* € D®(Fx,,x). One checks that the functor A is inverse to the functor LY,
the latter being viewed as a functor taking values in the triangulated subcategory
D*(Fx,/x)/D"(Xo—coh¢) C DY,,,(Xo), in the same way as it was done above for the
functors T and IL=. This provides yet another proof of the fact that the functor X is
fully faithful, together with another proof of our description of its image. It is also
obvious from the constructions that the functor A makes a commutative diagram

with the functor Y. O

2.8. Infinite matrix factorizations. Following [29, paragraphs after Remark 1.9],
one can define a “large” version of the triangulated category of singularities Dg,, (X)
of a scheme X as the quotient category of the bounded derived category of quasi-
coherent sheaves DP(X-—qcoh) by the thick subcategory DP(X-—qcoh,) of bounded
complexes of locally free sheaves (of infinite rank). When X has finite Krull dimen-
sion, the latter subcategory coincides with the thick subcategory DP(X-qcohy) of
bounded complexes of flat sheaves (see Remark 1.4).
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Similarly, let Z C X be a closed subscheme such that Oy has finite flat dimension as
an Ox-module. Let us define a “large” triangulated category of relative singularities
‘5ing(Z/ X)) as the quotient category of D*(Z—qcoh) by the minimal thick subcategory
containing the image of the functor Li*: D°(X—qcoh) — DP®(Z-qcoh) and closed
under those infinite direct sums that exist in D°(Z—qcoh). The quotient category of
D®(Z—qcoh) by the minimal thick subcategory containing Li*DP(X—qcoh) (without

the direct sum closure) will be also of interest to us; let us denote it by D, (Z/X).

Lemma. The triangulated categories D', (Z/X) and Df,,,(Z/X) are quotient cat-

egories of Dy, (Z). When the scheme X is reqular of finite Krull dimension, these
three triangulated categories coincide.
Proof. To prove the first assertion, let us show that any locally free sheaf on Z,
considered as an object of D?(Z—qcoh), is a direct summand of a bounded complex
whose terms are direct sums of locally free sheaves of finite rank restricted from X.
Indeed, pick a finite left resolution of a given locally free sheaf on Z with the middle
terms as above, long enough compared to the number of open subsets in an affine
covering of Z. Then the corresponding Ext class between the cohomology sheaves
at the rightmost and leftmost terms has to vanish in view of the Mayer—Vietoris
sequence for Ext groups between quasi-coherent sheaves [29, Lemma 1.12]. Hence
the rightmost term is a direct summand of the complex formed by the middle terms.
The second assertion holds for the categories D, (Z/X) and D;,,(Z), since any
quasi-coherent sheaf on a regular scheme of finite Krull dimension has a finite left
resolution consisting of locally free sheaves. To identify these two categories with
‘5ing(Z/ X ), one needs to know that the subcategory of bounded complexes of locally
free sheaves on Z is closed under those infinite direct sums that exist in DP(Z—qcoh).
The latter is true for any Noetherian scheme Z of finite Krull dimension with enough
vector bundles, since the finitistic projective dimension of a commutative ring of finite

Krull dimension is finite [40, Théoreme 11.3.2.6]. O

Now let £ be a line bundle on X, w € £(X) be a global section corresponding to
an injective morphism of sheaves Oy — L, and Xy C X be the locus of w = 0.

Proposition. There is a natural equivalence of triangulated categories

D***((X, £, w)-qcoh) ~ D%, (Xo/X).

Sing
Together with the infinite-rank version ¥': D**((X, £, w)-qcohy) — Dy, (Xo) of
Orlov’s cokernel functor ¥ from [31], this equivalence forms the following diagram of
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triangulated functors

0 —— D*™*((X, £, w)-qcohy) — Diging (Xo)
Dabs((X7 ‘Cv w)quOh) - Dg'mg(XO/X)
0

where the upper horizontal arrow Y is fully faithful, the left vertical arrow is fully
faithful, the right vertical arrow is the Verdier localization functor by the thick subcat-
egory generated by the image of the diagonal down arrow i°, and the lower horizonal
line is an equivalence of categories. The square is commutative; the three diagonal
arrows t,, 1°, i, are adjoint.

Furthermore, the image of the functor X' is precisely the full subcategory of objects
annihilated by the functor i,, or equivalently, by the functor i,. In other words, the
image of X' is equal both to the left and to the right orthogonal complements to (the
thick subcategory generated by) the image of the functor i°.

Proof. The proof is completely similar to that of Theorem 2.7. It uses Corollar-
ies 2.6(b), 2.3(h), 2.6(e), and 2.3(c). Alternatively, one can prove that the functor
Y is fully faithful in the same way as it was done for the functor 3 in [31, Theo-
rem 3.4], and deduce the assertion that the left vertical arrow is fully faithful from
the orthogonality.

Note that one check in a straightforward way that the functor ¥’ annihilates the
objects coacyclic with respect to (X, L, w)—qcoh,. This provides another proof of
Corollary 2.3(d), working in the assumption that w is a local nonzero-divisor. 0J

The functors ¥ and >’ together with the direct image functors i, form the com-
mutative diagram of an embedding of “exact sequences” of triangulated functors

0 —— D**((X, £, w)cohy) ———— DY, (Xo) —=— D%, (X)
0 —— D((X, £, w)qeohy) —————— Dy (Xo) — 2 Dlgypy(X)

The leftmost vertical arrow is fully faithful by Corollary 2.3(j). The other two
vertical arrows are fully faithful by Orlov’s theorem [29, Proposition 1.13] claiming

that the functor D, (X) — D, (X) is fully faithful for any separated Noetherian
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scheme X with enough vector bundles. The leftmost nontrivial terms in both lines

are the kernels of the rightmost arrows by Theorem 2.7 and Proposition above.

Theorem. There is a natural equivalence of triangulated categories
D°((X, L, w)—qcoh) =~ qumg(Xo/X)

forming a commutative diagram of triangulated functors

D***((X, £, w)-coh) === DY,,,(Xo/X)
comp. abs comp.
gener. D ° ((X’ ‘C’ w)choh) gmg(XO/X> gener.
DCO<(X’ L? IU)*qCOh) E— iS'mg (XO/X)

with the equivalences of categories from Theorem 2.7 and the above Proposition. The
upper vertical arrows are fully faithful, the lower ones are Verdier localization func-
tors, and the vertical compositions are fully faithful. The categories in the lower line
admat arbitrary direct sums, and the images of the vertical compositions are sets of
compact generators in the target categories.

Proof. The construction of the desired equivalence of categories is very similar to the
construction of the equivalence of categories in Theorem 2.7 and the Proposition.
Using Corollary 2.6(a), one defines the infinite-rank version of the functor L=, then
shows that the obvious infinite-rank version of the functor T is inverse to it. Notice
that the functor Z: Z°((X, £, w)—qcoh,, ) — DP(Xo—qcoh) preserves infinite direct
sums and the functor Y: D?(Xy—qcoh) — D((X, £, w)—qcoh) preserves those infi-
nite direct sums that exist in D*(X,—qcoh), so the functors =: D®((X, £, w)—qcoh,, )
— Digyy(Xo/X) and T: D, (Xo/X) — D((X, £, w)—qcoh) are well-defined.
The upper left vertical arrow is fully faithful by Corollary 2.3(k); it follows that
the upper right vertical arrow is fully faithful, too. The assertions about the vertical
compositions are proved similarly. The category D, (Xo/X) admits arbitrary direct
sums, since the category D®((X, L, w)-qcoh) does. By Corollary 2.3(1), the left
vertical composition is fully faithful and its image is a set of compact generators in
the target, so the right vertical composition has the same properties. 0

The following square diagram of triangulated functors is commutative:

D®((X, £, w)-qcohys) ——— Dls;n,(Xo)

l l

D((X, £, w)-qcoh) == Digip,(Xo/X)
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The upper horizontal arrow ¥ is fully faithful; the right vertical arrow is a Verdier
localization functor. The lower line is an equivalence of triangulated categories.
Nothing is claimed about the left vertical arrow in general.

When the scheme X is Gorenstein of finite Krull dimension, the left vertical arrow
is an equivalence of categories by Corollary 2.4(a). When X is also regular, the
right vertical arrow is an equivalence of categories by the above Lemma. So ¥/ is an
equivalence of categories D***((X, £, w)-qcohy) ~ DY, (Xo) and we have obtained a
strengthened version of [33, Theorem 4.2] (in the scheme case).

Remark. It is well-known that the Verdier localization functor of a triangulated cate-
gory with infinite direct sums by a thick subcategory closed under infinite direct sums
preserves infinite direct sums [27, Lemma 3.2.10]. This result is not applicable to the
localization functors D*(X-qcoh) — D, (X) and D*(Z-qcoh) — Df,,,(Z/X), as
the category DP(X—qcoh) does not admit arbitrary infinite direct sums.

Using the equivalence of categories from the above Theorem and the observation
that the functor Y preserves infinite direct sums, one can show that the localization
functor D®(Xo-qcoh) — Dy, (Xo/X) takes those infinite direct sums that exist in
DP(Xy—qcoh) into direct sums in the triangulated category of relative singularities
Diging(Xo/X) of the zero locus of w in X. However, there is no obvious reason why
the localization functor D*(Xo—qcoh) — Dfg,,(Xo) should take those infinite direct
sums that exist in DP(Xy—qcoh) into direct sums in the absolute triangulated category
of singularities Df;,, (Xo).

That is the problem one encounters attempting to prove that the kernel of the
localization functor DY, (Xo) — D', (Xo/X) is semiorthogonal to the image of

Sing Sing
the functor ¥'.

2.9. Stable derived category. Following Krause [21], we define the stable derived
category of a Noetherian scheme X as the homotopy category of acyclic unbounded
complexes of injective quasi-coherent sheaves on X. As explained below, this is
another (and in some respects better) “large” version of the triangulated category of
singularities of X for this reason, we denote it by D, (X).

In view of Lemma 1.7 (see also [36, Remark 5.4]), one can equivalently define

Sing(X) as the quotient category of the homotopy category of acyclic complexes of
quasi-coherent sheaves over X by the thick subcategory of coacyclic complexes, or as
the full subcategory of acyclic complexes in the coderived category D (X—qcoh) of
(complexes of) quasi-coherent sheaves over X. It is the latter definition that will be
used in the sequel.

Clearly, the category Dg,,(X) has arbitrary infinite direct sums. In [21, Corol-

lary 5.4], Krause constructs a fully faithful functor D¥;,,(X) — D%,,,(X) and proves

that its image is a set of compact generators of the target category.

Theorem. For any separated Noetherian scheme Z with enough vector bundles, there

is a natural triangulated functor Dy, (Z) — D%,,,(Z) forming a commutative di-
b

agram with the natural functors from D, (Z) into both these categories. The com-

position D*(Z-qcoh) — Dy, (Z) — D%,,,,(Z) preserves those infinite direct sums
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that exist in DP(Z—qcoh). When Z = Xy is a divisor in a reqular separated Noe-
therian scheme of finite Krull dimension, the functor D, (Xo) — D%,,,(Xo) is an
equivalence of triangulated categories.

Proof. The construction of the functor DY,,(Z) — D¥,,(Z) in [21] is given in
terms of the Verdier localization functor @: D®(Z—qcoh) — D(Z—qcoh) by the
triangulated subcategory D%, (Z) C D®(Z—qcoh) and its adjoint functors on both
sides, which exist according to [21, Corollary 4.3]. The proof of our Theorem is
based on explicit constructions of the restrictions of these adjoint functors to some
subcategories of bounded complexes in D(Z—qcoh).

It is well known that the Verdier localization functor H°(Z-qcoh) — D(Z—qcoh)
from the homotopy category of (complexes of) quasi-coherent sheaves on Z to their
derived category has a right adjoint functor D(Z-qcoh) — H%(Z—qcoh). The objects
in the image of this functor are called homotopy injective complezes of quasi-coherent
sheaves on Z. The composition D(Z—qcoh) — H°(Z—qcoh) — D*°(Z—qcoh) pro-
vides the functor @),: D(Z-qcoh) — D®(Z-qcoh) right adjoint to @. In particular,
any bounded below complex in D(Z—qcoh) has a bounded below injective resolution
and any bounded below complex of injectives is homotopy injective. Furthermore,
any bounded below acyclic complex is coacyclic [36, Lemma 2.1]. Tt follows that any
bounded below complex from DT (Z—-qcoh), considered as an object of D®(Z—qcoh),
represents its own image under the functor @,.

On the other hand, any bounded above complex from D(Z—qcoh) has a locally free
left resolution defined uniquely up to a quasi-isomorphism of complexes in the exact
category of locally free sheaves, i. e., there is an equivalence of bounded above derived
categories D™ (Z—qcohy) ~ D~ (Z—qcoh). Since the exact category Z—qcoh, has finite
homological dimension, any acyclic complex in it is coacyclic (and even absolutely
acyclic [36, Remark 2.1]), so there are natural functors D~ (Z—qcoh) — D(Z—qcohy)
~ D (Z—-qcoh) — D°(Z—qcoh).

Lemma. The composition of the embedding D~ (Z-qcoh) — D(Z-qcoh) with the
functor Qy: D(Z—qcoh) — D®(Z—qcoh) left adjoint to Q) is isomorphic to the func-
tor D~ (Z—qcoh) — D°(Z—qcoh) constructed above.

Proof. We have to show that Hompeo(z qcon)(£*,£*) = 0 for any bounded above com-
plex of locally free sheaves £°* and any acyclic complex £° of quasi-coherent sheaves
on Z. Let us check that any morphism £* — £* in H"(Z—qcoh) factorizes through a
coacyclic complex of quasi-coherent sheaves. Clearly, we can assume that the complex
&* is bounded above, too. Let K* be the cocone of a closed morphism of complexes
L* — &°; then K* is bounded above and the composition * — L* — £° is
homotopic to zero. Pick a bounded above complex of locally free sheaves F* to-
gether with a quasi-isomorphism F* — K°. Then the cone of the composition
F* — K* — L*, being a bounded above acyclic complex of locally free sheaves,
is coacyclic. Since the composition F* — L£* — £° is homotopic to zero, the
morphism L£* — £° factorizes, up to homotopy, through this cone. O
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Now we can describe the action of the functor I: D*(Z—qcoh) — D%, (Z—qcoh)

left adjoint to the embedding DY, (Z—qcoh) — D“(Z-qcoh) on bounded above
complexes in D®(Z—qcoh). If K* is a bounded above complex of quasi-coherent
sheaves and JF* is its locally free left resolution, then the cone of the closed morphism
F* — K* represents the object I\(K*) € D, (Z—qcoh). In view of the above
Lemma, this cone is functorial and does not depend on the choice of F* for the usual
semiorthogonality reasons.

The embedding of compact generators DY,,,(Z) — D%,,,(Z) is constructed in [21]
as the functor induced by the restriction of the composition I o @,: D(Z-qcoh) —
D%, (Z) to the full subcategory D®(Z-coh) C D(Z-qcoh). Let us explain why this
is so. By Proposition 1.5(d) (cf. [21, Proposition 2.3 and Remark 3.8]), the natural
functor DP(Z-coh) — D*°(Z—qcoh) is fully faithful and its image is a set of compact
generators in the target. This is the image of D?(Z-coh) C D(Z—qcoh) under the
functor @,, as constructed above. It is clear from the above construction of the
functor (), that it preserves compactness (and in fact coincides with the functor @), on
perfect complexes in D(Z—qcoh) [21, Lemma 5.2]). Since the functors @) and I, being
left adjoints, preserve infinite direct sums, and I, is a Verdier localization functor
by the image of @), it follows that the image of any set of compact generators of
D(Z—qcoh) under I, is a set of compact generators of Dg;, (Z) [26, Theorem 2.1(4)].

In order to define the desired functor DY, (Z) — D%, (Z), restrict the same
composition I o @, to the full subcategory D°(Z-qcoh) C D(Z-qcoh). According to
the above, this restriction assigns to any bounded complex of quasi-coherent sheaves
K* on Z the cone of a morphism F* — K* into it from its locally free left reso-
lution F*. Clearly, the functor D*(Z-qcoh) — D%;,,(Z) that we have constructed
preserves those infinite direct sums that exist in D(Z—qcoh) and annihilates the tri-
angulated subcategory D®(Z—qcoh;) C DP(Z—qcoh). So we have the induced functor

Sing(Z) — D%,,,(Z), and the first two assertions of Theorem are proven.

To prove the last assertion, we use the results of Section 2.8. Assume that Z =
Xy is the zero locus of a section w € L(X) of a line bundle on X; as usually,
w: Ox — L has to be an injective morphism of sheaves. Then by Theorem 2.8

and Lemma 2.8, the category D, (Z) admits infinite direct sums and the image of

the fully faithful functor D%, (Xo) — D;,,(Xo) is a set of compact generators in

the target. Furthermore, it follows from the proof of Theorem 2.8 that any object

of D,,,(Xo) can be represented by a quasi-coherent sheaf on X, and the direct

sum of an infinite family of such objects is represented by the direct sums of such
sheaves (see Remark 2.8). Thus the functor D, (Z) — D%. (Z), being an infinite

Sing Sing
direct sum-preserving triangulated functor identifying triangulated subcategories of
compact generators, is an equivalence of triangulated categories. 0

We keep the assumptions of Theorem and the notation of the last paragraph of
its proof, i. e., X is a regular separated Noetherian scheme of finite Krull dimension
with enough vector bundles and X, C X is the divisor of zeroes of a locally nonzero-
dividing section w € £(X). The closed embedding Xy — X is denoted by 1.
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Corollary. The functor A: D°((X, L, w)-qcoh;) =~ D<((X,L,w)-qcoh) —
Sing(Xo) assigning to a locally free (or just w-flat) quasi-coherent matriz factoriza-
tion M the acyclic complex of locally free (or quasi-coherent) sheaves i* M on Xq is

an equivalence of triangulated categories.

Proof. Given a w-flat matrix factorization M, the complex of sheaves i* M on X is
acyclic by [33, Lemma 1.5]. Clearly, the assignment M —— i* M defines a triangu-
lated functor D°((X, £, w)-qcoh,, 4) — D%, (Xo)-

To prove that this functor is an equivalence of categories, it suffices to identify
it, up to a shift, with the composition of the equivalences D°((X, £, w)—qcoh,) —
Dlging (Xo) — D%,y (Xo). Here one simply notices that for any M € D((X, £, w)
—qcohy¢) the complex i*M is isomorphic in D%, (Xo) to its canonical truncation
T<19* M, and the latter complex is the cocone of the morphism into (M) from one
of its left locally free resolutions. So the functor A is identified with X[—1]. O]

2.10. Relative stable derived category. The goal of this section is to general-
ize the results of the previous one to the case of a singular Noetherian scheme X.
The relative version of stable derived category, defined for a closed embedding of
finite flat dimension i: Z — X, is equivalent to the categories DY, (Xo/X) and
De((X, L, w)—qcoh) in the case of the Cartier divisor Z = X corresponding to a
locally nonzero-dividing section w of a line bundle £ on X.

Let X be a separated Noetherian scheme of finite Krull dimension and i: 7 — X
be a closed embedding of schemes such that .0z has a finite flat dimension as
Ox-module. According to Section 1.9, there is a left derived inverse image functor
Li*: D(X—qcoh) — D°(Z—qcoh). This functor forms a commutative diagram with
the similar functor LLi*: D(X—qcoh) — D(Z—qcoh), and consequently, takes acyclic
complexes in D®(X—qcoh) to acyclic complexes in D®(Z—qcoh).

Proposition. The following four triangulated categories are naturally equivalent:

(a) the full subcategory in D°(Z—qcoh) consisting of all the objects annihilated by
the direct image functor i,: D*°(Z—qcoh) — D°(X—qcoh);

(b) the quotient category of the homotopy category of complezes over Z—qcoh whose
direct images are coacyclic complexes over X—qcoh by the thick subcategory of coa-
cyclic complexes over Z—qcoh;

(c) the quotient category of D°(Z—qcoh) by its minimal triangulated subcategory,
containing the objects in 1Li*D°(X—qcoh) and closed under infinite direct sums;

(d) the quotient category of the full subcategory of acyclic complezes in D<°(Z—qcoh)
by its minimal triangulated subcategory, containing the left derived inverse images of
acyclic complezes in D°(X—qcoh) and closed under infinite direct sums.

Proof. The equivalence of (a) and (b) is obvious. To show that the natural functor
from the category (c) to the category (d) is an equivalence, notice that the minimal
triangulated subcategory containing flat quasi-coherent sheaves and closed under in-
finite direct sums together with the triangulated subcategory of acyclic complexes
form a semiorthogonal decomposition of D°(X—qcoh), and similarly for Z [39, Corol-

lary A.4.7]. Since flat quasi-coherent sheaves on Z belong to the thick subcategory
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in DP(Z—qcoh) C D®(Z—qcoh) generated by the inverse images of flat quasi-coherent
sheaves from X (see the proof of Lemma 2.8), the assertion follows.

Finally, the functor ILi* preserves infinite direct sums and compactness of objects,
since its right adjoint functor i, preserves infinite direct sums. Hence the minimal
triangulated subcategory in D®(Z—qcoh) containing Li*D®(X—qcoh) and closed un-
der infinite direct sums is compactly generated by some objects which are compact
in D°(Z—qcoh). By Brown representability, the quotient category in (c) is equivalent
to the right orthogonal complement to this triangulated subcategory, which is the
kernel category in (a). O

We call any of the equivalent triangulated categories in Proposition 2.10 the relative
stable derived category of Z over X and denote it by D%, (Z/X). In particular,
defining the relative stable derived category by the construction (c), we have natural
triangulated functors D*(Z-qcoh) — D®(Z-qcoh) — D%, (Z/X). Clearly, the
composition D*(Z-qcoh) — DY, (Z/X) factorizes through the relative singularity
category DY;,,(Z/X), providing a natural functor DY, (Z/X) — D¥,,,(Z/X).

Lemma. The composition of triangulated functors D%, (Z/X) — D, (Z/X) —
D%ing(Z/X) is fully faithful and its image forms a set of compact generators for the
triangulated category DS, (Z/X).

Proof. By Proposition 1.5(d), the full triangulated subcategory D35(Z-coh) com-
pactly generates the triangulated category D°(Z—qcoh), and similarly for X. In view

of the construction (c¢) and the argument in the proof of Proposition, the assertion
follows from [25, Theorem 2.1]. O

Now let £ be a line bundle on X, let w € L£(X) be a locally nonzero-dividing
section of £, and let i: Xy — X be closed embedding of the zero locus of w. Defining
the category D%, (Xo/X) by the construction (d), let LA: D°((X, £, w)-qcoh) —

%ing(X0/X) be the triangulated functor assigning to a w-flat quasi-coherent matrix
factorization M the acyclic complex i* M over Xy—qcoh.

Since any bounded below acyclic complex over Xy—qcoh is coacyclic, and any
any bounded above complex belongs to the minimal triangulated subcategory in
D°(Xo—qcoh) generated by its terms and closed under infinite direct sums, the fol-
lowing diagram of triangulated functors is commutative (cf. Corollary 2.9)

= Smg (XO/X)

D ((X, L, w)—qcoh)

R

Smg (XO/X>

Theorem. For any locally nonzero-dividing section w of a line bundle L on a sep-
arated Noetherian scheme X of finite Krull dimension, all the three functors on the
above diagram are equivalences of triangulated categories.
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Proof. The functor L= is an equivalence by Theorem 2.8. To show that the func-
tor LA is an equivalence, let us check that it identifies compact generators. By
Proposition 1.5(d), the category D((X, L, w)—qcoh) is compactly generated by its
full triangulated subcategory D?5((X, L, w)-coh), while according to Lemma the
category D%, (Xo/X) is compactly generated by its full triangulated subcategory
D%;,,(Xo/X). The restriction of the functor LA being an equivalence between these
two subcategories (in view of commutativity of the diagram and) by Theorem 2.7, it

follows that the functor LA itself is an equivalence, too. O

3. SUPPORTS, PULL-BACKS, AND PUSH-FORWARDS

3.1. Locality of local freeness. The aim of this section is to show that the property
of an object of D***((X, £, w)—qcohy) or D***((X, £, w)—coh) to be a direct summand
of an object from D#P*((X, £, w)—cohy) is local in a separated Noetherian scheme X
with a dualizing complex and enough vector bundles, assuming that the potential
w € L(X) is not locally zero-dividing. The author is grateful to A. Efimov for
emphasizing the importance of this problem.

Let Z be a Noetherian scheme of finite Krull dimension with enough vector bun-
dles. Recall that the natural functor D%, (Z) — D, (Z) is fully faithful [29,
Proposition 1.13] (cf. Section 2.8).

Proposition. Let Z = U UV be a covering by two open subschemes. Then any

object of Df,,,(Z) whose restrictions to U and V belong to the full subcategories

D%, (U) C DY, (U) and DY, (V) C D, (V), respectively, is a direct summand of
an object belonging to the full subcategory D%, (Z) C D', (Z).

Proof. Consider the bounded derived category of quasi-coherent sheaves D?(Z-qcoh)
on Z and two full triangulated subcategories D®(Z-coh) and DP(Z-qcohy) in it.
Clearly, the intersection DP(Z-coh) N D®(Z—qcohy) coincides with the full subcat-
egory of perfect complexes Perf(Z) = DP(Z-cohy) C D°(Z—qcoh).

Lemma. Any morphism from an object of the full subcategory DP(Z—qcohy) into an
object of the full subcategory D°(Z—coh) C DP(Z—qcoh) factorizes through an object
belonging to D®(Z—cohg).

Proof. See the proof of [29, Proposition 1.13]. O

It follows from Lemma (by the way of the octahedron axiom) that any object K*
of the full triangulated subcategory DP(Z—qcoh)s.. generated by DP(Z-qcohy) and
DP(Z-coh) in D?(Z—qcoh) can be included in a distinguished triangle F* — K* —
M® — F*[1] with F* € D?(Z—qcohy) and M* € DP(Z-coh). Besides, the natural
functor D(Z—qcohg)/DP(Z~cohy) — DP(Z—qcoh)/DP(Z-coh) is fully faithful.

To prove Proposition, one has to show that any object K* € DP(Z—qcoh) whose re-
strictions to U and V belong to the subcategories D?(U—qcoh).. and DP(V—qcoh, ),
respectively, is a direct summand of an object from DP(Z-qcoh)s.. C DP(Z—qcoh).
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According to the above, there exist two objects Ff, € DP(U-qcohq) and Fy €
DP(V—qcohg) and two morphisms Ff, — K*|y and Fy — K*|y whose cones belong
to DP(U-coh) and DP(V—coh), respectively.

Set W = U NV C Z; then the restrictions of F; and Fy to W are isomor-
phic in D®(W-qcoh)/DP(W-coh), and consequently, in DP(WW—qcoh)/DP(W—cohy),
too. Notice that the category Perf(W) = DP(W-cohy) is idempotent complete, and
therefore, a thick subcategory in D®(WW-qcohg). It follows that there exists a fi-
nite complex of flat quasi-coherent sheaves F3, on W together with two morphisms
Folw — Fpy and Fylw — Fp, whose cones are perfect complexes. Denote the
cocones of these morphisms by Gy, and Hyy, .

For any object A of a triangulated category D, let us denote by ‘A the object
A @ A[l]. For any triangulated subcategory C C D, whenever an object A € D is a
direct summand of an object from C, the object ‘A belongs to C, as A® B € C implies
A® A[l] € Cin view of the distinguished triangle A@ B — A®& B — A® A[l] —
A[l] @ B[1] [41, Theorem 2.1].

By the Thomason—Trobaugh theorem [42, Section 5], the objects 'Gy, and "Hp,
can be extended to perfect complexes on U and V', respectively. Moreover, these
extensions Gf; € DP(U-cohy) and H}, € DP(V-cohy) can be chosen in such a way
that the morphisms 'Gy, — "F5lw and "Hy, — 'Fy|lw would be extendable to
morphisms G, — 'F and H}, — "Fy [26, Theorem 2.1(4-5)].

Furthermore, the objects 'Gy; and “H3, can be extended to perfect complexes G* and
H* on the whole scheme Z so that the compositions of morphisms 'G;, — "F, —
"IKC*|y and "Hy, — "Fy — "K*|y would be extendable to morphisms G* — "K*
and H* — "K*. Denote by Kt a cone of the morphism G* @& H* — "K*, by
.7-"[‘]7(1) a cone of the morphism ‘G, — "Fy;, and by .7:"/7(1) a cone of the morphism
"Hy, — "Fy. We have come back to the original situation with an object Kty €
DP(Z-qcoh), two objects Foay € DP(U-qcohy) and Fray € D®(V—qcohy), and two
morphisms F7; ) — K?))[v and F, ) — K7,)|v whose cones belong to D®(U-coh)
and DP(V—coh), respectively. In addition, the objects Firaylw and Fy, ) |w are now
isomorphic in DP(W-—qcohy).

The construction does not guarantee commutativity of the diagram formed by the
isomorphism ]:&,(1)|W = Fa ‘2(1)|W and the restrictions of the morphisms
.7-"&(1) — ICZD and }""/7(1) — ICED to W. However, the original choice of the
morphisms F|w — Fyy and Fy|lw — Fp makes this diagram commute in the
quotient category D’(W—qcoh)/DP(W-coh). Hence the difference of two morphisms
.7-';1,7(1) = ICZl) lw factorizes through a bounded complex of coherent sheaves on W, and
consequently (according to Lemma) also through a perfect complex on W. Denote
the latter by £* € D°(W-cohy).

Now let j: U — Z, k:V — Z, and h: W — Z denote the natural open
embeddings. Consider the square diagram formed by the morphisms ]Rj*]-'&,(l) &)
Rk*F‘z(l) — Rh*]-"{]’(l)\w and ]Rj*ICZl)]U a5 Rk*lql)]v — ]Rh*ICEl)\W. According to
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the above, this diagram is not necessarily commutative; but it can be made commu-
tative by adding the new direct summand RA.E® to the term Rj,. K, lv ® Rk:*ICEl)\V
with the morphism RA.E* — Rh*lql)h/y induced by the morphism £°* — KE1)|W
and the morphism ]Rj*]:(}’(l) @b Rk*}"‘z () equal to zero on the first direct summand
and induced by the morphism .7-"‘}7(1) lw ~ ]:v.v,u) — &* on the second one.

Let F* denote a cocone of the morphism Rj*}"&m @Rk*}"“/’(l) — Rh*]—"{]’(l) lw and
L* denote a cocone of the morphism ]Rj*lC('l)|U D Rk*lql)h/ O RAE — ]Rh*IC('l)|W.
Then the commutative square can be extended to a morphism of distinguished tri-
angles, so we obtain a morphism F* — L*. Since ICE1) is a cocone of the mor-
phism Rj*lCzl)|U & Rk:*ICEl)h/ — Rh*lCzl)|W, there is also a distinguished triangle
Ky — L8 — Rh.E — K7 [1].

Notice that the complexes F* and Rh,.E* belong to D®(Z—qcohy) (since the class of
bounded complexes of flat quasi-coherent sheaves is preserved by the derived direct
images with respect to flat morphisms of Noetherian schemes; cf. Proposition 1.9).
Furthermore, the complex RA,E* is perfect over W. Restricting to W our morphism of
distinguished triangules, and recalling that cones of the morphisms ]-"(']7(1) — ICED\U
and .7-"{,’(1) — lCZl) |y are coherent complexes over U and V', one easily concludes that
a cone of the morphism F* — L°® is a coherent complex over W.

Denote this cone temporarily by ICZQ). Clearly, in order to show that the original

complex K* is a direct summand of an object from DP(Z-qcoh)q. in DP(Z—qcoh)
(which is our goal) it suffices to check that so is the complex Kty 1t also follows
from the constructions that the restrictions of the complex IC('Q) to U and V belong

to DP(U—qcoh)q.. and D®(V—qcohy ), respectively. Dropping the lower index and
redenoting ICE2) simply by K*, we are coming back to the situation in the beginning
of the proof with the new knowledge that K® may be assumed to be a coherent
complex over W.

The next fragment of our proof is based on the localization theory for coderived cat-
egories of quasi-coherent sheaves on Noetherian schemes (similar to the Thomason—
Trobaugh—Neeman theory for the conventional derived categories, the difference being
that arbitrary bounded complexes of coherent sheaves play the role of perfect com-
plexes). What we need is a particular case of the theory developed in Section 1.10
(corresponding to the choice of the quasi-coherent CDG-algebra Oy over 7).

Specifically, it follows from Proposition 1.5(d) and Theorem 1.10 together with [26,
Theorem 2.1(4-5)] that any morphism from an object of D°(W-coh) into a restriction
to W of an object K* from DP(Z—qcoh) (or even from D®(Z—qcoh)) can be extended
to a morphism to K* from an object of D®(Z—coh). Applying this assertion to the
identity morphism K*|yr — K°®|w in the above situation, we obtain a morphism
M* — K* into K* from a coherent complex M*® over Z that is a quasi-isomorphism
over WW. Passing to a cone of this morphism, we may assume K* to be acyclic over W.

By Corollary 1.10, such a complex K* is quasi-isomorphic to a (bounded) complex
of quasi-coherent sheaves on Z whose terms are concentrated set-theoretically in the
complement Z\ W. The latter is a disjout union of two nonintersecting closed subsets
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in Z, namely, the complements S = Z\ U and T'= Z \ V. Now the complex K*
decomposes into a direct sum of two complexes with the set-theoretic supports inside
S and T, respectively.

One can consider the two direct summands separately. We have to show that
any bounded complex of quasi-coherent sheaves K*® on Z, which is supported set-
theoretically in T' and whose restriction to U belongs to D®(U-qcoh)q.c, itself belongs
to DP(Z—qcoh)g.. Arguing as in the beginning of this proof, we have an object
G* € DP(U—qcohy) together with a morphism G* — K*|y whose cone belongs to
DP(U-coh). The restriction G*|y then belongs to both D?(1W—qcohy) and D°(W-—coh),
and is, therefore, a perfect complex on W.

Again by the Thomason—Trobaugh theorem, the object ‘G*|y can be extended to a
perfect complex H*® on V. A cocone of the morphism Rj,/G* ® Rk, H® — RA/G*|w
provides an object F* € DP(Z—qcohy) isomorphic to ‘G* over U and to H* over V.
Now the morphism 'G* — 'KC*|y over U extends uniquely to a morphism F* — 'K*
over Z, since the set-theoretic support of 'C* is contained in a closed subset lying
inside U. A cone of the morphism F* — 'K* is a coherent complex on Z, since it is
so in restrictions to U and V. Proposition is proven. U

Now let X be a separated Noetherian scheme of finite Krull dimension with enough
vector bundles, £ be a line bundle on X, and w € £(X) be a locally nonzero-dividing
potential. Let Xy C X be the zero locus of w.

Corollary. Let X = U NV be a covering by two open subschemes. Then any
object of D°((X, L, w)—qcohy) whose restrictions to U and V' belong to the full
triangulated subcategories D®*((U, L]y, w|y)—cohi) € D((U, L]y, w|y)—qcohy) and
D*((V, L]y, w|v)—cohg) C D((V, L]y, w|v)—qcohy), respectively, is a direct sum-
mand of an object from the full triangulated subcategory D((X, L, w)-cohgy) C
De((X, L, w)—qcohg).

Proof. By Proposition 2.8, the category D ((X, £, w)—qcohy) is a full triangulated
subcategory of the triangulated category Df;,,(Xo). The (essential) intersection of the
full subcategories D®°((X, £, w)-qcohy) and DY, (Xo) in D, (Xo) is the triangulated
category D*P*((X, £, w)—cohy).

Indeed, an object of F € D% (Xj) belongs to D¥((X, £, w)—cohy) if and only

Sing
if the object 4, F vanishes in D%, (X) (Theorem 2.7); an object F € D, (Xo)

belongs to D«((X, £, w)-qcohg) if and only if the object i,/ vanishes in D, (X)
(Proposition 2.8); and the functor D%, (X) — Df,,,(X) is fully faithful.

Moreover, the (essential) intersection of D°((X, L, w)—qcohy) with the thick en-
velope of D%, (Xo) in Df,,,(Xo) is the thick envelope of D***((X, L, w)-cohy) in
D5ing(Xo). Indeed, let M be an object of the intersection; then M & M(1] belongs
to both D((X, £, w)-qcohy) and DY, (Xo), hence also to D***((X, £, w)—cohy), and
consequently M belongs to the thick envelope of D¥((X, £, w)—cohy).

Now let K be our object of D°((X, £, w)—qcohg); it can be also viewed as an object

of D',y (Xo). If its restrictions to U and V' belong to D***((U, L]y, w|y)-cohy) and
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D3bs((V, L]y, w|y)—cohy), they also belong to D%, (Uy) C D, (Uy) and D8, (V4) C

Sing Sing Sing

5ing(Vo) (Where we set Uy = U N X and Vo =V N X).
Applying Proposition, we can conclude that X belongs to the thick envelope of
D%, (Xo) in DY,,,(Xo). The assertion of Corollary follows from the above. O

Assume additionally that the scheme X admits a dualizing complex D%.

Theorem. Let X = U NV be a covering by two open subschemes. Then any object
of D5((X, L, w)—coh) whose restrictions to U and V belong to the thick envelopes of
the triangulated subcategories D ((U, L|y, w|y)—cohy) € D**((U, L]y, w|y)—coh) and
D3s((V, Ly, w|y)—cohi) € DP((V, Ly, w|y)—coh) itself belongs to the thick envelope
of the triangulated subcategory D?®((X, £, w)—cohq) C D*((X, L, w)—coh).

Proof. The argument is based on the Serre-Grothendieck duality theory for matrix
factorizations as developed in Section 2.5, which allows to reduce the question to the
result of Corollary. Specifically, let M be our coherent matrix factorization over X.
Replacing, if necessary, M with M & M][1], we may assume the restrictions of M to
U and V to be isomorphic to locally free matrix factorizations of finite rank.

Let us apply the construction of functor Q: D*((X, £, w)-coh)°P — D((X, L,
—w)—qcohy) from Section 2.5 to the matrix factorization M. That is, we pick a
left resolution of M by locally free matrix factorizations of finite rank, dualize
by applying Homy 4(—,Ox), and totalize using infinite direct sums. By Corol-
lary 2.5, the functor Q is fully faithful; it also identifies D5((X, £, w)—cohy)°P with
D3bs((X, £, —w)—cohy). Hence it suffices to check that the matrix factorization (M)
belongs to the thick envelope of D¥((X, L, —w)—cohi) in D®((X, L, —w)—qcohy).
But we know as much from the above Corollary. 0J

Remark. As it was pointed out to the author by A. Efimov, one would like to
have a version of the Thomason—Trobaugh localization theory for locally free ma-
trix factorizations of finite rank. A key question is whether the restriction functor
Ds((X, £, w)—cohy) — D®**((U, L]y, w|y)—cohi) for an open subscheme U C X
is the composition of a Verdier localization functor with a fully faithful embedding
adjoining some direct summands only. The lack of a workable notion of the conven-
tional derived category (as opposed to the coderived category) for quasi-coherent
matrix factorizations stands in the way of a direct extension of the Thomason—
Trobaugh—Neeman arguments to the matrix factorization case. (Cf. Theorem 1.10
and Remark 3.5.)

3.2. Supports. This section paves the ground for the results about preservation of
finite rank or coherence by the push-forwards of matrix factorizations with proper
supports, which will be proven in Sections 3.4-3.5.

Let X be a separated Noetherian scheme and 7" C X be a Zariski closed subset.
Denote by X-—cohy the abelian category of coherent sheaves on X with the set-
theoretic support in 7T'; and similarly for quasi-coherent sheaves.

It is a well-known fact (essentially, a reformulation of the Artin-Rees lemma)
that the embedding of abelian categories X—qcoh, — X-—qcoh takes injectives to

59



injectives. It follows that the functor D°(X-cohy) — DP(X—coh) is fully faithful.
Clearly, its image is a thick subcategory and the corresponding quotient category can
be naturally identified with D®(U~coh), where U = X \ T (cf. Section 1.10).
Assume additionally that X has enough vector bundles. Let Perf,(X) C Perf(X)
denote the full subcategory of perfect complexes with the cohomology sheaves set-
theoretically supported in T. By the above result, Perf,(X) can be considered
as a thick subcategory in DP(X—cohz). According to [30, Lemma 2.6], the functor
D®(X—cohy)/Perf(X) — D%,,(X) induced by the embedding D*(X-cohy) —
DP(X—coh) is fully faithful. We denote the source (or the image) category of this

functor by D, (X, T).
By [6, Theorem 1.3], the restriction functor D%, (X) — D%,,,(U) is the Verdier

localization functor by the triangulated subcategory ngg (X,T). In particular, the
kernel of the restriction functor coincides with the thick envelope of (i. e., the minimal
thick subcategory containing) D%,,,(X,T) in D, (X).

Now we are going to establish the similar results for the triangulated categories
of relative singularities. Let i: Z — X be a closed subscheme such that i,0, €
Perf(X), and let Perf(Z/X) = D°(Ez/x) (see Remark 2.1) denote the thick sub-
category in DP(Z—coh) generated by Li*DP(X—coh). Let T C Z be a Zariski closed
subset; put U = X \ T and V = Z \ T. We denote by Perf;(Z/X) the full sub-
category of all objects of Perf(Z/X) with the cohomology sheaves set-theoretically
supported in T. Consider it as a thick subcategory in D°(Z-cohr), and denote by
DY%,,,(Z/X,T) the quotient category D°(Z—cohy)/Perf,(Z/X).

Lemma. (a) The functor DY,,,(Z/X,T) — D%,,,(Z/X) induced by the embedding
Db(Z-cohy) — DP(Z—coh) is fully faithful.

(b) The restriction functor DY,,,(Z/X) — DY,,,(V/U) is the Verdier localization

functor by the triangulated subcategory ngg(Z/X, T). In particular, the kernel of the

restriction functor coincides with the thick envelope of DY, (Z/X,T) in D%, (Z/X).

Proof. The proof of part (a) is similar to that of [30, Lemma 2.6]. One only needs to
notice that the tensor product of an object of Perf(Z/X) with an object of Perf(Z)
belongs to Perf(Z/X). This follows from the fact that Perf(Z) as a thick subcat-
egory in DP(Z—coh) is generated by the restrictions of vector bundles from X (see
Section 2.1). Part (b) is true, since the thick subcategory Perf(V/U) C DP(V—coh) is
generated by the image of the restriction functor Perf(Z/X) — Perf(V/U), which
is because any coherent sheaf on U can be extended to a coherent sheaf on X. [

Let £ be a line bundle over X and w € £(X) be a section; set Xo = {w =0} C X.
The definitions of the set-theoretic and category-theoretic supports Supp M and
supp M of a coherent matrix factorization M € (X, L, w)-coh were given (in a
greater generality of coherent CDG-modules) in Section 1.10.

Given a locally free matrix factorization of finite rank M € (X, £, w)—cohy, define
the (category-theoretic) support supp M C X as the minimal closed subset " C X
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such that the restriction M|y of M to the open subscheme U = X \ T is abso-
lutely acyclic with respect to (U, L]y, w|y)—cohig. By Corollary 2.3(i), the definitions
of category-theoretic supports of coherent matrix factorizations and of locally free
matrix factorizations of finite rank agree when they are both applicable.

Equivalently, for a locally free matrix factorization M of finite rank over X, the
open subscheme X \ supp M is the union of all affine open subschemes U C X such
that the matrix factorization M|y is contractible (see Remark 1.3). For any coherent
matrix factorization M one has supp M C Xj, since any matrix factorization of an
invertible potential is contractible (cf. [33, Section 5]).

Let T C X be a closed subset. Denote by D3*((X, L, w)-cohy) (respectively,
D3s((X, £, w)—coh)) the quotient category of the homotopy category of locally free
matrix factorizations of finite rank (resp., coherent matrix factorizations) supported
category-theoretically inside T" by the thick subcategory of matrix factorizations ab-
solutely acyclic with respect to (X, £, w)—cohy (resp., (X, £, w)—coh). Clearly, the
functors Da%((X, £, w)—coh;) — D#**((X, £, w)—cohyr) and D3**((X, £, w)—coh) —
Ds((X, £, w)—coh) are fully faithful [33].

By the definition, the thick subcategories D2%((X, £, w)—cohy) C D¥*((X, L, w)
—cohyr) and D3P((X, L, w)-coh) C D¥*((X, L, w)-coh) only depend on the in-
tersection Xy N T (rather than the whole of 7). Equivalently, they can be
defined as the full subcategories of objects annihilated by the restriction functors
D¥s((X, L, w)-cohy) — D¥®((U, L]y, w|y)—cohg) and D**((X, L, w)-coh) —
Ds((U, L]y, w|y)—coh), where U = X \ T.

As in Section 1.10, we denote by D2**((X, £, w)—cohr) the absolute derived category
of coherent matrix factorizations with the set-theoretic support in 7. The functor
Dbs((X, £, w)-cohy) — D**((X, £, w)—coh) is fully faithful by Proposition 1.10(d).
By Corollary 1.10(b), the full subcategory D2**((X, £, w)—coh) C D#*((X, £, w)—coh)
is the thick envelope of the full subcategory D**((X, £, w)—cohr).

Now assume that w: Ox — L is an injective morphism of sheaves.

Proposition. (a) The equivalence of categories D*((X, L, w)-coh) ~ D%, (Xo/X)

identifies the triangulated subcategory D ((X, £, w)—cohr) with the triangulated sub-
category ngg (Xo/X, XoNT). In particular, the former triangulated subcategory only
depends on the intersection XoNT.

(b) The full preimage of the thick envelope of the triangulated subcategory
(Xo, XoNT) C DY,,(Xo) under the fully faithful functor X: D**5((X, £, w)-cohy)
(Xo) coincides with the triangulated subcategory D3**((X, L, w)—cohy).

Db

Sing
— D%y
Proof. Part (b) follows from the fact that the thick envelope of D%, (Xo, XoNT) is
the kernel of the restriction functor D%, (Xo) — D%,,(Xo \ T'), the similar fact for
D3((X, £, w)—cohy), and the compatibility of the functors ¥ with the restrictions to
open subschemes, together with their full-and-faithfulness.

To prove part (a), notice first that the functor T obviously takes D%, (Xo/X,
Xo N T) into D¥*((X,L,w)-cohr). Let us check that the functor L= takes
D***((X, £, w)-cohy) into D%, (Xo/X, Xo N T). Let M be a coherent matrix
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factorization supported set-theoretically in 7. Present M as the cokernel of an
injective morphism of w-flat coherent matrix factorizations X — A. The functor
LZ being triangulated, the object LE(M) € DY,,,(Xo/X) is isomorphic to the cone
of the morphism Z(K) — Z(N) (cf. Lemma 3.5). The morphism Z(K) — Z(N)
of coherent sheaves on X is an isomorphism outside 7', so its kernel and cokernel
are supported in Xo N7T. Thus the cone is quasi-isomorphic to a two-term complex

of coherent sheaves on X, with the terms supported set-theoretically in Xo N7T. [

3.3. Pull-backs and push-forwards in singularity categories. Let f: Y — X
be a morphism of separated Noetherian schemes with enough vector bundles. The
morphism f is said to have finite flat dimension if the derived inverse image functor
Lf*: D~ (X-qcoh) — D~ (Y —qcoh) takes D®(X—qcoh) to D®(Y—qcoh).

In this case, the functor IL f* induces the inverse image functors on the triangulated
categories of singularities

f°: DY, (X) —— DY, (V)

Sing Sing
fo: Dging (X) — ngg<y)

Under the same assumption of finite flat dimension, the derived direct image func-
tor Rf,: D*(Y—qcoh) — DP(X—qcoh) takes D°(Y—qcohy) to DP(X—qcohy), as one
can see by computing Rf, in terms of an affine covering of Y in the spirit of the
proof of Proposition 1.9. When the scheme X has finite Krull dimension, one has
DP(X—qcohy) = DP(X—qcohy), so the functor Rf, induces the direct image functor

fo: DoY) —— DY, (X)),

Sing Sing
which is right adjoint to f°.

Whenever the morphism f is proper of finite type and has finite flat dimension,
the functor Rf, takes D°(Y—coh) to D®(X—coh) [12, Théoréme 3.2.1] and induces the
direct image functor

fo: D% (V) — DB

Sing Sing(X)J

which is right adjoint to f° [29, paragraphs before Proposition 1.14]. More generally,
for a morphism f of finite flat dimension and any closed subset 7' C Y such that (a
closed subscheme structure on) 7' is proper of finite type over X, the functor Rf,

takes DP(Y—cohz) to D°(X—coh) and induces the direct image functor
f.: D% (Y, T) — D% (X).

Sing Sing

Indeed, the intersection of D°(X—qcohy) and DP(X—coh) in D°(X—qcoh) is equal to
DP(X—cohi), as any complex of finite flat dimension with bounded coherent coho-
mology is easily seen to be perfect.

Let Z C X and W C Y be closed subschemes such that O is a perfect O x-module,
Ow is a perfect Oy-module, and f(W) C Z. Assume that both morphisms f: Y —
X and f|w: W — Z have finite flat dimensions. Then the derived inverse image
functor L[5, : DP(Z—qcoh) — DP(W-—qcoh) induces the inverse image functors on
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the triangulated categories of relative singularities
f°: Dy, (Z)X) —— Dy, (W/Y)

Sing Sing
fO: ngg<Z/X) E— ngg(W/Y>

Now let Z C X be a closed subscheme; set W = Z xx Y. Denote the closed
embeddings Z — X and W — Y by i and 7/, respectively; let also f’ denote the
morphism flw: W — Z. Assume that W coincides with the derived product of
Z and Y over X, i. e., Lf*i,0z7 = i.Oy. Assume further that i,Oy is a perfect
Ox-module; then also i’ Oy is a perfect Oy-module.

For any M € DP(Y-qcoh) there is a natural morphism ¢ : Li*Rf,M —
Rf/ILi"”* M in D°(Z-qcoh). Using the projection formula for tensor products with
perfect complexes, one easily checks that the morphism 7,¢ s is an isomorphism.
Hence so is the morphism ¢4, since the functor i, does not annihilate any objects
of the derived category. Hence we obtain the induced functor of direct image

fo: Dl (W/Y) —— Dby, (Z/X).

Sing Sing
When the morphism f is proper of finite type, there is also the induced functor

fo: D% (W/)Y) — D%, (Z/X).

Sing Sing
Assume additionally that the morphism f has finite flat dimension; then so does
the morphism f’. In this case the functor f,: DY, (W/Y) — Df,,,(Z/X) is right
adjoint to the functor f°: D, (Z2/X) — D, (W/Y). When the morphism f is
proper of finite type, the functor fo: D%, (W/Y) — DY,,,(Z/X) is right adjoint to
the functor f°: DY, (Z/X)— DY, (W/Y).

Sing Sing
Remark. In the case when Z is a Cartier divisor in X, we will construct the functor
fo: D%, (W/Y) — DY;,,(Z/X) under somewhat weaker assumptions below in Sec-
tion 3.4. Namely, it will suffice that the morphism f’: W — Z be proper of finite
type, while the morphism f: Y — Z need not be. A generalization to the case of

proper support will also be obtained.

3.4. Push-forwards of matrix factorizations. Let f: Y — X be a morphism
of separated Noetherian schemes with enough vector bundles, £ be a line bundle on
X, and w € L(X) be a section.

Set Bx = (X, L,w) and By = (Y, f*L, f*w); then there is a natural morphism of
CDG-algebras By — By compatible with the morphism of schemes f: Y — X.
Therefore, according to Section 1.8, there are the derived inverse image functors

Lf*: D((X, £, w)—qcohgy) —— D((Y, f*L, f*w)—qcohgy)
Lf*: D*((X, £, w)-cohgg) — D**((Y, f*L, f*w)-cohy)
and the derived direct image functor
Rf.: D°((Y, f*L, f*w)—qcoh) —— D*°(X, L, w)—qcoh).

The latter two functors are “partially adjoint” to each other.
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Given a triangulated category D, we denote by D its idempotent completion. By [1,
Section 1], the category D has a natural structure of triangulated category.

Lemma. For any closed subset T'C Y such that (for a closed subscheme structure on
T') the morphism f|r: T — X is proper of finite type, the functor Rf, takes the full
subcategory D*®((Y, f*L, f*w)—cohy) C D((Y, f*L, f*w)—qcoh) into the full sub-
category D***((X, L, w)—coh) C D®((X, L, w)—qcoh), thus definining a triangulated
functor of direct image

Rf,: D*((Y, f*L, f*w)-cohy) — D ((X, L, w)coh).
Consequently, there is the triangulated functor
Rf,: D((Y, f*L, f*w)-coh) —— Dabs((X, £, w)—coh).

Proof. We will use the construction of the functor Rf,: D°((Y, f*L, f*w)—qcoh) —
D (X, L, w)—qcoh) similar to the one in the proof of Proposition 1.9 (see Remark 1.9).
According to this construction, given a matrix factorization M € (Y, f*L, f*w)—qcoh,
the object Rf,.M € D((X, L, w)—qcoh) is represented by the total matrix factor-
ization Ryy,yf.M of the finite Cech complex f*C{'U&}M of matrix factorizations
on X. The derived functor of direct image of complexes of quasi-coherent sheaves
Rf.: D*(Y—qcoh) — DP(X—qcoh) can be constructed in the same way.

By [12, Théoréme 3.2.1], the latter functor takes DP(Y-cohr) into D°(X-coh).
Hence the cohomology matrix factorizations of the finite complex of matrix factoriza-
tions f*CfUa}M belong to (X, £, w)—coh when the matrix factorization M belongs to
(Y, f*L, f*w)—cohp. Tt follows that the object R f,M belongs to D*5((X, £, w)—coh)
C De°((X, L, w)—qcoh) in this case.

To prove the last assertion, it remains to apply Corollary 1.10(b). O

Now assume that both morphisms of sheaves w: Ox — L and f*w: Oy —
f*L are injective. Let Xg C X and Yy C Y denote the closed subschemes defined
locally by the equations w = 0 and f*w = 0, respectively. In this setting, we will
compare the constructions of direct image functors for matrix factorizations and for
the triangulated categories of relative singularities, and prove the assertions of Lemma
in a different way. Recall that in Section 3.3 we have constructed the functor of direct
image fo: Dg;, (Yo/Y) — Dig;y (Xo/X).

Sing

Proposition. (a) Whenever the morphism fo = fly,: Yo — Xo is proper of
finite type, the functor Rf, takes the full subcategory D¥®((Y, f*L, f*w)-coh) C
D ((Y, f*L, f*w)—qcoh) into the full subcategory D((X, L, w)—coh) C D®((X, L, w)
—qcoh), thus defining a triangulated functor

Rf,: D*((Y, f*L, f*w)-coh) — D***((X, L, w)coh).

(b) For any closed subset T C Yy such that (for a closed subscheme structure on T')
the morphism folr: T — Xo is proper of finite type, the functor f, takes the full
subcategory D%, (Yo/Y,T) C Dl (Yo/Y) into the full subcategory D%, (Xo/X) C

Sing Sing
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D/

5ing(Xo/X), thus defining a triangulated functor

fo: D%, (Yo/Y,T) — D% (Xo/X).

Sing Sing
(c) The equivalences of categories D**((Y, f*L, f*w)-cohy) ~ D%, (Xo/X,T)
from  Proposition 3.2(a) and D***((X,L,w)-coh) =~ DY, (Xo/X) from Theo-
rem 2.7 transform the direct image functor Rf.: D*®((Y, f*L, f*w)-cohy) —
Ds((X, L, w)—coh) from Lemma into the direct image functor f, from part (b).

Proof. Part (a) follows from Lemma and Proposition 3.2(a), or alternatively, from
part (b) and the proof of part (¢) below. In part (b), the fact of key impor-
tance is that the functor D%, (Xo/X) — DY, (Xo/X) is fully faithful (by The-
orem 2.8). The functor f, takes D%, (Yo/Y,T) into DZ;,,(Xo/X), because the func-
tor Rfy,: DP(Yo—qcoh) — DP(Xy—qcoh) takes DP(Yy—coh) into DP(Xy—coh) [12]. To
prove part (c¢), we will check that the equivalences of categories from Theorem 2.8
transform the functor Rf,: D((Y, f*L, f*w)—qcoh) — D°((X, L, w)—qcoh) into
the functor f,: DY, (Yo/Y) — Df,,,,(Xo/X). (Together with part (b) and Propo-
sition 3.2(a), this will also provide another proof of Lemma.)

For this purpose, extend the functor Ty : D®(Yy—qcoh) — D<°((Y, f*L, f*w)—qcoh)
to a functor Ty : D¥(Yy—qcoh) —s D((Y, f*L, f*w)—qcoh) in the obvious way (tak-
ing infinite direct sums of quasi-coherent sheaves in the construction of the matrix
factorization Yy (F*®)). The functor Yy is well-defined, since any bounded below
acyclic complex of quasi-coherent sheaves is coacyclic [36, Lemma 2.1]. Furthermore,
the functor Ty can be presented as the composition of the “periodicity summation”
functor D (Yp—qcoh) — D<((Yo,¢* f*L,0)—qcoh) taking values in the coderived
category of quasi-coherent matrix factorizations of the zero potential on Y,, and
the functor of direct image i, : D®((Yp,"* f*L,0)—qcoh) — D<°((Y, f*L, f*w)—qcoh)
with respect to the closed embedding 7'.

The functors Rfy,: DT (Yp—qcoh) — DT (Xp—qcoh) and Rf,: D((Y, f*L, f*w)
—qcoh) — D°((X, £, w)—qcoh) form a commutative diagram with the functors Y x
and Ty-. Indeed, the “periodicity summations” of bounded below complexes of quasi-
coherent sheaves on Y, and X, taking injective resolutions to injective resolutions,
obviously commute with the derived direct images with respect to f’, as the direct
image preserves infinite direct sums. Furthermore, the derived direct images of quasi-
coherent matrix factorizations are compatible with the compositions of morphisms of
schemes (see Remark 1.8), hence also commute with each other. It follows that the
functors Rf, and f, agree as they should. (Alternatively, one can prove this in the
way similar to the proof of Proposition 3.5 below.) O

3.5. Push-forwards for morphisms of finite flat dimension. Let f: Y — X
be a morphism of finite flat dimension between separated Noetherian schemes with
enough vector bundles, £ be a line bundle on X, and w € £L(X) be a section. As in
Section 3.4, we have a natural morphism of CDG-algebras Bx = (X, L, w) — By =
(Y, f*L, f*w) compatible with the morphism of schemes Y — X.
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The quasi-coherent graded algebra By has finite flat dimension over By. Therefore,
according to Section 1.9, there are derived inverse image functors

Lf*: D°((X, L, w)—qcoh) —— D((Y, f*L, f*w)—qcoh)
Lf*: D*((X, £, w)-coh) —— D***((Y, f*L, f*w)—coh),

the former of which is left adjoint to the functor Rf,: D((Y, f*L, f*w)—qcoh) —
D (X, L, w)—qcoh) from Section 3.4.
Furthermore, according to Proposition 1.9, there is a derived direct image functor

Rf.: D((Y, f*L, ffw)—qcohgy) ~ D((Y, f*L, f*w)—qcohy)
— D((X, £, w)—qcohgy) ~ D((X, £, w)-qcohy)

which is right adjoint to the functor Lf*: D°((X, L, w)-qcohgy) — D<((Y, f*L,
f*w)—qcohgy) from Section 3.4.

Now assume that X and Y have finite Krull dimensions. Recall that the
natural triangulated functors D**((X, L, w)-coh;) — D%((X, L, w)-qcohy) and
D3s((Y, f*L, f*w)-cohi) — D@((Y, f*L, f*w)—qcohy) are fully faithful by Corol-
lary 2.3(e) and (j).

As in the second half of Section 3.4, assume that both morphisms of sheaves
w: Ox — L and f*w: Oy — f*L are injective, and denote by fo: Yo — X
the induced morphism between the zero loci schemes of f*w and w. Since the mor-
phism f has finite flat dimension, so does the morphism f;.

Proposition. (a) Whenever the morphism fo is proper of finite type, the func-
tor Rf.: D°((Y, f*L, f*w)—qcohy) — D<°((X, L, w)—qcohy) takes the full subcat-
egory D®((Y, f*L, f*w)—cohy) C D((Y, f*L, f*w)—qcohy) into the full subcategory
D*((X, £, w)-cohg) C D°((X, L, w)-qcohy). Besides, the functor foo: D%, (Yo)
— DY%,,(Xo) takes the full subcategory D*((Y, f*L, f*w)-coh¢) C D, (Yo) into
the full subcategory D**((X, L, w)-cohg) C D%, (Xo). Both restrictions define the
same triangulated functor

Rf,: D**((Y, f*L, f*w)-cohy) — D**((X, L, w)-cohy).

(b) For any closed subset T C Yy such that (for a closed subscheme struc-
ture on T) the morphism folr: T — Xo is proper of finite type, the functor
Rf.: D((Y, f*L, f*w)—qcohy) — D<@((X, L, w)-qcohy) takes the full subcate-
gory DE>((Y, f*L, f*w)—cohg) C D((Y, f*L, f*w)—qcohy) into the thick envelope
of the full subcategory D((X,L,w)-cohg) C D((X,L,w)-qcohy). Besides,

the triangulated functor foo: ngg(Y{),T) — ngg(Xo) takes the full subcategory

D3*((Y, f*L, f*w)-cohi) C DY, (Yo, T) into the thick envelope of the full subcategory

D**((X, £, w)-cohg) C DY, (Xo). Both restrictions define the same triangulated
functor

IRTf* : D%bs((Y, f*/;, f*w)*COhH) — Dabs((X’ /;, w)*COth).
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Proof. Both categories D((X, L, w)-qcohy) and DY, (X,) are full triangulated
subcategories of the triangulated category Df,, (Xo) (see Proposition 2.8 and [29,
Proposition 1.13]). According to the proof of Corollary 3.1, the intersection of
D((X, £, w)-qcohg) with (the thick envelope of) D%,,(Xo) in D, (Xo) (is the
thick envelope of) the subcategory D***((X, £, w)-cohy) C D',,,(Xo).

Thus it suffices to show that the direct image functor Rf,: D<((X, £, w)—qcohy)

— D((X, £, w)-qcohy) agrees with the direct image functor foo: Dig;,,(Yo) —
5ing(Xo0). The latter assertion does not depend on any properness assumptions.

Recall that the derived functor R f, was constructed in the proof of Proposition 1.9
in terms of the Cech complex whose terms are direct sums of the CDG-modules
flveM|y, where M € D((Y, f*L, f*w)-qcohgy) and V C Y. The derived direct
image R fy.: DP(Yo—qcoh) — DP(X,—qcoh) can be constructed in the similar way;
moreover, one can use for this purpose the restriction to Y of an affine open covering
U, of the scheme Y. B B

We will make use of the flat dimension analogue of Corollary 2.6(d). Let ¥’y and 3}
denote the obvious extensions of the functors ¥’ from (X, £, w)—qcohy to the category
of w-flat matrix factorizations of finite flat dimension (X, £, w)—qcoh,, grgq and from
(Y, f*L, f*w)—qcohg to (Y, f*L, f*w)—qcoh r.,, qnma (see the proofs of Proposition 2.8
and Theorem 2.7). Notice that the direct image functors f|y . take f*w-flat sheaves
to w-flat sheaves and (V, f*Llv, f*wl|v)—qcoh s, g to (X, £, w)—qcoh,, grga-

Let NV be a matrix factorization from (Y, f*L, f*w)-qcoh ., grgg. Since the
open subschemes V' are presumed to be affine, there are natural isomorphisms
Y (flveNTv) = folvav, « 2y (N)|vay, of quasi-coherent sheaves on X,. Now it
remains to use the next lemma. 0

Lemma. Let M™" — ... — MY be a finite complex of matriz factorizations from
(X L, w)-qcoh,, g and /\/l be its totalization. Then the complex ¥'(M™™) —

C— E’(MN) and the quasi-coherent sheaf E’(/\/l) on Xq represent naturally iso-
morphzc objects in the triangulated category of singularities D’Smg(Xo). The same
applies to a finite complex of matriz factorizations from (X, L, w)—qcoh,, ¢, the func-
tor =, and the triangulated category of relative singularities Dg;,,(Xo/X).

Proof. For each —n < p < N, the restriction of the matrix factorization MP to
the closed subscheme X, C X is an unbounded complex of quasi-coherent sheaves
i*MP*. By [33, Lemma 1.5], this complex is acyclic.

The complex ¥/(M™) —s -+ — X/(MY) of quasi-coherent sheaves on Xj is
quasi-isomorphic to the total complex of the bicomplex K** with the terms KP° =
PFMPO P = MPTL K2 = ker (P MP T — i MPO) ) and KPY = 0 for g # 0,
—1, —2. Similarly, the quasi-coherent sheaf >'(M) on Xj is quasi-isomorphic to the
total complex of the bicomplex £%* with the terms EPP = i* MPP, EPP~L — j* pMPP—L
EPP=2 = ker(i* MPP~1 — * MPP) and EP9 =0 for g —p # 0, —1, —2.

We can assume that N, n > 0. Consider the bicomplex F** with the terms
FP4 = *MP9 for —n — 1 < g < N, FP2 = ker(i* MP~""1 — * MP~"), and
FP4 =0 for ¢ < —n — 2 or ¢ > N. Then there are natural surjective morphisms of
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bicomplexes F** — K** and F** — £*°*. The kernels of both morphisms are the
direct sums of a finite bicomplex of quasi-coherent sheaves of finite flat dimension
on X, and a finite bicomplex of quasi-coherent sheaves on Xy with acyclic columns.

Thus both morphisms become isomorphisms in Df;,, (Xo). O

Remark. One would like to have a theory of set-theoretic supports for locally free
matrix factorizations of finite rank that would allow to prove the above Proposition
in the way similar to the proof of Lemma 3.4. However, we do not know how to do
this. In particular, we do not know whether every locally free matrix factorization
of finite rank with the category-theoretic support in 7' is isomorphic in the abso-
lute derived category to a direct summand of an object represented by a coherent
matrix factorization of finite flat dimension with the set-theoretic support in 7 (cf.
Corollary 1.10).

Another alternative approach to proving Proposition would be to show that the
intersection of the full subcategories D2**((X, £, w)—coh) and D**(( X, £, w)—qcoh) in
the absolute derived category D***((X, £, w)—qcoh) coincides with the full subcategory
Dbs((X, £, w)—coh). We do not know whether this is true.

3.6. Duality and push-forwards. In the following two sections we discuss the
compatibility properties of the derived direct and inverse image functors for matrix
factorizations with the Serre-Grothendieck duality functors from Section 2.5.

Let X be a separated Noetherian scheme with a dualizing complex D%, and let
f+Y — X be a separated morphism of finite type. As usually, we set Dy =
fTD%, where f* is the functor denoted by f' in [14] (right adjoint to Rf, for proper
morphisms f and left adjoint to Rf, for open embeddings f) (see [26, Example 4.2]
and [14, Remark before Proposition V.8.5 and Deligne’s Appendix]). This formula
defines the dualizing complex D5, up to a natural quasi-isomorphism only, and we
presume this derived category object (as well as D% ) to be represented by a finite
complex of injective quasi-coherent sheaves.

Proposition. Let T' C Yy be a closed subset such that that (for some closed sub-
scheme structure on T ) the morphism f|r: T — Xq is proper. Then the derived
direct image functor Rf,: D3s((Y, f*L, f*w)-coh) — Dabs((X, L, w)-coh) and the
similar functor for the potential —w form a commutative diagram with the Serre
duality functors Homx qc(—, D% ): D***((X, L, —w)—coh)°® — D¥®((X, L, w)—coh)
and Homy qc(—, DY) : DP((Y, f*L, — f*w)—coh)® —s D((Y, f*L, f*w)-coh).

Two proofs of Proposition are given below. One of them is based on the theory of
set-theoretic supports of coherent CDG-modules developed in Section 1.10 and the
arguments similar to the proof of Lemma 3.4. It does not depend on the assumption
about w and f*w being local nonzero-divisors and does not mention the zero loci.
The other proof is based on the passage to the triangulated categories of relative
singularities and uses Proposition 3.4(c).

First proof. First of all, the duality functor Homy q(—,Dy): DP((Y, f*L, — f*w)
—qcoh)°® — Ds((Y, f*L, f*w)—qcoh) obviously takes the full subcategory D((Y,
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f*L, — f*w)—cohy)° into D®*((Y, f*L, f*w)—cohr) and vice versa. Furthermore, for
any quasi-coherent sheaf IC on Y denote by I'tK C K the maximal quasi-coherent
subsheaf with the set-theoretic support in 7. Then for any matrix factorization
M € D*((Y, f*L, — f*w)—cohr) the natural morphism Homy (M, ['7Dy) —
Homy qc(M,Dy) is an isomorphism in D**((Y, f*L, f*w)—cohr).

As in the proof of Lemma 3.4, we will use the construction of the functor
Rf.: D*((Y, f*L, f*w)—qcoh) — Ds((X, L, w)—qcoh) similar to the one from
the proof of Proposition 1.9 (see Remarks 1.8 and 1.9). Let {U,} and {Vj3}
be two affine open coverings of the scheme Y. For any matrix factorization
N e (Y, f*L, — f*w)—qcoh, there is a natural morphism of bicomplexes of matrix fac-
torizations f.Ct; y Homy qc(N, I'rDy) — Homx q(fN, f.Cfy yI'1D5). Passing
to the total complexes and taking the composition with the adjunction morphism
[:Chy T'rDy = Rf.(I'r D5 ) — D%, we obtain a natural morphism of complexes of
matrix factorizations f.C7y  Homy o (N, T'rDy) — Homxqc(f N, I'1DY) (cf
[26, beginning of Section 6]).

Substituting N = Cty,yM for some M € (Y, f*L,— f*w)—qcoh, we get a natural
morphism of bicomplexes of matrix factorizations f.C; , ’Homy,qc(C'{’Vﬁ}M, L'rDy)
— Homx_qc( JChy M, D%). When M is a coherent matrix factorization sup-
ported set-theoretically in 7', the induced morphism of the total complexes is a
quasi-isomorphism of complexes of matrix factorizations by the conventional Serre—
Grothendieck duality theorem for bounded derived categories of coherent sheaves
and proper morphisms of schemes (see [14, Theorem VII.3.3] or [26, Section 6]).
Hence the induced morphism of the total matrix factorizations is an isomorphism in
Ds((X, £, w)—qcoh), and consequently also in D3((X, £, w)—coh). O

Second proof. Assume that w and f*w are locally nonzero-dividing sections of the
respective line bundles. Let i: Xy — X be the zero locus of w and 7': Yy — Y
be the zero locus of f*w. As above, we set D%, = Ri'D% and Dy, = Ri" D3 [14,
Proposition V.2.4], and presume all these dualizing complexes to be finite complexes
of injective quasi-coherent sheaves.

The duality functor Homy 4(—, Dy): D**5((Y, f*L, — f*w)—coh)°? — DP5((Y,
f*L, f*w)—coh) is compatible with the restrictions to the open subscheme Y \ T
and therefore identifies the full subcategories D3*((Y, f*L, — f*w)—coh)°® and
D3bs((Y, f*L, f*w)—coh). To prove the proposition, we will define the Serre du-
ality functors on the triangulated categories of relative singularities D%, (Y;/Y)

Sing
and ngg(X /Xo), then check that the equivalences of triangulated categories
L= = YT ! commute with the dualities, and finally reduce to the conventional

Serre-Grothendieck duality theorem for bounded complexes of coherent sheaves.
The duality functor Homx, qc(—, Dk,): D?(Xo—coh)°®® — D°(X,-coh) takes ob-

jects of the form ILi*K*, where K* € D°(X—coh), to similar objects. Indeed, one has

Homx,qc(Li*K*, D,) ~ Ri' Homx_q(K*, D) [14, Proposition V.8.5] and Ri' ~
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L|x,[~1]®0oy, Li* (see the proof of Theorem 2.7). Therefore, we have the induced du-
ality functor Homx, qc(—, D%,): ngg(Xo/X)0p — D%,,,(Xo/X). Similarly, the du-
ality functor Homy, qc(—, Dy, ): DP(Yy—coh)°®® — D°(Yy-—coh) takes the full subcat-

egory DP(Yy—cohr)°P into DP(Yg—cohz) and Perf,(Yy/Y )% into Perf(Yy/Y). Hence

the induced duality functor Homy, qc(—, Dy, ): D%, (Yo/Y,T)® — D, (Yo/Y, T).
Checking that the equivalence of categories D**((X, £, w)-coh) ~ D%, (Xo/X)

commutes with the dualities is easily done using the functor Y. It suffices to no-
tice the functorial quasi-isomorphism Homx 4 (i.F*, D) =~ i, Homx, qc(F*,DY%,)
for any complex F* € DP(Xy—coh) [14, Theorem II1.6.7]. The same applies to the
equivalence of categories D3*((Y, f*£, f*w)-coh) =~ DY, (Yo/Y, T). Furthermore, by
Proposition 3.4(c), the equivalences of categories L= = Y~! transform the derived
direct image functor Rf,: D3%((Y, f*£, f*w)-coh) — Dabs((X, £, w)-coh) into (the
idempotent closure of) the direct image functor fo: D%, (Yo/Y,T) — D%, (Xo/X).

Finally, the direct image functor f,: D%, (Yo/Y,T) — Dsmg(XO /X) commutes
with the Serre duality functors, since so do the derived direct image functors
Rf|p,: D°(T—coh) —3 DP(Xy—coh) for all the closed subscheme structures T C Y,
on the closed subset T" and the similar functors related to the closed embeddings
T" —s T" of various such subscheme structures into each other. This is the conven-
tional Serre-Grothendieck duality theorem for proper morphisms of schemes. OJ

3.7. Duality and pull-backs. Let X be a separated Noetherian scheme with a
dualizing complex D% and f: Y — X be a separated morphism of finite type; set
Dy = fTD%. Let £ be a line bundle on X and w € £(X) be a section.

Let us first suppose that the morphism f is smooth of relative dimension n.
Then the functor f*: D*(X—qcoh) — DT (Y—qcoh) is naturally isomorphic to
wy/x[n] ®o, f*, where wy,x is the line bundle of relative top forms.

In particular, D} ~ wy/x[n] ®o, [*Dyx (where f*D% is also presumed to
have been replaced by a complex of injectives). Then it is clear that the equiv-
alences of categories D% ®p, —: D®((X, L, w)-qcohy) — D((X, L, w)—qcoh)
and f*D% ®o, —: DC((Y, f*L, f*w)-qcohy) — D<((Y, f*L, f*w)—qcoh) from
Section 2.5 transform the inverse image functor for flat matrix factorizations
f*: D((X, L, w)—qcohy) — D((Y, f*L, f*w)—qcohy) into the (underived, as the
morphism f is flat) inverse image functor for quasi-coherent matrix factorizations
fr:D((X, L, w)—qcoh) — D°((Y, f*L, f*w)—qcoh).

Furthermore, for any quasi-coherent matrix factorization M on X there is a nat-
ural morphism of finite complexes of matrix factorizations f* Homx qc(M,D%) —
Homy_qc(f*M, f*D%) on Y. When M is a coherent matrix factorization, this is a
quasi-isomorphism of complexes of matrix factorizations (since the similar assertion
holds for coherent sheaves [14, Proposition 11.5.8]), so the related morphism of to-
tal matrix factorizations has an absolutely acyclic cone. Thus the anti-equivalences
of categories Homy_qc(—, D%): D**((X, L, —w)-coh)°® — D*s((X, £, w)-coh) and
Homy qc(—, [*D%): D*P((Y, f*L, — f*w)—coh)P — D*s((Y, f*L, f*w)—coh) form a
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commutative diagram with the inverse image functors f* for coherent matrix factor-
izations.

Now suppose that f is a proper morphism of finite type. The following theorem
describes the compability property of the covariant Serre—Grothendieck duality with
the inverse images of matrix factorizations (cf. [39, Theorem 5.15.3], where the similar
result is proven for complexes of quasi-coherent sheaves).

Theorem. The equivalences of categories Dy ®o, —: D**((X, L, w)—qcohy) —
D ((X, L, w)—qcoh) and Dy ®o, —: D*®((Y, f*L, f*w)—qcohy) — D@((Y, f*L,
f*w)—qcoh) transform the inverse image functor f*: D*((X, L, w)-qcohy) —
D*s((Y, f*L, f*w)—qcohy) into the functor f': D®((X, £, w)—qcoh) — D((Y, f*L,
f*w)—qcoh) right adjoint to the direct image functor Rf,: D((Y, f*L, f*w)—qcoh)
— D°((X, L, w)—qcoh).

Proof. For any quasi-coherent matrix factorization N on Y and any flat quasi-
coherent matrix factorization £ on X we have to construct an isomorphism

Hocho((X7£7w),qcoh) (Rf*./\/, D;( ®OX g) ~ Hocho((yJ‘*EJ*w),qcoh)(N, D;/ ®OY f*g)

The composition Homy (N, Dy Qe, f*€) — Homyx (RN, Rf.(Dy ®o, [*E)) ~
Homx (Rf. N, f.Dy ®o, £) — Homyx(Rf.N, D% ®o, £) provides a morphism
from the right-hand to the left-hand side. Here all the Hom functors are taken in the
coderived categories of quasi-coherent matrix factorizations on Y and X; the middle
isomorphism holds since Dy ®p,. f*€ is an injective matrix factorization on Y (so the
derived direct image can be computed for it by applying the underived direct image
functor f, termwise) and by the projection formula; the last morphism is induced by
the adjunction f,Dj. — D%.

Furthermore, on both sides of the desired isomorphism we have injective matrix
factorizations in the second arguments of the Hom functors; hence the Hom can be
computed in the homotopy category of matrix factorizations instead of the coderived
category in both cases. Finally, one can assume A to be an injective matrix fac-
torization, too, and compute Rf, N = f.N termwise (alternatively, one could use
the Cech construction). Similarly, the tensor products in the second arguments are
totalizations of termwise tensor products.

Now one can fix the components involved for both matrix factorizations A/ and
&, obtaining a morphism of finite complexes of abelian groups of the same kind as
above, but related to (one-term) complexes of quasi-coherent sheaves rather than
matrix factorizations. The latter is an isomorphism by [39, Theorem 5.15.3]. It
remains to notice that the totalization of an acyclic finite complex of (unbounded)
complexes of abelian groups is acyclic. 0

The next corollary is a matrix factorization version of the main result of Deligne’s
appendix to [14] (see also [39, Section 5.16]).

Corollary. For any morphism of finite type between separated Noetherian schemes
with dualizing complexes f:'Y — X, a line bundle L on X, and a section
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w € L(X), one can define a triangulated functor f+: D®((X, L, w)-qcoh) —
De((Y, f*L, f*w))—qcoh) in such a way that

(i) for an open embedding f, one has f+ = f*, and more generally, for a smooth
morphism f of relative dimension n one has f* = wy x[n] ®o, f*;

(ii) for a proper morphism f, the functor f+ = f' is right adjoint to Rf.;

(iii) the construction is compatible with the compositions of the morphisms f.

Proof. Tt suffices to define f*: D((X, £, w)—qcoh) — D((Y, f*L, f*w))—qcoh) as
the functor corresponding to the inverse image of flat quasi-coherent matrix factor-
izations f*: D®s((X, L, w)—qcohy) — D*((Y, f*L, f*w)—qcohy) under the identifi-
cations of categories Dy ®o, —: D**((X, L, w)—qcohy) — D((X, L, w)—qcoh) and
Dy R0, —: D*®((Y, f*L, f*w)—qcohy) — D((Y, f*L, f*w)—qcoh), where D% is any
dualizing complex on X and Dy = f+tD%. ([l

APPENDIX A. QUASI-COHERENT GRADED MODULES

A.1. Flat quasi-coherent sheaves. I am grateful to A. Neeman for suggesting that
a result of the following kind can be proven without much difficulty.

Lemma. On any quasi-compact semi-separated scheme, any quasi-coherent sheaf is
the quotient sheaf of a flat quasi-coherent sheaf.

Proof. Let X be our scheme. Assume that a quasi-coherent sheaf M over X is flat
over an open subscheme V C X; given an affine open subscheme U C X, we will
construct a surjective morphism N' — M onto M from a quasi-coherent sheaf N
over X that is flat over U U V. Let j denote the embedding U — X. There exists
a surjective morphism onto j*M from a flat quasi-coherent sheaf F over U; let K
denote the kernel of this morphism of sheaves.

The morphism j: U — X being affine and flat, the functor j, is exact and
preserves flatness. Consider the pull-back of the exact triple j, L — j,F — 7,7 M
with respect to the morphism M — j,j*M; denote the middle term of the resulting
exact triple by A/. One has N|y = F|y, so N is flat over U. Furthermore, the sheaf
j*M is flat over V N U, hence so is the sheaf . The embedding U NV — V
is an affine flat morphism, so the sheaf 7, K is flat over V. From the exact triple
ju K — N — M we conclude that N is flat over V. O

It follows immediately that any quasi-coherent graded module over a quasi-coherent
graded algebra B over X is a quotient module of a flat quasi-coherent graded module.

72



A.2. Locally projective quasi-coherent graded modules. The following result
is essentially due to Raynaud and Gruson [40] (for a discussion, see [7, Section 2|);
here we just briefly explain how to deduce the formulation that interests us from
their assertions.

Theorem. Let X be an affine scheme and {U,} be its finite affine covering. Let B
be a quasi-coherent graded algebra over X and P be a quasi-coherent graded module
over B. Then the graded B(X)-module P(X) is projective if and only if the graded
B(U,)-module P(Uy,) is projective for every a.

Proof. First of all, a graded module P over a graded ring B is projective if and only
if it is projective as an ungraded module. Indeed, if P is graded projective, then it is
a homogeneneous direct summand of a free graded module, hence P is also ungraded
projective. Conversely, pick a homogeneous (of degree 0) surjective homomorphism
F — P onto a given graded module P from a free graded module F'. If P is ungraded
projective, this homomorphism has a (perhaps nonhomogeneous) section s, and the
homogeneous component of s of degree 0 provides a homogeneous section. Hence it
suffices to consider ungraded modules over an ungraded quasi-coherent algebra B.

It is clear that if P(X) is a projective B(X)-module, then P(V) is a projective
B(V)-module for any affine open subscheme V' C X. Conversely, assume that
the B(U,)-module P(U,) is projective for every a. Then by the result of [19] the
B(U,)-modules P(U,) are direct sums of countably generated modules, and it follows
casily that so is the B(X)-module P(X) (essentially, since a connected graph with
an at most countable set of edges at each vertex has a countable number of vertices).
Hence we can assume the B(X)-module P(X) to be countably generated.

Besides, the B(U,)-modules P(U,) are flat, hence so is the B(X)-module P(X).
By [40, Corollaire 11.2.2.2], it remains to show that the B(X)-module P(X) satisfies
the Mittag-Leffler condition; this can be easily deduced from the similar property of
the B(U,)-modules P(U,) using the formulation of this condition given in Proposi-
tion I1.2.1.4(iii) or Propositions I1.2.1.4(ii) and II1.2.1.1(i) of [40] (cf. Sections II.2.5
and 11.3.1 of the same paper). O

A.3. Injective quasi-coherent graded modules. The following result is a non-
commutative generalization of a theorem of Hartshorne [14, Theorem I1.7.18] about
injective quasi-coherent sheaves on Noetherian schemes. Our proof method, based
on the Artin—Rees lemma, is different from the one in [14].

Theorem. Let B be a Noetherian quasi-coherent graded algebra over a Noetherian
scheme X. Then any injective object in the category of quasi-coherent graded left
modules over B is also an injective object of the category of arbitrary sheaves of
graded B-modules over X.

Consequently, the restriction J|y of an injective quasi-coherent graded module J
over B to an open subscheme U C X is an injective quasi-coherent graded mod-
ule over B|y. Conversely, if U, is an open covering of X and the quasi-coherent
graded B|y,-modules J|u, are injective, then a quasi-coherent graded B-module J
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s injective. Besides, the underlying sheaf of graded abelian groups of any injective
quasi-coherent graded B-module J is flabby.

Proof. First of all, notice that the abelian category B—qcoh of quasi-coherent graded
modules over B is a locally Noetherian Grothendieck category with coherent graded
modules forming the subcategory of Noetherian generators [15, Exercise 11.5.15]; so
in particular B—qcoh has enough injectives and the assertions of Theorem are not
vacuous. The category of sheaves of graded B-modules B-mod has similar properties,
with the extensions by zero of the restrictions of B to (small) open subschemes of X
forming a set of Noetherian generators [14, Theorem I1.7.8].

Secondly, let us check that the main result in the first paragraph implies the as-
sertions in the second one. Indeed, injective sheaves of graded B-modules have all
the properties we are interested in. They remain injective after being restricted to
an open subscheme, since the extension by zero from an open subscheme is an ex-
act functor. They are flabby, since given two open subschemes U C V C X and
Ju, Jv being their identity embeddings U, V' — X, the morphism of sheaves of
graded B-modules jy1Bly — jviB|v is injective. And their property is local [14,
Lemma I1.7.16], because sheaves of graded B-modules supported inside one of the
subschemes U, form a set of generators of the category B-mod.

Now let J be an injective quasi-coherent graded module over B. To prove the
main assertion, we have to show that for any open subscheme U C X and a subsheaf
of graded B-modules G C jy1 |y, any homogeneous morphism of sheaves of graded
B-modules G — J can be extended to a similar morphism ji; 8|y — J. Indeed,
G is a subsheaf of graded B-modules in the coherent graded B-module B, hence
according to the following proposition there exists a quasi-coherent graded B-module
G C F C B such that the morphism ¢ — J can be extended to a homogeneous
morphism of quasi-coherent graded B-modules F — 7.

Since J is injective in B—qcoh, the latter morphism can in turn be extended to a
similar morphism B — J. Restricting to jy1B|y, we obtain the desired morphism
of sheaves of graded B-modules ji 1 Bly — J. OJ

Proposition. In the assumptions of Theorem, let £ be a coherent graded left
B-module, G C & be a subsheaf of graded B-modules, M be a quasi-coherent graded
B-module, and ¢: G — M be a morphism of sheaves of graded B-modules. Then
there exists a coherent graded B-module G C F C £ such that the morphism ¢ can
be extended to F.

Proof. Before proving Proposition, let us reformulate its conclusion in follows. In
the same setting, there exists a quasi-coherent graded B-module K together with
an injective morphism M — K and a morphism & — K forming a commutative
diagram with the embedding G — £ and the morphism ¢: G — M. Indeed, if a
coherent B-module F exists, one can take K to be the fibered coproduct of £ and
M over F; conversely, if a quasi-coherent B-module K exists, one can take F to be
the full preimage of M C K under the morphism & — K. Notice also that one can
always replace M with its sufficiently big coherent graded B-submodule.
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Now let us state the version of Artin—Rees lemma that we will use.

Lemma. In the assumptions of Theorem, let M be a coherent graded B-module,
N C M a coherent graded B-submodule, and Z C X a closed subscheme with the
sheaf of ideals T, C Ox. Then for any n > 0 there exists m > 0 such that the
intersection TP M NN is contained in THN .

Proof. Clearly, the question is local, so it suffices to consider the case of an affine
scheme X. Then (the graded version of ) the Artin—Rees lemma for ideals generated by
central elements in noncommutative Noetherian rings [11, Theorem 13.3] applies. [

Being a Noetherian object, the sheaf of graded B-modules G is generated by a
finite number of homogeneous sections s, € G(U,), where U,, C X are some open
subschemes. If all of these subschemes coincide with X, the sheaf G, being a subsheaf
of a coherent sheaf generated by global sections, is itself coherent, so there is nothing
to prove. In the general case, we will argue by induction in the number of open
subschemes U,, that are not equal to X.

Let U = U; € X be one such open subscheme, and T = X \ U be its closed
complement. We can assume that M is a coherent graded B-module. Let N denote
its maximal coherent graded B-submodule supported set-theoretically in T. Applying
Lemma to N C M, we conclude that there is a closed subscheme structure i: Z —
X on T such that the morphism N — 7,i* M is injective. Consequently, so is the
morphism M — i,i*M @ j,j* M, where j denotes the open embedding U — X.

Let us show that there is a thicker closed subscheme structure i': 72/ — X on
T such that the kernel of the morphism of sheaves i\ i"*G — ¢,i"*E is contained in
the kernel of the morphism of sheaves i\ i"*G — i,i*G. Indeed, there exists a finite
collection of subsheaves of graded B-modules in G, each of them an extension by zero
of a coherent graded B|y-module from some open subscheme V' C X, such that the
the stalk of G at each point of X coincides with the stalk of one of these subsheaves.
So the assertion reduces to the case when G is a coherent graded B-submodule in &,
when it is an equivalent reformulation of Lemma.

Let H C i"*& denote the image of the morphism of sheaves of graded i"*B-modules
i"*G — i"*E over the scheme Z'. Let t: Z — Z’ be the natural closed embed-
ding. Then, according to the above, the morphism of sheaves of graded i"*B-modules
i"*G — 1,1*G induces a morphism H — ,i*G.

The sheaf of graded i"*B-modules H is generated by the images of the restrictions
of the sections s,, m > 2, to the closed subschemes Z' N U, C U,. Hence the
induction assumption is applicable to H, and we can conclude that there exists a
quasi-coherent graded i*B-module K on the scheme Z’ together with an injective
morphism ¢,i*M — K and a morphism ¢*£ — K forming a commutative diagram
with the embedding H — ¢"*£ and the composition H — 1,i*G — 1,7* M.

Similarly, the sheaf of graded B|y-modules j*G is generated by the restrictions of
the sections s, to the open subschemes U; N U, C U, among which the (restriction
of) the section s; is a global section over U = U;. Hence the induction assumption
is applicable to j*G, and there exists a quasi-coherent graded B|y-module £ together
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with an injective morphism j*M — £ and a morphism j*& — L forming a
commutative diagram with the embedding 7*G — j*£ and the morphism j*G —
J*M.

Now the injective morphism M — /K @ j,.L (whose first component is the
composition M — ,i*M ~ L1, i* M — i_K) and the morphism & — . @
J«L provide the desired commutative diagram of morphisms of sheaves of graded
B-modules over X. OJ

AppPENDIX B. HocuscHILD (Co)HOMOLOGY OF MATRIX FACTORIZATIONS

This appendix complements the paper [32] in two ways. Section B.1 contains
some modifications and improvements of the main results of [32] generally, and as
applied to locally free matrix factorizations of finite rank in particular. The main
thrust consists in replacing the finite homological dimension conditions in [32] with
the Noetherianness conditions to the (limited) extent possible.

Section B.2, on the other hand, presents an elementary approach to computation
of Hochschild (co)homology of coherent matrix factorizations, entirely unrelated to
that in [32] and not based on any notion of Hochschild (co)homology of the second
kind, but rather on the Serre-Grothendieck duality theory.

B.1. Locally free matrix factorizations of finite rank. In Sections B.1.1-B.1.4,
we start with a bit of categorical nonsense, following the lines of [32, Sections 3.3-3.5],
but with the additional coherence/Noetherianness conditions imposed from the very
beginning. We use the notation from [32] rather than that of the main body of this
paper. Then in Section B.1.5 we turn to locally free matrix factorizations of finite
rank over certain possibly singular, affine algebraic varieties. The final Section B.1.6
presents an improvement over the discussion of matrix factorizations over smooth
affine varieties in [32, Section 4.8]. An example of application of our techniques to
nonaffine varieties can be found in the preprint [9].

B.1.1. Coherent and Noetherian CDG-categories. Let (I',o,1) be a grading group
data [32, Section 1.1] and B# be a small I-graded preadditive category [38, Sec-
tion A.1]. Both left and right T'-graded B#-modules form abelian categories.

A T-graded B#-module is said to be finitely generated (respectively, finitely pre-
sented) if it is a quotient module of a finitely generated free I'-graded B#-module
[32, Section 1.5] (respectively, the cokernel of a morphism of finitely generated free
[-graded B#-modules).

A T-graded preadditive category B* is called left Noetherian if any submodule of
a finitely generated I'-graded left B#-module is finitely generated, or equivalently, if
the abelian category of I'-graded left B#-modules is locally Noetherian. A I'-graded
preadditive category B* is called left coherent if any submodule of a finitely presented
I'-graded left B#-module is finitely presented.

Let B be a small (I'-graded) CDG-category [32, Section 1.2] and B# be its underly-
ing I'-graded preadditive category. Following [32], we denote the DG-categories of left
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and right CDG-modules over B by B-mod®® and mod“®-B. The DG-subcategories
of left CDG-modules whose underlying I'-graded B#-modules are flat or injective are
denoted by B-mod{'® and B—1rnodfflljg C B-mod®&. Similarly, the DG-subcategories
of left and right CDG-modules over B whose underlying I'-graded B#-modules are
projective and finitely generated are denoted by B—mod}?f and modfgf—B .

Assuming that the I'-graded category B¥ is left Noetherian, the DG-subcategory
of left CDG-modules whose underlying I'-graded B#-modules are finitely generated is
denoted by B—modggCl & ¢ B-mod“®. Assuming that the I-graded category B is right
coherent, the DG-subcategory of right CDG-modules whose underlying I'-graded
B#-modules are finitely presented is denoted by mod(fzsg—B .

The coderived and contraderived categories of left CDG-modules over B are de-
noted by D®(B-mod®*) and D" (B-mod®®#), respectively [32, Section 3.2]. Assum-
ing that the I-graded category B¥ is right coherent, the class of flat I'-graded left
B-modules [32, Section 2.2] is closed under infinite products, so the contraderived
category D (B-mod*®) is well-defined. The homotopy category of the DG-category

B—modicflljg is denoted, as usually, by H O(B—modfﬁjg).

In the respective assumptions of left Noetherianness or right coherence of the
['-graded category B#, the absolute derived categories of CDG-modules with finitely
generated or finitely presented underlying I'-graded B#-modules are denoted by

Da'OS(B—mod%1 %) and Dabs(modgsg—B), respectively.

B.1.2. Derwed functors of the second kind. Let k be a commutative ring and B
be a small k-linear CDG-category. Assume that the I'-graded category B# is left
Noetherian. Let L and M be left CDG-modules over B; suppose that the ['-graded
left B#-module L# underlying the CDG-module L over B is finitely generated.

As in [32, Sections 2.1-2], we denote by Z°(B-mod®®®) and Z°(mod“*-B) the
abelian categories of left and right CDG-modules over B. Let ZO(B—modEgdg) C
Z°(B-mod“®) and HO(B—modﬁgg) C H°(B-mod®®) denote the abelian and ho-
motopy categories of left CDG-modules over B with finitely generated underlying
[-graded B#-modules, and Zo(modgjg—B) C Z°mod™&-B) and Ho(modgsg—B) C
H°(mod®®-B) be the similar categories of right CDG-modules with finitely presented
underlying I'-graded modules.

Let J* be a right resolution of M in Z°(B-mod®#) such that the I-graded left
B#-modules J# are injective, and let J be the total CDG-module of the complex
of CDG-modules J* constructed by taking infinite direct sums along the diagonals.
Then the complex Tot® Hom” (L, J*) computing Ext (L, M) [32, Section 2.2] is iso-
morphic to the complex Hom” (L, J) [32, formula (6)], which computes the k-modules
of morphisms from L into M[#] in the coderived category D*(B-mod®®) [37, Theo-
rems 3.5(a) and 3.7]. Thus,

H* Ext3 (L, M) ~ Hompyeo( p_poqes) (L, Mx]).

Just as in [32, Section 3.3|, one can lift this isomorphism from the level of cohomol-
ogy modules to that of the derived category D(k-mod) in the following way. Consider
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the functor
Hom?: H°(B-mod®*#)*® x H°(B-mod®*¢) —— D(k-mod)
i

inj

and restrict it to the full subcategory H°(B-mod;-#) in the second argument. This

restriction factorizes through the coderived category D®(B-mod“®) in the first ar-
gument. Taking into account [37, Theorem 3.7], we obtain a right derived functor

D% (B-mod®)°" x D®(B-mod*®®) —— D(k-mod).

Restricting to the full subcategory Da'OS(B—mod%1 &)op ¢ D (B-mod®®)° [37, Theo-
rem 3.11.1] in the first argument, we have the derived functor

(1) D**(B-mod ) x D(B-mod**®) —— D(k-mod).

The composition of this functor with the localization functors ZO(B—modﬁgg) —
D&"DS(B—mod}f;1 &) and Z°(B-mod®*) — D(B-mod®®) agrees with the derived func-
tor Ext? where the former is defined.

Now assume that the I'-graded category B is right coherent. Consider the func-
tor [32, formula (5)]

®p: H(mod**®-B) x H°(B-mod®*) —— D(k-mod)

and restrict it to the Cartesian product of full subcategories H O(modﬁsg—B) X
H°(B-mod®) ¢ H°(mod**®-B) x H(B-mod®®). Since the tensor product with
a finitely presented I'-graded right B#-module commutes with infinite products
of I'-graded left B#-modules, this restriction factorizes through the contraderived
category DCtr(B—modfldg) in the second argument. Clearly, it also factorizes through
the absolute derived category Dabs(modﬁsg—B) in the first argument.

By Remark 1.5 of the main body of this paper (see also [39, Proposition A.3.1(b)]),
the natural functor D' ( B-mod'¢) — D (B-mod®®) is an equivalence of triangu-
lated categories. Hence we obtain a left derived functor

(2) D**(mod;s8-B) x D (B-mod**®) —— D(k-mod).

Up to composing with the localization functors Zo(modﬁsg—B) S Dabs(modgsg—B)
and Z°(B-mod®®) — D (B-mod®®), this functor agrees with the derived functor
Tor?" from [32, Section 2.2] where the former is defined.

Indeed, let N be an object of Zo(modﬁsg—B). Let P, be a left resolution of an
object M € Z°(B-mod®®) by left CDG-modules over B with flat underlying I'-graded
B#-modules, and let P be the total CDG-module of the complex P, constructed
by taking infinite products along the diagonals. Then the complex Tot™ (N @z P,)
computing Tor® (N, M) is isomorphic to the complex N®p P computing the derived
functor (2) on the objects N and M.
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B.1.3. Comparison of the two theories. Let C' be a small k-linear (I'-graded)
DG-category. The above constructions applicable to CDG-categories and CDG-mod-
ules over them can be also applied to DG-categories and DG-modules as a particular
case. Following [32], we denote the DG-categories of left and right DG-modules over
C' by C-mod®® and mod®-C, and generally use the upper index “dg” instead of
“cdg” in the notation related to DG-modules.

As in [32, Sections 2.1, 3.1 and 3.4], we denote by H°(C-mod®);,; and
H(C-mod“®)g the homotopy categories of h-injective and h-flat left DG-modules
over C. The notation HO(C—modﬁi)inj and H°(C-mod$#)y stands for the full trian-
gulated subcategories in H°(C-mod®) formed by h-injective DG-modules over C'
whose underlying I'-graded C#-modules are injective, or h-flat DG-modules whose
underlying I'-graded C'#-modules are flat, respectively. Finally, let H O(C—mod?ggp)prj

C H°(C-mod®) and Ho(mod?ggp—C')ﬂ C H°(mod®-C) denote the full triangulated
subcategories of h-projective left and h-flat right DG-modules whose underlying
I'-graded C#-modules are projective and finitely generated.

Assume that the I'-graded category C7 is left Noetherian. Let L be an object of

ZO(C’—mod?gg). Given a left DG-module M over C, pick its injective resolution J*
in the exact category Z°(C-mod“®) [32, Section 2.1]. Let Tot®(J*) — Tot"(J*)
be the natural closed morphism between the total DG-modules of the complex J*
constructed by taking infinite direct sums and infinite products along the diagonals.
Then the induced morphism of complexes of k-modules

Hom®(L, Tot®(J*)) —— Hom®(L, Tot"(J*))
represents the comparison morphism Ext2 (L, M) — Exte(L, M) [32, formula (10)]
in D(k-mod) between the two kinds of Ext objects for the DG-modules L and M.
Similarly, assume that the I'-graded category C# is right coherent. Let N be
an object of Zo(modfpg—C’). Given a left DG-module M over C, pick its projective
resolution P, in the exact category Z°(C-mod®). Let Tot®(P,) — Tot"(P,) be
the natural closed morphism between the total DG-modules of the complex P, con-

structed by taking infinite direct sums and infinite products along the diagonals.
Then the induced morphism of complexes of k-modules

N®C TOtEB(P.> —_— N@C TOJCH(P.)

represents the comparison morphism Tor® (N, M) — Tor®" (N, M) [32, formula (9)]
in D(k-mod) between the two kinds of Tor objects for the DG-modules N and M.

Proposition A. Assume that the T'-graded category C% is left Noetherian. Let L
be a left DG-module over C' whose underlying T-graded left C#-module is finitely
generated, and let M be a left DG-module over C'. Then the natural morphism
Ext2(L, M) — Exte(L, M) is an isomorphism provided that either

(i) the object M € D (C-mod®®) belongs to the image of the fully faithful functor
H°(C-mod®);,; — D(C-mod?®®); or

inj
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(ii) the object L € D**(C-mod?®) belongs to the image of the fully faithful functor

HO(C—mod?ggp)prj — Dabs(C—mod?gg).

Proof. Let J* be an injective resolution of the DG-module M in the exact category
Z°(C-mod“8). Then the natural morphism M — Tot®(J*) is always an isomor-
phism in D(C-mod®) [37, proof of Theorem 3.7], while the morphism M —
Tot"'(J*) is an isomorphism in the conventional derived category D(C-mod“) [37,
proofs of Theorems 1.4-5]. Furthermore, one has Tot®(J*) € H°(C-mod®) and

inj
Tot"(J*) € HY(C-mods )i

Part (i): the functor is fully faithful by [37, Theorem 3.5(a) and Lemma 1.3].
According to formula (1) from Section B.1.2 and [32, Section 3.1], both kinds of Ext
involved are well-defined as functors of the argument M € D®(C-mod“). Hence
one can assume M € H O(C—mod?ngj)inj. Then both morphisms M — Tot®(J*) and
M — Tot''(J*) are homotopy equivalences by semiorthogonality, hence so is the
morphism Tot®(J*) — Tot"'(J*) and the assertion follows.

Part (ii): in view of the first paragraph of this proof, a cone K of the mor-
phism Tot®(J®*) — Tot"(J*) in H°(C-mod®) is an acyclic DG-module over C
whose underlying I'-graded C#-module is injective. Hence the complex of morphisms
Hom®(—, K) is a well-defined functor DabS(C—mod?gg)‘)p — D(k-mod) annihilating

HO(C-mod§E, ) - O

Proposition B. Assume that the T'-graded category C* is right coherent. Let N be
a right DG-module over C whose underlying T'-graded right C*-module is finitely
presented, and let M be a left DG-module over C. Then the natural morphism
Tor® (N, M) — Tor® (N, M) is an isomorphism provided that either

(i) there is a closed morphism P — M into M from a DG-module P €
HO(C—modcﬂlg)ﬂ with a cone contraacyclic with respect to C-mod®® or completely
acyclic with respect to C-mod3® (see [32, Sections 3.2 and 4.7]); or

(ii) the object N € D**(mod-C) belongs to the image of the fully faithful functor
HO(mOd?ggp—C)ﬂ o Dabs(modﬁs-C’).

Proof. Let P, be a projective resolution of the DG-module M in the exact category
Z°(C-mod“®). Then the natural morphism Tot™(P,) — M is always an isomorphism
in D (C-mod“®) [37, proof of Theorem 3.8], while the morphism Tot®(P,) — M
is an isomorphism in D(C-mod®) [37, proof of Theorem 1.4]. Furthermore, one has
Tot"(P,) € H°(C-mod$¥) and Tot®(P,) € H°(C-mody®)s.

Part (i): acyclic DG-modules in the second argument are annihilated by the functor
Tor® by [32, Section 3.1], while contraacyclic DG-modules in the second argument are
annihilated by the functor Tor®” (N, —) according to the formula (2). The latter also
applies to DG-modules competely acyclic with respect to C’-modgg, since the functor
of tensor product with a finitely presented DG-module preserves infinite direct sums
and products. So one can replace M with P and assume that M € H O(C’—modgg)ﬂ.
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Then a cone of the morphism Tot"'(P,) — M is contraacyclic with respect to
C-mod® with a flat underlying I'-graded C#-module, hence also contraacyclic with
respect to C—modgg. On the other hand, a cone of the morphism Tot®(P,) — M
is acyclic and h-flat. It follows that the functor N ®c — transforms both these
morphisms, and therefore also the morphism Tot®(P,) — Tot"'(P,), into quasi-
isomorphisms of complexes of k-modules.

Part (ii): a cone K of the morphism Tot®(P,) — Tot"(P,) in H°(C-mod®) is
an acyclic DG-module over C' whose underlying I'-graded C#-module is flat. Hence
the tensor product — ®¢ K is a well-defined functor Dabs(mod?pg-C) — D(k-mod)

annihilating H° (mod?ggp-C I O

In particular, assuming that the category C# is left Noetherian, the natural mor-
phism Ext&(L, M) — Exto(L, M) is an isomorphism for all L € C’—mod?gg and
M € C-mod® provided that the Verdier localization functor D®(C-mod?) —
D(C—moddg) is an equivalence of triangulated categories. Assuming that the cate-
gory C# is right coherent, the natural morphism Tor” (N, M) — Tor®" (N, M) is
an isomorphism for all N € mod?pg—C and M € C-mod® provided that the Verdier
localization functor D (C-mod®) — D(C-mod“®) is an equivalence of categories,
or alternatively, that any acyclic DG-module from C’—modgg is completely acyclic
with respect to C—modgg.

B.1.4. Comparison for the DG-category of CDG-modules. Let B be a k-linear

CDG-category and C' = modﬁgf—B be the DG-category of right CDG-modules over

B whose underlying I'-graded B*-modules are projective and finitely generated.
The DG-categories of (left or right) CDG-modules over B and DG-modules over C'
are naturally equivalent [32; Sections 1.5 and 2.6] (as are the categories of I'-graded
modules over B# and C#). Following [32, Section 3.5], we denote by My the
DG-module over C' corresponding to a CDG-module M over B.

Let kY be an injective cogenerator of the abelian category of k-modules. Introduce
the notation B—modgfjg C B-mod®® for the DG-category of left CDG-modules over B
with projective underlying I'-graded B#-modules. The results below in this section
are to be compared with those from [32, Sections 3.5 and 4.7].

Proposition A. Assume that the I'-graded category B is left Noetherian. Let L be
a left CDG-module over B whose underlying T'-graded left B¥ -module L* is finitely
generated, and let M be a left CDG-module over B. Then the natural morphism
ExtZ(Le, Mo) — Exte(Le, Mc) is an isomorphism provided that either

(i) the object M belongs to the minimal triangulated subcategory of D(B-mod®®)
containing the objects Homy(F, k") for all F € Ho(modgg-B) and closed under infi-
nite products; or

(ii) the object L belongs to the minimal thick subcategory of Dabs(B—modﬁgg) con-

taining the image of HO(B—mod;:gdS).
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Proof. Part (i): the equivalence of categories H O(C—mOdidngj)inj ~ D(C-mod“®®) makes

the embedding functor H O(C—mod?ngj)inj — D (C-mod®8) right adjoint to the local-

ization functor D(C-mod®®) — D(C-mod®). Tt follows that the functor H°(C

—modiﬁ-)inj — D®(C-mod“) preserves infinite products (also, all infinite prod-
ucts exist in the coderived category, since it is compactly generated [37, Theo-
rem 3.11.2]). Since the category H°(C-mod;)i,; is the minimal triangulated subcat-
egory of H°(C-mod®®) containing the objects Homy(Fg, k) and closed under infinite
products [37, Theorem 1.5], the assertion follows from Proposition B.1.3.A(i).

Part (ii): the equivalence of absolute derived categories DabS(B-modﬁgg) ~

DabS(C—mod?gg) takes objects of the full subcategory HO(B-modﬁgf) C DabS(B—modEgdg)
to representable (and, consequently, perfect and h-projective) DG-modules in

HO(C—mod?ggp) C DabS(C—mod?gg), so it remains to apply Proposition B.1.3.A(ii). O

Proposition B. Assume that the I'-graded category B is right coherent. Let N be a
right CDG-module over B whose underlying T'-graded right B¥ -module N* is finitely
presented, and let M be a left CDG-module over B. Then the natural morphism
Tor®(Ne, M¢) — Tor“"(Ng, M¢) is an isomorphism provided that either

(i) the object M belongs to the minimal triangulated subcategory of HO(B—mod;?jg)
C D (B-mod®®) containing the image of HO(B-modggl‘f) and closed under infinite
direct sums; or

(ii) the object N belongs to the minimal thick subcategory of Dabs(modﬁsg—B) con-

taining the image of Ho(modggs—B).

Proof. Similar to that of Proposition A and based on Proposition B.1.3.B. U

Now assume that the commutative ring k£ has finite weak homological dimension
and all the I'-graded k-modules of morphisms in the category B¥ are flat. Clearly,
the DG-categories of left and right CDG-modules over the CDG-category B ®; B°P
are naturally equivalent, as are the DG-categories of left and right DG-modules over
the DG-category C' ®;, C°P. The DG-category of CDG-modules over B ®; B is
also naturally equivalent to the DG-category of DG-modules over C' ®; C°P [32,
Section 2.6]. As above, we denote by M the DG-module over C'®; C°P corresponding
to a CDG-module M over B ®;, B°P.

To any left CDG-module G and right CDG-module F' over B one can assign the
left CDG-module G ®;, F' and the right CDG-module F' ®; G (corresponding to each
other under the above equivalence) over the CDG-category B ®; B°P. There are
also the natural diagonal CDG-module B over B ®; B°® and DG-module C' over
C ®, C°P [32, Section 2.4]; these also correspond to each other with respect to the
above equivalence of DG-categories.

For any DG-module Mg over C' ®;, C°P, we are interested in the comparison
morphisms between the two kinds of Hochschild cohomology HH™*(C, M¢) —
HH*(C, M¢) and homology HH.,(C, Mc) — HHX(C, M¢) [32, formula (23)].
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Proposition C. Assume that the T'-graded category B¥ ®; B#°P is Noetherian
and the diagonal T'-graded module B¥ over it is finitely generated. Let M be a
CDG-module over B ®j;, B°®. Then the natural morphism HH™*(C,Mg) —
HH*(C, M¢) is an isomorphism provided that either

(i) the object M belongs to the minimal triangulated subcategory of D®(B ®j BP
-mod®®) containing the CDG-modules Homy(F @ G, kY) for all F € H°(mod{"¢-B)

fgp
and G € HO(B-modggdf) and closed under infinite products; or
(i) the diagonal CDG-module B over B ®j B°P belongs to the minimal thick sub-
category of D (B ®y BOp-modﬁgg) containing the CDG-modules G ® F for all

F € H°mod§%-B) and G € H°(B-modg®).

Proposition D. Assume that the I'-graded category B* ®;, B¥°P is coherent and the
diagonal I -graded module B¥ owver it is finitely presented. Let M be a CDG-module
over B @y B°P. Then the natural morphism HH,(C,M¢) — HH2(C, M¢) is an
1somorphism provided that either

(i) the object M belongs to the minimal triangulated subcategory ofHO(B—mod;ff) C
D (B®y, B°?-mod®®) containing the CDG-modules Gy F for all F € Ho(mod‘f:gf—B)
and G € H O(B—modﬁglf) and closed under infinite direct sums; or

(i) the diagonal CDG-module B over B ®j B°P belongs to the minimal thick sub-

category of D (B ®y, B"p-modﬁgdg) containing the CDG-modules G ®; F for all
F € H(mod{*®-B) and G € H°(B-mod%).

fgp fgp

Proofs of Propositions C-D. Similar to the proofs of Propositions A-B. O

In particular, assume that the I'-graded category B ®; B#°P is Noetherian and
the diagonal I'-graded module B# over it is finitely generated. Suppose that the
diagonal CDG-module B over B ®; B°? belongs to the minimal thick subcategory of
D**( B®, B°P-modg;*) containing the CDG-modules G&. F for all F' € H°(modj.%-B)

fgp

and G € H O(B—modﬁgf). Then, according to [32, formulas (44-45) in Section 2.6] and
parts (ii) of Propositions C-D, there are natural isomorphisms

(3) HH*(C,M¢) ~ HH"*(C, M¢) ~ HH"*(B, M)

(4) HH,(C,M¢) ~ HH"(C,M¢) ~ HHP (B, M)

for any CDG-module M over B ®; B°?. Specializing to the case of the diagonal
CDG-module M = B and DG-module My = C', we obtain

(5) HH*(C)~ HH™*(C) ~ HH"*(B) and HH.(C)~ HH'(C)~ HH!(B).

B.1.5. Locally free matriz factorizations. Let k be a regular commutative Noetherian
ring of finite Krull dimension and X be an affine scheme of finite type over Spec k. Let
w € O(X) be a global regular function on X. Consider the Z/2-graded CDG-algebra
B over k with B® = O(X), B' =0, d =0, and h = —w € B. We will find it
convenient to denote the CDG-algebra B simply by (X, h) = (X, —w) (cf. Section 2.2
of the main body of this paper).
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Then C = modﬁgpg-B is the Z/2-graded DG-category of locally free matrix factor-
izations of finite rank of the potential w on X. Furthermore, one has B ®, B =
(X X X, wy —wy), where w; = pfw € O(X %, X), i =1,2, and p;: X X X — X
denote the coordinate projections. Let A: X — X X, X be the diagonal embedding
and A,Ox be the corresponding coherent sheaf on X x; X.

Consider the coherent matrix factorization of the potential wy — w7 on X x X
whose even-degree component is the sheaf A,Ox, while the odd-degree component
vanishes. We will denote this “diagonal” matrix factorization simply by A,Ox €
HO(X xp X, wy — wl)—modﬁgdg). Applying the machinery of the previous sections
leads to the following result (cf. [32, Sections 4.8-4.10]).

Corollary. Suppose that the diagonal matriz factorization A,Ox belongs to the min-
imal thick subcategory of D*™((X x; X, wy — wl)-modfgdg) containing the external
tensor products of locally free matrixz factorizations of finite rank p;G ®y p3F' for all
G € H°((X, —w)—mod%f) and F € HO((X,w)-modS®®). Then the natural isomor-

fgp
phisms (5) hold for the CDG-algebra B = (X, w) and the DG-category of locally free
matrix factorizations C' = modggs-B . O

Notice that the condition under which the conclusion of Corollary has been proven
is a rather strong one, particularly when X is not assumed to be a regular scheme.
Then it is not even clear when or why the diagonal matrix factorization A,Ox should
belong to the thick envelope of the full triangulated subcategory of locally free matrix
factorizations HO((X X3 X, wq — wl)—modggpg) C D*5((X xp X, wy — wl)—modggdg) on
X X X, let alone to the thick subcategory generated by external tensor products of

locally free matrix factorizations from the two copies of X.

B.1.6. Smooth stratifications. The author learned the following definition from
A. Efimov. A scheme X of finite type over a field k£ is said to admit a smooth
stratification if it can be presented as a disjoint union of its locally closed subsets
X = |, Sa so that each S,, when endowed with the structure of a reduced locally
closed subscheme in X, becomes a smooth scheme over k. In particular, every scheme
of finite type over a perfect field k£ admits a smooth stratification, as any regular
scheme of finite type over a perfect field is smooth over it [13, Corollaires 17.15.2
and 17.15.13]. Notice that a scheme of finite type over a field admits a smooth
stratification if and only if its maximal reduced closed subscheme does.

The definition of a reqular stratification of a Noetherian scheme is similar, except
that the strata S, are only required to be regular schemes in their reduced locally
closed subscheme structures. Any scheme of finite type over a field admits a regular
stratification.

Let X be a smooth affine scheme over a field k£ and w € O(X) be a regular function
on X. Set Xy = {w = 0} C X to be the zero locus of w. The following result is a
slight generalization of [32, Corollary 4.8.A] based on the above definitions.

Corollary. Assume that there exists a closed subscheme Z C X such that
w: X\ Z — A} is a smooth morphism, w|z; = 0, and the scheme Z admits

84



a smooth stratification over k. Then the conditions of Corollary B.1.5 are satisfied,
so its conclusions apply.

Proof. According to the argument in [32, Section 4.8], it suffices to show that the
bounded derived category of coherent sheaves on Z x Z is generated by external
tensor products of coherent sheaves on the two Cartesian factors. This is a particular
case of the following lemma. 0

Lemma. Let Z' and Z" be schemes of finite type over a field k. Assume that the
scheme Z' admits a smooth stratification. Then the bounded derived category of co-
herent sheaves D®((Z' x Z")—coh) on the Cartesian product Z' x, Z" coincides with
its minimal thick subcategory containing the external tensor products K' @, K" of
coherent sheaves on K' on Z' and K" on Z".

Proof. One proceeds by induction in the total number of strata in a smooth strat-
ification of Z' and a regular stratification of Z”. Clearly, one can replace Z' and
Z" with their maximal reduced closed subschemes. Now if S,, is an open stratum
in Z" and Tj, is an open stratum in Z”, then S,, is smooth as an open subscheme
in Z’ and Tp, is regular as an open subscheme in Z”, while the induction assumption
applies to (2’ \ Sa,) Xk Z" and Z' xy, (2" \ Tp,). The scheme S,, xj T3, is regular,
since it is smooth over a regular scheme. The rest of the argument is based on [30,
Proposition 2.7] and follows the lines of [22, proof of Theorem 3.7]. O

B.2. Coherent matrix factorizations. In this section we return to the notation
system typical for the main body of this paper. The notion of a critical value of a
regular function on a singular variety is defined in Section B.2.1. In Section B.2.2
we show that the external tensor product of coherent matrix factorizations is a fully
faithful functor between the absolute derived categories, and provide a sufficient
condition for the pretriangulated extension of its DG-category version to be a quasi-
equivalence. The Hochschild cohomology of the DG-category corresponding to the
absolute derived category of coherent matrix factorizations of a potential having no
critical values but zero is computed in Section B.2.3.

B.2.1. Noncritical functions. Let k be a field and X be a scheme of finite type over
Speck. Let f € O(X) be a global regular function on X; assume that f: X — Al is
a flat morphism from X to the affine line (when k is algebraically closed, this means
that the function f — ¢ is a local nonzero-divisor on X for every ¢ € k).

Let Y be a scheme of finite type over Speck and g € O(Y) be a global regular
function. Let p1: X X3 Y — X and py: X X, Y — Y be the natural projections.
Consider the regular function f; — go = pif — p5g on X x; Y. The corresponding
morphism f; — go: X X3 Y — A} is flat as the composition of two flat morphisms
X %3 Y — A} x; Y — A} (the former morphism being flat since the morphism
f: X — A} is and the latter one because the polynomial z — g does not divide zero
in Blz] for any commutative ring B and element g € B). In particular, the function
f1 — g2 is a local nonzero-divisor on X x; Y.
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The function f € O(X) is said to be noncritical (or to have no critical values)
if for any regular function g € O(Y') on a scheme Y of finite type over Speck the
triangulated category D**((X x, Y, O, fi —ga)-coh) ~ D%, ({fi — g2 = 0}/X x,,Y)
of relative singularities of the zero locus of the function f; — g, on X X, Y (see
Theorem 2.7 for the underlying equivalence of categories) vanishes. According to
Remark 1.3 and Theorem 1.10(b), this condition is local in both X and Y.

Therefore, given a scheme X of finite type over k and a regular function f €
O(X), there is a unique maximal open subscheme X} C X where the function f is
noncritical. We will see below that the open subscheme X’ is always dense in X if
the morphism f: X — A} is flat and the field k has zero characteristic.

Similarly, there is a unique maximal open subscheme A}C,f C Aj such that the
restriction of f to its full preimage in X is noncritical. The scheme A}a s is always
nonempty if the field k has zero characteristic. The points in the complement A,lc\A,f% 7
are called the critical values of f. In particular, one says that f has no critical values
but zero if the restriction of f to f~'(A} \ {0}) C X is noncritical.

Remark. It would be interesting to have a geometric characterization of noncrit-
icality of functions on singular schemes. For example, how does our definition of
noncriticality relate to the condition that the differential of f at every closed point
x € X be a nonzero element of the Zariski cotangent space 77X ? We do not know
this; cf. the smooth stratification approach below.

Lemma. Let X = ||, S, be a scheme of finite type over Speck presented as a disjoint
unton of its locally closed subsets, endowed with their reduced locally closed subscheme
structures. Let L be a line bundle on X and w € L(X) be its global section. In this
setting, if the absolute derived categories D®((Sq, L]s, , w|s, )—coh) vanish for all «,
then so does the absolute derived category D3®((X, L, w)—coh).

Proof. Proceeding by induction in the number of strata in the stratification S,, it
suffices to consider the case when there are only two of them, namely, a closed subset
S C X and its open complement X \ S. One can also replace X with its maximal
reduced closed subscheme. Then the desired assertion follows from Theorem 1.10(b),
since the triangulated category D*((X, £, w)—cohg) is generated by the image of the
natural functor D2**((S, £|s, w|s)—coh) — D#**((X, £, w)—cohg). O

Proposition. Let X be a scheme of finite type over Speck and f € O(X) be a
reqular function on X. Let X = ||, Sa be a smooth stratification of the scheme X
over k (see Section B.1.6). Assume that the morphism of schemes f: X — A} is
flat and the morphisms of schemes fls,: Sa — A} are smooth for all . Then the
function f is noncritical on X.

Proof. Let Y be a scheme of finite type over Speck and g € O(Y) be a regular
function. We have to show that the absolute derived category D**((X x,Y, O, fi —
g2)—coh) vanishes. Choosing a stratification of Y by regular locally closed subschemes
and applying Lemma, one can assume that X is smooth over k£ and Y is regular. Then

the scheme X x; Y is also regular, the derivative of the function f; — gy € O(X x;Y),
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viewed as an element of the Zariski cotangent space, does not vanish at any points
where the function itself does (and, in a sense, at any other points, too), and it follows
that the zero locus of f; — go in X X Y is also a regular scheme.

Notice that, defining noncriticality in terms of the absolute derived categories of
coherent matrix factorizations, one does not need the flatness assuption on f for this
argument to be applicable. 0

It follows from Proposition that, for any scheme of finite type X with a smooth
stratification X = | | S, over Speck and any regular function f € O(X) correspond-
ing to a flat morphism f: X — A} the set of critical values of the function f on
X is contained in the union of the sets of critical values of the functions f|s,. In
particular, if the characteristic of k is zero, then all these sets are finite.

B.2.2. External tensor products. Let X' and X" be schemes of finite type over a
field k, and let v’ € O(X’) and w” € O(X"”) be regular functions. Let X’ x; X" be
the Cartesian product, p; and ps be its natural projections onto the factors X’ and
X", and w] + wh = pjw’ + piw” be the related regular function on X’ x; X”. Then
there is the external tensor product functor

(6) ®k: DC((X', 0, w")-qcoh) x D((X", O, w")-qcoh)

—— D((X' xx X", O, wj + wy)—qcoh),
which restricts to the similar functor
(7) ®p: D™ ((X',0,w')-coh) x D**((X" O, w")coh)

—— D*((X' %1, X", O, w) + w})—coh)
on coherent matrix factorizations.

Proposition. Let K' and M’ be coherent matriz factorizations of the potential w'
on the scheme X', and let K" and M" be coherent matrix factorizations of the po-
tential w” on the scheme X". Then the natural map of 7Z/2-graded k-vector spaces
of morphisms

(8) HomDabS((X’,(’),w’)—coh)(’Clu M/[*D Rk HomDabS((X”,(’),w”)fcoh)(]Clla M//[*])
—— Hompass (x5, x7, 0, | +utf)—coh) (K @1 K", M @) M"[%])
induced by the additive functor of two arguments (7) is an isomorphism.
Proof. By Proposition 1.5(d), it suffices to show that the natural map
(9)  Hompeo((x7,0,.u)qeoh) (K's M'[%]) @1 Hompeo((x77,0,uw)-qeon) (K”s M"[%])
— HomDC°((X’><kX”, O, wi 4wl )-qcoh) (IC/ Qk IC”, MI Ok MH[*])

induced by the functor (6) is an isomorphism for any coherent matrix factorizations
K', K" and quasi-coherent matrix factorizations M’, M” of the potentials w’ and w”.
One easily checks that the desired assertion holds for the Hom spaces in the homotopy
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categories of matrix factorizations (since it holds for morphisms between the external
tensor products of coherent and quasi-coherent sheaves).

Furthermore, one can assume the quasi-coherent matrix factorizations M’ and M”
to be injective. Then the Hom spaces in the left-hand side of the map (9) coincide with
the similar Hom spaces computed in the homotopy categories of matrix factorizations.
Let Z* be a right resolution of M’ ®; M" in the abelian category of quasi-coherent
matrix factorizations (and closed morphisms between them) consisting of injective
matrix factorizations, and let J be the total matrix factorization of the complex Z*
constructed by taking infinite direct sums along the diagonals. Then the k-vector
spaces of morphisms from X' ®; K” into J in the homotopy category of matrix
factorizations are isomorphic to the right-hand side of (9) [37, Theorem 3.7].

It remains to show that the spaces of morphisms from K’ ®;, K" to M’ ®;, M” in
the homotopy category of matrix factorizations are isomorphic to the similar spaces
of morphisms from K’ ®, K" to J. Indeed, taking the termwise Hom from K’ ®; K"
preserves exactness of the sequence 0 — M’ ®, M” — T° since the higher Ext
spaces from the components of X'®, K" into those of M'®;M” in the abelian category
of coherent sheaves on X’ ®; X" vanish. The latter assertion can be checked for affine
schemes X', X" using projective resolutions and then globally for the cohomology of
quasi-coherent sheaves using, e. g., the Cech approach. 0

Theorem. Assume that the morphisms of schemes w': X' — A} and w": X" —
A}l are flat. Suppose that there exist closed subschemes Z' C X' and Z" C X"
such that w'|z = 0 = w,, the functions w' and w" are noncritical on X'\ Z' and
X"\ Z", and the scheme Z' admits a smooth stratification over k. Then the absolute
derived category D**((X' xj, X", O, w} + wh)—coh) coincides with its minimal thick
subcategory containing the image of the functor (7).

Proof. By the definition of noncriticality, one has DP(((X'\ Z’) x;, X"), O, w} +w?)
—coh) = 0 = D¥5(((X'xx(X"\Z")), O, wj+wy)-coh). Therefore, any coherent matrix
factorization of the potential w} +wj on X’ x; X" has its category-theoretic support
inside Z' x; Z", and is consequently isomorphic in D¥5((X’ x;, X", O, w} +w})—coh)
to a direct summand of an object represented by a coherent matrix factorization
supported set-theoretically inside Z’ x; Z” (see Corollary 1.10(b)). It follows that
the triangulated category D***((X’ x;, X", O, w} + w})—coh) is generated by the
direct images of coherent matrix factorizations of the zero potential from the closed
embedding Z’ x;, Z" — X' x;, X".

Furthermore, let X{, X{/, and Y; denote the zero loci of the functions w’, w”, and
wi4ws on X', X and X' x, X", respectively. Denote the natural closed embeddings
byi': Xy — X', " X — X", v X{xX] — Yo, and h: Y5 — Y. The external
tensor product functor (cf. [32, Lemma 4.8.B])

(10) ®p: D%, (X4/X') x DY, (X)/X") —— D%, (Yo/(X' x1 X"))

Sing Sing Sing
is well-defined, since for any bounded complexes of coherent sheaves F* on X’ and
KC* on X{j one has ¢, (Li"* F* @, K*) ~ Lh*((idxs xi").(F*®%K*)). Indeed, the square
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diagram of closed embeddings

Xo xp X —— X' % X

}/0—>X/><X//

is Cartesian and the higher derived tensor products related to the construction of

this Cartesian product all vanish.
The functor YT: DY, (Yo/(X' xp X)) — D(X" x;, X", O, w)| + w}) (see Sec-

Sin,
tion 2.7) and the similai“] functors for the potentials w’ and w” on X’ and X" transform
the external product functor (7) into the external tensor product functor (10). By
the assumption, one has Z’ C X and Z” C X{. It remains to apply Lemma B.1.6
in order to finish the proof of the theorem. O

B.2.3. Hochschild cohomology.
B.2.4. Cotensor product.
B.2.5. Hochschild homology.
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