QUASI-COHERENT TORSION SHEAVES, THE SEMIDERIVED

CATEGORY, AND THE SEMITENSOR PRODUCT

SEMI-INFINITE ALGEBRAIC GEOMETRY OF QUASI-COHERENT SHEAVES
ON IND-SCHEMES

LEONID POSITSELSKI

ABSTRACT. We construct the semi-infinite tensor structure on the semiderived
category of quasi-coherent torsion sheaves on an ind-scheme endowed with a flat
affine morphism into an ind-Noetherian ind-scheme with a dualizing complex. The
semitensor product is “a mixture of” the cotensor product along the base and the
derived tensor product along the fibers. The inverse image of the dualizing complex
is the unit object. This construction is a partial realization of the Semi-infinite
Algebraic Geometry program, as outlined in the introduction to [47].
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0.0. The aim of this paper is to extend the Semi-infinite Homological Algebra, as
developed in the author’s monograph [40], to the realm of Algebraic Geometry. Ac-
cording to the philosophy elaborated in the preface to [40], semi-infinite homological



theories are assigned to “semi-infinite algebrac and geometric objects”. A detailed ex-
planation of what should be understood by a “semi-infinite algebraic variety” was sug-
gested in the introduction to the author’s paper [47] (see also the presentation [48]).
In the present work, we develop a part of the Semi-infinite Algebraic Geometry pro-
gram along the lines of [47, 48].

To be more precise, following the approach of [40], one has to distinguish be-
tween the semi-infinite homology and cohomology theories. The semi-infinite homol-
ogy groups (SemiTor) are assigned to a pair of semimodules, which means roughly
“comodules along a half of the variables and modules along the other half”. The
semi-infinite cohomology groups (SemiExt) are assigned to one semimodule and one
semicontramodule; the latter means “a contramodule along a half of the variables
and a module along the other half”.

In the context of algebraic geometry, quasi-coherent sheaves on nonaffine schemes
and quasi-coherent torsion sheaves on ind-schemes play the role of the “comodules
along some of the variables”, while for contramodules one has to consider the contra-
herent cosheaves [44]. In the present paper, we restrict ourselves to the semi-infinite
homology, the SemiTor; so contraherent cosheaves do not appear.

According to the philosophy of [40], the key technical concept for semi-infinite
homological algebra is the semiderived category. This means “the coderived category
along a half of the variables mixed with the derived category along the other half”.
One is supposed to take the coderived category along the coalgebra variables and the
derived category along the ring/algebra variables.

How does one interpret this prescription in the context of algebraic geometry, or
more specifically, e. g., quasi-coherent sheaves on algebraic varieties? Is one supposed
to take the coderived or the derived category of quasi-coherent sheaves, or how does
it depend on the nature of the variety at hand? This paper grew out of the author’s
attempts to find an answer to this question, which spanned more than a decade since
about 2009. The paper [47] and the presentation [48] were the first formulations of
the conclusions I had arrived at.

0.1. So, what is semi-infinite geometry? Before attempting to answer this question,
let us discuss semi-infinite set theory first.

Let S be a set. A semi-infinite structure on S is the datum of a set of semi-infinite
subsets ST in S such that, for any two semi-infinite subsets S*" and S*” C S, the
set-theoretic difference S™ \ S™ is a finite set. Furthermore, if a subset ST C S is
semi-infinite and S*' C S is a subset for which both the sets S™'\ ST and S*\ S*/
are finite, then S’ should be also a semi-infinite subset.

So, in order to specify a semi-infinite structure on S, it suffices to point out one
particular semi-infinite subset in S; then it becomes clear what the other semi-infinite
subsets are. In the standard semi-infinite structure on the set of integers 7Z, the subset
of positive integers is a semi-infinite subset.

Given a semi-infinite structure on S, the dual semi-infinite structure is formed by
the set of all subsets S~ =S\ ST, where ST C S are the semi-infinite subsets. The



subsets ST C S are called co-semi-infinite. Every infinite set has the trivial semi-
infinite structure, in which the semi-infinite subsets are precisely the finite subsets,
and the cotrivial semi-infinite structure, in which the co-semi-infinite subsets are pre-
cisely the finite ones. On a finite set, the trivial and cotrivial semi-infinite structures
coincide, and there are no other semi-infinite structures; but any infinite set admits
infinitely many semi-infinite structures.

The datum of a semi-infinite structure on S is equivalent to the datum of a compact,
Hausdorff topology on the set So, = S U {—00, 400} for which the induced topology
on the subset S C S, is discrete. A subset S, C S contains a semi-infinite subset
if and only if S, U {400} is a neighborhood of the point +00 in S, while a subset
S_ C S contains a co-semi-infinite subset if and only if S_ LI{—o0} is a neighborhood
of the point —oo € S,,. In other words, a semi-infinite structure on a set is the same
thing as the datum of a two-point compactification.

Notice that there is a notion of “relative cardinality”, a well-defined integer, for a
pair of semi-infinite subsets in S. Given two semi-infinite subsets S™ and S™” C S,
put “|SH|—|SH |7 = |SH\ S| —|SH\SH | =[S\ |—|SH\S | € Z, where S* and
S" are any semi-infinite subsets in S such that S ¢ S+ NS+ and S U S C S+,
So it makes sense to say that “there are more elements in S™ than in S™”” (and
how many more, precisely), even though none of the two sets may be contained in
the other one, and their (infinite) cardinalities are the same.

0.2. The notion of a locally linearly compact topological vector space (otherwise
known as a Tate vector space) is the central concept of semi-infinite linear algebra.

Here is the formal definition: a complete, separated topological vector space W over
a field k is said to be linearly compact if open vector subspaces of finite codimension
form a base of neighborhoods of zero in W. Equivalently, this means that W is
isomorphic to the projective limit of a (directed, if one wishes) projective system of
discrete finite-dimensional vector spaces, endowed with the projective limit topology;
or the product of discrete one-dimensional vector spaces, endowed with the product
topology. A topological vector space V' is said to be locally linearly compact if it has
a linearly compact open subspace.

Informally, one can say a locally linearly compact vector space V' is a topological
vector space whose topological basis is indexed by a set S with a natural semi-
infinite structure. A topological basis of a linearly compact open subspace W C V
is a semi-infinite subset in S, while a basis of the discrete quotient space V/W is the
complementary co-semi-infinite subset in 5.

To a set S with a semi-infinite structure, one can assign the locally linearly compact
topological vector space V' = P, g+ kt B ][5+ ks, where S* C S'is a semi-infinite
subset. Here the topology is discrete on the first direct summand and linearly compact
on the second one. Obviously, the (topological) vector space V' does not depend on the
choice of a particular semi-infinite subset S* within the given semi-infinite structure
on the set S.

Similarly to the relative cardinality of a pair of semi-infinite subsets, one can speak

about the “relative dimension” (a well-defined integer) for a pair of linearly compact
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open subspaces W/ and W’ C V in a given locally linearly compact topological vector
space V. There is also the notion of a “relative determinant” (a functorially defined
one-dimensional k-vector space) for W’ and W”.

The topological k-vector space of formal Laurent power series k((¢)) in one vari-
able t with the coefficients in k is the thematic example of a locally linearly compact
topological vector space. The subspace of formal Taylor power series k[[t]] C k((t))
is a linearly compact open subspace.

0.3. Now we can offer the following very rough and imprecise definition of a sems-
infinite geometric object, or a “semi-infinitely structured space”. A semi-infinitely
structured space is an (infinite-dimensional) space Y with local or global coordinates
(x5)ses indexed by a set S with a natural semi-infinite structure.

It seems to makes sense to require that, for every point p € Y, the subset S(p) C S
of all indices s € S for which z4(p) # 0 be contained in a semi-infinite subset,
S(p) € ST, in the set S. So all the coordinates may vanish simulaneously, but at
most a semi-infinite subset of the coordinates may be simultaneously nonzero at any
given point on Y.

Then one can say that a closed subvariety Y™ C Y is a semi-infinite subvariety if in
local coordinates it can be defined by a system of equations prescribing a fixed value
to every coordinate x; with s € S™, for some co-semi-infinite subset S~ C S. One
can think of a “semi-infinite homology theory”, in which semi-infinite subvarieties
would be cycles of homological dimension co/2 + n, n € Z (where one postulates
|ST| = 00/2 for one fixed semi-infinite subset ST C S, and then has |S'| € c0/2+Z
for every other semi-infinite subset S*' C ).

One can think of a “semi-infinite intersection theory”, in which subvarieties of
finite codimension in Y would form a graded ring, with respect to the (properly
understood) intersection, and semi-infinite subvarieties would form a Z-graded (or
a “(00/2 4 Z)-graded”) module over this graded ring. The intersection of a semi-
infinite subvariety with a subvariety of finite codimension would produce another
semi-infinite subvariety, interpreted as their product.

This is the kind of geometric speculation which inspired the present work. Moving
closer to the setting in this paper, one can consider a particular case when the co-
ordinates x; with s € S~ can be somehow globally separated and grouped together,
producing a fibration 7: ¥ — X. So the local coordinates on X are indexed by a
co-semi-infinite subset of the varibles, while the local coordinates on the fibers are in-
dexed by a semi-infinite subset (thus the fibers Y, = 771(¢), ¢ € X, are “semi-infinite
subvarieties” in Y in the above sense).

0.4. The cornerstone technical, homological principle of our approach to semi-
infinite algebra and geometry is that one is supposed to work with the semiderived
category. This means a mixture of the derived category along a semi-infinite subset of
the variables and the coderived (or contraderived) category along a co-semi-infinite
subset of the variables.



One reason why this is important is because the delicate choice of an exotic derived
category to work with dictates the derived functors which are naturally produced or
well-defined. One notices this when one starts working systematically with doubly
unbounded complexes. The left derived tensor product is well-behaved on the de-
rived category, while the right derived cotensor product behaves well as a functor on
the coderived category. In the context of algebraic geometry, this means that the
left derived functor of x-restriction onto a closed subscheme is well-defined on the
derived category, while the right derived functor of !-restriction (or, in our notation,
+-restriction) onto a locally closed subscheme is well-behaved as a functor between
the coderived categories.

How does one know along which coordinates the derived category needs to be
taken, and along which ones the coderived category? One answer to this question is
that, given a fibration, there is a natural way to define a semiderived category that
is a mixture of the coderived category along the base and the derived category along
the fibers. Another heuristic is that, given an infinite set of coordinates which are
allowed to be nonzero all simultaneously, one should take the derived category along
these; but if the condition is imposed that only a finite subset of the coordinates may
differ from zero at any given point, one should take the coderived category.

0.5. So, what is the coderived category? There are several alternative answers to
this question offered in the contemporary literature. The simplest definition says the
the coderived category of an abelian or exact category E is the homotopy category of
unbounded complexes of injective objects in E. It is presumed that there are enough
injective objects in E. This approach was initiated by Krause [23] and developed by
Becker [6] (see also [37], [62], and [56]).

In the present author’s work, the coderived categories first appeared in connec-
tion with derived nonhomogeneous Koszul duality [41] and were subsequently used
for the purposes of semi-infinite homological algebra in [40] (see also [47, 51, 55]).
Our approach emphasizes a construction of the coderived category as the quotient
category of the homotopy category by what we call the full subcategory of coacyclic
complexes. The coacyclic complexes are defined as the ones that can be obtained
from the totalizations of short exact sequences of complexes using the operations of
cone and infinite coproduct. Any coacyclic complex (in an abelian/exact category
with exact coproducts) is acyclic, but the converse is not generally true.

The example of the abelian category X—qcoh of quasi-coherent sheaves on a semi-
separated Noetherian scheme X is instructive. For this class of schemes, both the
derived category D(X—qcoh) and the coderived category D®(X—qcoh) are perfectly
well-behaved. In fact, both of them are compactly generated. The compact objects
in D(X—qcoh) are the perfect complezes, while the compact objects in D°(X—qcoh)
are all the bounded complexes of coherent sheaves. In this connection, the coderived
category D°(X—qcoh) has been called the category of “ind-coherent sheaves” in [16].
Both the derived and the coderived category can be properly considered for much
wider classes of algebro-geometric objects, but the natural directions for generaliza-
tion differ: while the derived category D(X—qcoh) makes perfect sense for an arbitrary
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quasi-compact semi-separated scheme X, the natural generality for the coderived cat-
egory is that of an ind-Noetherian ind-scheme (or ind-stack) X.

0.6. As we have mentioned above, one important way to think of the distinction
between the derived and the coderived category in the algebraic geometry context is
in connection with the left derived inverse image functor vs. the extraordinary inverse
image functor. This observation seems to be due to Gaitsgory [16].

Given a morphism of (good enough) schemes f: Y — X the direct image func-
tor f,: Y—qcoh — X—qcoh has finite homological dimension, so its right derived
functor is equally well-defined on the unbounded derived and the coderived cate-
gories, Rf.: D(Y—qcoh) — D(X—qcoh) and Rf,: D®(Y—-qcoh) — D<°(X—qcoh).
The inverse image functor f*: X—qcoh — Y —qcoh, however, has infinite homologi-
cal dimension in general. As infinite left resolutions are problematic in the coderived
categories, the left derived inverse image L f*: D(X—qcoh) — D(Y—qcoh) is well-
defined on the convenional unbouded derived categories, but not on the coderived
categories (unless the morphism f has finite Tor-dimension). Whenever it exists, the
left derived inverse image ILf* is left adjoint to R f,.

The functor Rf, preserves coproducts both in the unbounded derived and the
coderived categories; so, by the Brown representability theorem, it has a right ad-
joint functor in both the contexts. This right adjoint functor, which we, following
the terminology of [44], call the extraordinary inverse image functor in the sense of
Neeman (with the reference to [33]) and denote by f', may be not as important for
algebraic geometry as the extraordinary inverse image functor in the sense of Deligne,
which we denote by f* (it is denoted by f' in [19] and Deligne’s appendix to [19]).

The functor f* is defined by the conditions that (fg)* ~ ¢ f* for any pair
of composable morphisms f and g; one has f* = f' for a proper morphism f;
and one has j© = j* for an open immersion j. The functor f*: D«(X—qcoh) —
D (Y —qcoh) is well-defined on the coderived categories [44, Section 5.16], but not on
the unbounded derived categories. In particular, even for locally closed immersions f,
it is impossible to define a functor f*: D(X—qcoh) — D(Y—qcoh) in such a way that
one would have j+* = j* for open immersions, while i+ = Ri' would be the functor of
right derived restriction with supports for closed immersions i, and (fg)" ~ ¢g* f* for
all composable pairs of morphisms [33, Example 6.5]. The punchline: the unbounded
derived category works well with the left derived inverse image ILf*; the coderived
category words well with the extraordinary inverse image f7.

0.7.  What is the semiderived category? To answer this question properly, it is better
to step back and ask the most basic question: What is the derived category? The
derived category is usually defined as the result of localizing the homotopy category
of complexes by the class of quasi-isomorphisms. What are the quasi-isomorphisms?
Let R be an associative algebra over a field k, and let f: C* — D* be a morphism
of complexes of A-modules. What does it mean that f is a quasi-isomorphism? Here
is the answer which we suggest: let us apply the forgetful functor and view f as a
morphism of complexes of k-vector spaces. The map f is a quasi-isomorphism of
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complexes of R-modules if and only if it is a homotopy equivalence of complexes of
k-vector spaces. In other words, a complex of R-modules is acyclic if and only if its
underlying complex of k-vector spaces is contractible.

The previous paragraph implies that one should think of the derived category in
the context of a forgetful functor. But one does not have to go all the way and
forget the whole action of the algebra R, staying only with vector spaces. One can
forget the action of a half of the variables in R, while keeping the other half. Let
A — R be a ring homomorphism. One defines the R/A-semiderived category of
R-modules Dsi(R-mod) as the quotient category of the homogopy category of (un-
bounded complexes of ) R-modules by the thick subcategory of those complexes which
are coacyclic as complexes of A-modules. This definition of the semiderived category
can be found in [47, Section 5] (see [40, Section 2.3| for the original definition of the
semiderived category of semimodules). Thus the semiderived category is a mixture
of the “coderived category along A” and the “derived category in the direction of
R relative to A”. This is the way to mix the coderived category with the derived
category alluded to several paragraphs above.

In the context of algebraic geometry, the forgetful functor R—mod — A-mod
is interpreted geometrically as the direct image functor. To have the direct image
functor exact and faithful (as needed for the definition of a semiderived category), it
is simplest to assume the geometric morphism in question to be affine. Thus one can
speak of the semiderived category of quasi-coherent sheaves DS-(Y—qcoh) for an affine
morphism of schemes 7: Y — X. More specifically, following the discussion above,
one may want to restrict generality to Noetherian schemes X, and then expand it to
ind-Noetherian ind-schemes X. Then one assumes 7: ) — X to be a morphism of
ind-schemes with (possibly infinite-dimensional) affine scheme fibers, and considers
the semiderived category of what we call quasi-coherent torsion sheaves on ).

0.8. What can one do with the semiderived category of quasi-coherent torsion
sheaves? Our suggestion is to construct a tensor category structure on it. We start
with defining the cotensor product operation on the coderived category D«°(X—tors) of
quasi-coherent torsion sheaves on X, and proceed further to construct the semitensor
product on the g)/X-semiderived category D$(2)-tors) of quasi-coherent torsion
sheaves on ). For this purpose, we need to choose a dualizing compler on X.

The notion of a dualizing complex of quasi-coherent sheaves on an ind-scheme is
itself a perfect illustration of the importance of the coderived categories. Notice
that there is some affinity between the dualizing complexes and the extraordinary
inverse images in the sense of Deligne: for a morphism of schemes f: Y — X,
given a dualizing complex D% on X, the complex f*(D%) is a dualizing complex
on Y. A dualizing complex on a scheme, however, is bounded; so one does not feel
the distinction between the derived and the coderived category in connection with
it (in fact, there is no difference between the derived and the coderived category for
bounded below complexes). A dualizing complex on an ind-scheme, on the other
hand, is usually not bounded below; so it is important that a dualizing complex of
quasi-coherent torsion sheaves Z3 on an ind-scheme X has to be viewed as an object
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of the coderived category D°(X—tors). We explain in Section 11.1(7) that, for about
the simplest example of an infinite-dimensional ind-scheme X (the “discrete affine
space over a field”), the dualizing complex % on X is an acyclic complex!

0.9. Let us have a more detailed discussion of the cotensor and semitensor products,
whose definitions are the main objectives of this paper. The functor Tor?, known
classically as the torsion product of abelian groups [25, 39, 22|, defines a tensor
structure on the category of torsion abelian groups with Q/Z as the unit object.
The torsion product of p-primary abelian groups, for a fixed prime number p, is
very similar to the cotensor product of comodules over the coalgebra ¢ dual to the
topological algebra k|[z]] of formal Taylor power series in one variable over a field.

The first aim of this paper is to extend these constructions to complexes of quasi-
coherent torsion sheaves on an ind-Noetherian ind-scheme X with a dualizing com-
plex. The dualizing complex %3 is the unit object of this tensor category structure,
which is defined on the coderived category [41] D(X—tors) of quasi-coherent torsion
sheaves on X. The case of a Noetherian scheme X with a dualizing complex D% was
considered by Murfet in [31, Proposition B.6] and in our paper [12, Section B.2.5],
and the case of an ind-affine ind-Noetherian (or ind-coherent) Wy-ind-scheme X with
a dualizing complex, in [44, Section D.3].

Furthermore, pursuing the Semi-infinite Algebraic Geometry program as outlined
in the introduction to the paper [47] and in the presentation [48], we consider a
flat affine morphism of ind-schemes 7: Q) — X. The fibers of the morphism 7
are, generally speaking, infinite-dimensional affine schemes. Then the semiderived
category [40, 47] DS (-tors) of the abelian category of quasi-coherent torsion sheaves
on ) relative to the direct image functor 7, : -tors — X-tors carries the operation
of semitensor product, making it a tensor category whose unit object is the inverse
image 7 %% of the dualizing complex on X to the ind-scheme ). The case of an
affine Noetherian (or coherent) scheme Spec A in the role of X and an affine scheme
Spec R in the role of ) was considered in [47, Section 6.

The cotensor product Oy of complexes of quasi-coherent torsion sheaves on X
is similar to a right derived functor, in that (under mild assumptions on Z%) the
cotensor product of two bounded complexes is a complex bounded from below. The
semitensor product (= 22 of complexes of quasi-coherent torsion sheaves of ) re-
sembles a double-sided derived functor, as the semitensor product of two bounded
complexes is, generally speaking, a doubly unbounded complex. Thus our semitensor
product construction can be viewed as a version of semi-infinite homology theory for
quasi-coherent sheaves; and indeed, it reduces to a particular case of the semi-infinite
homology functor SemiTor from the book [40] in the case of an ind-zero-dimensional
(ind-Artinian) ind-scheme X of ind-finite type over a field.

0.10. From the perspective of algebraic geometry, the most natural way to think
about the conventional left derived functor of tensor product of quasi-coherent sheaves
on a scheme may be the following one. Let Y be a scheme over a field k, and
let M* and N* be two complexes of quasi-coherent sheaves over it. Consider the
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Cartesian product Y x; Y, and consider the external tensor product M* X, N* of the
complexes M* and N*; this is a complex of quasi-coherent sheaves on Y x; Y. Let
Ay:Y — Y Xy Y be the diagonal morphism. Then the derived tensor product of
M:* and N* on Y can be defined as the left derived restriction of the external tensor
product to the diagonal, M® ®p_ N°® =LA} (M*® K N°).

In this spirit, if one is interested in alternative tensor product operations on quasi-
coherent sheaves, the most natural approach may be to keep the external tensor
product unchanged, but tweak the restriction to the diagonal. Following the discus-
sion above, one is supposed to take RA' (or A¥) for the cotensor product and some
“combination of LA* with RA'” for the semitensor product.

It was shown already in [12, end of Section B.2.5] that Murfet’s tensor structure [31]
(which we call the cotensor product) on the coderived category of quasi-coherent
sheaves on a separated scheme X of finite type over a field k can be computed as
M:* Ops N* ~ RA (M* Ky N'*) for any two complexes of quasi-coherent sheaves
M:* and N* on X. This presumes the choice of the dualizing complex D% = p* (k)
on the scheme X, where p: X — Speck is the morphism of finite type (this is
called the rigid dualizing complex in [66, 65, 59]). In this paper, we extend this
computation to ind-separated ind-schemes X of ind-finite type, and further to the
relative/semi-infinite context of an affine morphism 7: ) — X.

0.11. The first three sections of this paper develop the basic language of ind-schemes,
quasi-coherent torsion sheaves, and pro-quasi-coherent pro-sheaves. The pro-quasi-
coherent pro-sheaves are used in the subsequent sections as a key technical tool for our
constructions involving quasi-coherent torsion sheaves. In the next three sections, we
consider an ind-Noetherian ind-scheme X, the coderived category D (X-tors), and
the cotensor product operation Oge on it. In the last five sections, we study the
relative (or properly semi-infinite) situation: a flat affine morphism 7: ¥ — X, the
semiderived category D$(2)-tors), and the semitensor product functor ¢, 73

We discuss the basics of the theory of (strict ind-quasi-compact ind-quasi-
separated) ind-schemes in Section 1. The additive/exact/abelian categories of
module objects over ind-schemes (namely, the quasi-coherent torsion sheaves and
the pro-quasi-coherent pro-sheaves) are defined and discussed in Sections 2-3. In
particular, we show that quasi-coherent torsion sheaves on a reasonable ind-scheme
(in the sense of [7]) form a Grothendieck category.

The equivalence between the coderived category of quasi-coherent torsion sheaves
and the derived category of flat pro-quasi-coherent pro-sheaves on an ind-semi-
separated ind-Noetherian ind-scheme with a dualizing complex is constructed in
Section 4. The cotensor product functor over such an ind-scheme is defined and many
(particularly ind-Artinian) examples of it are considered in Section 5. In particular,
we establish the comparisons with the derived cotensor product of comodules over
a cocommutative coalgebra over a field and the torsion product of torsion modules
over a Dedekind domain.

The particular case of an ind-separated ind-scheme X of ind-finite type over a
field k is considered in Section 6. In this setting, we compute the cotensor product
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of complexes of quasi-coherent torsion sheaves as the right derived !-restriction of the
external tensor product to the diagonal closed immersion Ax: X — X X X.

In the relative context of a flat affine morphism 7: ) — X into an ind-semi-
separated ind-Noetherian ind-scheme with a dualizing complex, the equivalence be-
tween the semiderived category of quasi-coherent torsion sheaves on ) relative to X
and the derived category of X-flat pro-quasi-coherent pro-sheaves on ) is constructed
in Section 7. In particular, the semiderived category D3 (2)—tors) itself is introduced
in Section 7.1. The functor of semitensor product of complexes of quasi-coherent
torsion sheaves over ) relative to X is defined in Section 8. The special case of a flat
affine morphism ) — X with an ind-zero-dimensional ind-scheme of ind-finite type
X over a field k is considered in Section 8.5, and the comparison with the functor
SemiTor from the book [40] is discussed.

In Section 9 we compute the semiderived product as a combination of two kinds
of derived restrictions to the diagonal. Let X be an ind-separated ind-scheme of
ind-finite type over a field k, and let 7: ) — X be a flat affine morphism. The
diagonal map Ag: Y — P xx QY factorizes naturally into two “partial diagonals”

) LN D xxY -5 P xxY; both § and n are closed immersions. Let Dy be
a rigid dualizing complex on X. For any two complexes #° and A° of quasi-
coherent torsion sheaves on %), we construct a natural isomorphism #* Q- gs A ° =~
L&* Ry (M * Ky A*) in DS (Y—tors). In Section 10 we show that both the semiderived
category and the semitensor product operation on it are preserved when a flat affine
morphism 7: ) — X is replaced with a flat affine morphism n’: ) — X’ such
that 7 = 77/, where 7: X’ — X is a smooth (or “weakly smooth”) affine morphism
of finite type between ind-semi-separated ind-Noetherian ind-schemes.

Several simple, but geometrically nontrivial examples of flat affine morphisms of
ind-schemes 7: ) — X with an ind-separated ind-scheme X of ind-finite type over
a field are considered in Section 11. In particular, in Section 11.1, we discuss the
example of the flat affine morphism of ind-affine ind-schemes ) — X corresponding
to a surjective open linear map of locally linearly compact topological vector spaces
V — V/W with a discrete target V/W and a linearly compact kernel W, such as
k((t)) — k((t))/Kk[[t]]. Here k((t)) is the topological vector space of formal Laurent
power series in a variable ¢ over a field k, and k|[[¢]] C k((¢)) is the open vector subspace
of Taylor power series. It follows from the results of Section 10 that the semiderived
category D3 ()-tors) in this example does not depend on the choice of a linearly
compact open subspace W C V, but is entirely determined by the locally linearly
compact vector space V. The semitensor product operation on DS (2)-tors) also does
not depend on W up to a dimensional cohomological shift and a determinantal twist.

This paper does not strive for maximal natural generality. Instead, our aim is to
demonstrate certain phenomena in a suitable context where they manifest themselves
in a fully nontrivial way. If one is interested in generalizations, one of the first
ideas would be to replace ind-schemes with ind-stacks. Another and perhaps even
more important direction for possible generalization is to replace an affine morphism
m: %) — X with a quasi-compact, semi-separated one. We attempt to make the first

10



step in this direction in the appendix, where a definition of the semiderived category
D5 () -tors) for a nonaffine morphism 7 is worked out.
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1. IND-SCHEMES AND THEIR MORPHISMS

1.1. Ind-objects. Let K be a small category. Consider the category Sets"" of con-
travariant functors from K to the category of sets. The category Ind(K) of ind-objects
in K can be defined as the full subcategory in Sets"” consisting of the (filtered) direct
limits of representable functors Mork(—, K), K € K.

Explicitly, this means that the objects of Ind(K) are represented by inductive sys-
tems (K, € K),er indexed by directed posets I'. For any +', v € T' there exists
~v € T" such that v/ < v, 4" < ~; and for every § < v € " the transition morphism
Kg — K., in K is given in such a way that the triangle diagrams K, — Kz — K,
are commutative for all &« < f < v € I'. The object of Ind(K) represented by an in-
ductive system (K ) er is denoted by “hﬂ’;er K., € Ind(K). The set of morphisms

in Ind(K) between the two objects represented by two inductive systems (K, ) er and
(Ls)sea is computed by the formula

(1) Morlnd(K) ( “@7;61—\ Kfy, cc@u;eA ) LSets gSets MOI'K(KV, L§)7

where the inductive and projective limits in the right-hand side are taken in the
category of sets.

One can (and we will) consider K as a full subcategory in Ind(K), embedded by the
functor assigning to an object M € K the related inductive system (M,).cg indexed by
)

the singleton poset E = { } with M M. Then the formula (1) essentially means
Ind(K

that, firstly, “lg lg K., and secondly, Mornq(k) (K ,“lg N Ls) =
lgsets Mork (K, Ls) for all KeK and “1—n>l7;er K., “li_n;l’;eA Ls € Ind(K).

One can drop the assumption that the category K be small and, for any category
K, define the category of ind-objects Ind(K) by saying that the objects of Ind(K)
correspond to directed inductive systems in K and the morphisms are given by the
formula (1).

Let K be a category with fibered products (i. e., every pair of morphisms with the
same target K — M and L — M has a pullback in K). Then the category Ind(K)
also has fibered products, which can be constructed as follows.
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Let f: “hﬂ’;er K, — “lig’leE M, and g: “hﬂ’;eA Ls — “@’LGE M, be a pair
of morphisms with the same target in Ind(K). Denote by = the set of all quintuples
(v',8',€, fye,g5e) such that ' € I', &' € A, € € E, while f,o: K,y — M. and
gsrer o Lsy — My are morphisms in K forming two commutative square diagrams
with the morphisms f, g and the natural morphisms K., — “lig’;er K, Ly —

“hﬂ’;eA Ls, Mo — “hﬂ’;eE M, in Ind(K).

The set = is directed in the natural partial order, and the projection maps = — I,
= — A, © — E are cofinal maps of directed posets. Put K; = K./, L¢ = Ly,
Me = Mo for £ = (7,6, €, fye,95¢) € =. Then our pair of morphisms with the
same target (f,¢g) in Ind(K) can be obtained by applying the functor “lig”EGE to the
=-indexed inductive system of pairs of morphisms with the same target f¢: K¢ —
M and g¢: Le — Mg in K (where f; = fo and g¢ = gye).

Finally, let N¢ € K denote the fibered product of the pair of morphisms f; and gg.
Then “lig”£€E N¢ € Ind(K) is the fibered product of the pair of morphisms f and g.

In other words, for any directed poset =, the functor “lig”ger: K= — Ind(K) (acting

from the category K= of Z-indexed inductive systems in K to the category of ind-
objects) preserves fibered products, as one can easily see.

In fact, stronger assertions hold. First of all, for any category K, the category
Ind(K) can be equivalently defined using inductive systems indexed by filtered cate-
gories rather than filtered posets [1, Theorem 1.5]. Furthermore, the full subcategory
Ind(K) is closed under (filtered) direct limits in Sets” [21, Theorem 6.1.8] (so direct
limits exist in Ind(K)). Returning to the particular case of a category K with fibered
products, one observes that Ind(K) is closed under fibered products in Sets*” in this
case. Since finite limits commute with (filtered) direct limits in Sets"”, it follows
that fibered products commute with direct limits in Ind(K).

1.2. Ind-schemes. Ind-schemes are the main object of study in this paper. Contrary
to what the name seems to suggest, in the advanced contemporary point of view
ind-schemes are not defined as ind-objects in the category of schemes (or in any
other category). Rather, one considers the category of affine schemes AffSch (so
AffSch ~ CRings®®, where CRings is the category of commutative rings). Then the
ind-schemes are those contravariant functors AffSch®® — Sets (“presheaves of sets”)
on the category of affine schemes which can be obtained as direct limits of functors
representable by schemes [7, Section 7.11], [58, Section 1]. So the category of ind-
schemes is a certain full subcategory in the category of presheaves of sets on AffSch.

Let Sch denote the category of schemes, and let CSch C Sch be the full subcate-
gory of concentrated (that is, quasi-compact quasi-separated) schemes. Then, for any
X € Sch, the functor Morse,(—, X) is actually a sheaf of sets in the Zariski topol-
ogy on Sch. In particular, the restrictions of Morse,(—, X) to CSch and AffSch are
sheaves in the Zariski topology on the categories of concentrated schemes and affine
schemes, respectively. Furthermore, the filtered direct limit functors in the categories
of presheaves and Zariski sheaves of sets on CSch agree, due to the finite nature of
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the Zariski topology on a concentrated scheme. The same applies to the prescheaves
and Zariski sheaves on AffSch. For these reasons, one can consider ind-schemes as
Zariski sheaves of sets on AffSch, which are the same thing as Zariski sheaves of sets
on CSch. These arguments explain that ind-schemes can be equivalently viewed as
functors CSch°® — Sets instead of AffSch®® — Sets.

In view of the previous paragraph, one can develop the following simplified, naive
approach to the definition of ind-concentrated ind-schemes, which we will use. An
(ind-concentrated) ind-scheme X is defined as an ind-object in the category of con-
centrated schemes CSch. In the rest of this paper, all “schemes” will be presumed
concentrated, and all “ind-schemes” will be ind-concentrated. An ind-scheme is said
to be strict if it can be represented by an inductive system of closed immersions, i. e.,
X = “ligl’;er X,, where the morphism of schemes X, — X in the inductive system

is a closed immersion for every v < ¢ € I
An Ny-ind-scheme X is an ind-scheme which can be represented by a countable
inductive system of schemes, i. e., X = “hﬂ’;er X.,, where the poset I' is has (at

most) countable cartinality. It is not difficult to see that any strict Rp-ind-scheme
X can be represented by a sequence of closed immersions indexed by the natural
numbers, X = “lig”(Xo — X7 — Xy — ---), where the transition morphisms
X, — X, 11 are closed immersions of schemes. The fact that closed immersions are
monomorphisms in Sch is helpful to keep in mind here (and elsewhere below).

Following the discussion in Section 1.1, fibered products exist in the category of
(ind-concentrated) ind-schemes (because they exist in CSch, as the full subcategory
CSch is closed under fibered products in Sch). Furthermore, the full subcategory of
strict ind-schemes is closed under fibered products in the category of ind-schemes.
Moreover, looking into the above construction of the fibered product in the case of
three ind-objects “hﬂ’;er K., “lig’;e A Ls, and “@’LGE M, represented by inductive
systems of monomorphisms, one can see that the morphisms f,. and gs¢ are deter-
mined by the indices v’, ¢, and €’; so the set = is at most countable whenever the
sets I', A, and E are. Hence the full subcategory of strict Ng-ind-schemes is closed
under fibered products in the category of strict ind-schemes.

It is also useful to observe that, considering CSch as a full subcategory in strict ind-
schemes, the fibered product of any two schemes over a strict ind-scheme is a scheme.
Indeed, given a strict ind-scheme X = “hﬂ’;er X, with closed immersions X, — X

for v < 6 € T', for any two schemes Y and Z and morphisms Y — X +— Z, the
fibered product Y X Z is isomorphic to Y X x_ Z, where v € I" is any index for which
both the morphisms ¥ — X and Z — X factorize through X, — X.

Remark 1.1. The definition of a strict ind-scheme raises an obvious question. Let
X € Ind(CSch) be an ind-scheme which can be represented by an inductive system
of closed immersions in CSch. In what sense is such a representation unique if it
exists? Suppose that X ~ “@’;EF Y, ~ “hﬂtsea Zs, where (Y,)yer and (Zs)sea
are inductive systems of closed immersions of schemes. In what sense are these two
“strict” representations of X equivalent?
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A more advanced approach is to consider the poset E = I' x A with the product

order, and write X ~ “lig”(V 5)CE W, s, where W, 5 = Y, xx Zs. Still one may be

interested in having a straightforward answer to the following straightforward ques-
tion. Suppose that, for some v € I' and § € A, the morphism Y, — X factorizes as
Y, — Zs — X. How do we know that Y, — Zs is a closed immersion?

The next two lemmas (in which the schemes do not need to be concentrated)
provide an explanation in a natural generality.

Lemma 1.2. (a) Let X — Y — Z be morphisms of schemes such that the com-
position X — Z is a locally closed immersion. Then the morphism X — Y s a
locally closed immersion.

(b) Let X — Y — Z be morphisms of schemes such that the composition
X — Y — Z is a closed immersion and the morphism Y — Z is separated.
Then X — Y s a closed immersion.

(¢) In particular, if the composition X — Y — Z is a closed immersion and Y
1 a separated scheme, then the morphism X — Y 1is a closed immersion.

Proof. Parts (a) and (b) are [20, Tag 07TRK]. The morphism X — Y is the compo-
sition X = X Xy Y — X x5z Y — Y, where the morphism X xz;Y — Y is a
base change of the morphism X — Z (by the morphism ¥ — 7). If X — 7 is
a locally closed immersion, then X x; Y — Y is a locally closed immersion; and
if X — Z is a closed immersion, then X xz Y — Y is a closed immersion |20,
Tag 01JU]. The morphism X Xy Y — X Xz Y is a locally closed immersion; and
moreover if the morphism Y — 7 is separated, then X xy Y — X xzY is a closed
immersion, by [20, Tag 01KR]. Finally, a composition of locally closed immersions is
a locally closed immersion, and a composion of closed immersions is a closed immer-
sion [20, Tag 02V0]. Part (c) follows from (b), since any scheme morphism from a
separated scheme is separated [20, Tag 01KV]. O

Lemma 1.3. Let X — Y — Z — W be morphisms of schemes such that the
compositions X — Z and Y — W are closed itmmersions. Then the morphism
X — Y 1s a closed immersion.

Proof. By Lemma 1.2(a) applied to the pair of morphisms ¥ — Z — W, the
morphism Y — Z is a locally closed immersion. Any locally closed immersion
is a separated morphism; so Lemma 1.2(b) is applicable to the pair of morphisms
X — Y — Z, proving that X — Y is a closed immersion. O

Returning to the question posed in Remark 1.1, one can choose an index € € I" such
that the morphism Z; — X factorizes as Zs — Y, — X, and then one can choose
an index € A such that the morphism Y, — X factorizes as Y, — Z,, — X.
The triangle diagrams Y, — Z5; — Y, and Z5; — Y. — Z, are commutative,
because the transition morphisms in both the inductive systems are monomorphisms.
By Lemma 1.3, it follows that Y, — Zs is a closed immersion.

1.3. Morphisms of ind-schemes. In the sequel, we will presume all our ind-

schemes to be (ind-concentrated and) strict. Let us start from the observation that
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any morphism of ind-schemes can be obtained by applying the functor “liﬂ” to some
morphism of inductive systems of (closed immersions of) schemes.

Indeed, let f: “lign’;e A Yi=9 —X= “lig’;er X, be a morphism of ind-schemes
represented by inductive systems of closed immersions (Ys)sea and (X, ) er. Arguing
as in Section 1.1 and keeping in mind that closed immersions are monomorphisms in
CSch, one can consider the directed poset = of all pairs (6§ € A, v € I') such that the
composition Y5 — ) — X factorizes through the morphism X, — X. Then one
has f = “h&’;ea fe, where fe: Y — X is the related morphism between Y, = Y
and X¢ = X,.

Alternatively, consider the product of two posets E = A xI" with the product order,
and for every e = (d,7) € E put Y. = Y; xx X, and X, = X,. Then f = “lim” fes
where f.: Y. — X..

The following representation of morphisms of schemes may be even more useful.
Following [58, Lemma 1.7 and Definition 1.8], one says that a morphism of ind-
schemes f: %) — X is “representable by schemes” if, for every scheme T and a
morphism of ind-schemes T — X, the fibered product Q) xx T is a scheme. In this
case, let X = “lig’;er X, be a representation of X by an inductive system of closed

immersions of schemes. Put Y, =2 xx X,. Then Q) = “hﬂ”yer Y, is a representation

of ) by an inductive system of closed immersions of schemes, and the morphism f
is represented as f = “hﬂ’;er fy, where f,: Y, — X

A morphism of ind-schemes f: %) — X is said to be affine if, for any scheme
T and a morphism of ind-schemes T" — X, the ind-scheme Q) xx T is a scheme
and the morphism of schemes ) xx T' — T is affine. Equivalently (in view of [58,
Lemma 1.7]), this means that %) xx T is an affine scheme whenever T' is an affine
scheme. Let X = “lig’;eF X, be an ind-scheme represented by an inductive system

of closed immersions of schemes. Then a morphism of ind-schemes f: ) — X is
affine if and only if, for every v € I, the fibered product ) xx X, is a scheme and
the morphism of schemes ) xx X, — X, is affine.

A morphism of ind-schemes 3 — X is said to be a closed immersion if, for every
scheme T" and a morphism of ind-schemes T — X, the ind-scheme 3 x 37" is a scheme
and the morphism 3 xyx T' — T is a closed immersion of schemes. Obviously, any
closed immersion of ind-schemes is an affine morphism.

In particular, given a scheme Z and an ind-scheme X, a morphism of ind-schemes
Z — X is said to be a closed immersion if, for every scheme 7" and a morphism of
ind-schemes T" — X, the morphism of schemes Z x T — T is a closed immersion.
In this case, one says that the morphism Z — X makes Z a closed subscheme in X.

Let X = “lig’;er X, be an ind-scheme represented by an inductive system of closed

immersions of schemes X, — X, v <d € I'. Let ¢: Z — X be a morphism into X
from a scheme Z, and let v € I" be an index such that ¢ factorizes as 7 — X, — X.
Then the morphism ¢ is a closed immersion if and only if the morphism Z — X, is
a closed immersion of schemes. This observation provides another way to answer the
question from Remark 1.1.
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A morphism of ind-schemes f: %) — X is said to be flat if, for any scheme T
and a morphism of ind-schemes T" — X, the fibered product ) xx T is a scheme
and the morphism of schemes ) xx T — T is flat. Let X = “@7;61“ X, be an ind-

scheme represented by an inductive system of closed immersions of schemes. Then
a morphism f: %) — X is flat if and only if, for every v € I', the fibered product
2 xx X, is a scheme and the morphism of schemes ) xx X, — X, is flat.

1.4. Ind-affine examples. An ind-scheme is said to be ind-affine if it can be repre-
sented by an inductive system of affine schemes. It follows from Lemma 1.2(c) (with
an affine scheme Y') that any closed subscheme of a strict ind-affine scheme is affine.
Thus any (strict) ind-affine ind-scheme can be represented by an inductive system of
closed immersions of affine schemes.

Examples 1.4. (1) Consider the directed poset of all positive integers Z- in the
divisibility order. To every n € Zo, assign the affine scheme X,, = SpecZ/nZ.
Whenever m divides n, there is a unique (surjective) ring homomorphism Z/nZ —
Z/mZ, and accordingly a unique morphism (closed immersion) of affine schemes
X — X,. The inductive system of schemes (X,,)nez., represents a strict ind-

affine Np-ind-scheme X, which we will denote by X = SpiZ. Here 7 = Hp Z,, is the
profinite completion of the ring of integers, or equivalently, the product of the rings
of p-adic integers Z, taken over all the prime numbers p.

(2) Choose a prime number p, and consider the directed poset of all nonnegative
integers Z>( in the usual linear order. To every r € Zs, assign the affine scheme
X, = SpecZ/p"Z. Whenever r < s, there is a unique (surjective) ring homomorphism
Z|p°Z — 7./p"Z, and accordingly a unique morphism (closed immersion) of affine
schemes X, — X,. The inductive system of schemes (X, ),ez., represents a strict
ind-affine Ny-ind-scheme X, which we will denote by X = SpiZ,,.

The ind-scheme Spi Z is the coproduct (“disjoint union”) of the ind-schemes SpiZ,
in the category of ind-schemes, taken over all the prime numbers p.

Examples 1.5. (1) Pick a field k, and consider the directed poset of all nonnegative
integers Zx> in the usual linear order. To every r € Z~, assign the affine scheme X, =
Speck[z]/x"k[x]. Whenever r < s, there is a unique (surjective) homomorphism
of k-algebras k[z|/x°k[x] — k[z]/z"k[z] taking the coset z + x°k[x] to the coset
x + 2"k[z]. Let X, — X, be the related closed immersion of affine schemes. The
inductive system of schemes (X, ),ez., represents a strict ind-affine Ry-ind-scheme
X, which we will denote by X = Spik[[x]]. This ind-scheme comes endowed with a
morphism of ind-schemes Spik][[x]] — Speck.
Example 1.5(1) is a close analogue of Example 1.4(2).

(2) Let € be a coassociative, cocommutative, counital coalgebra over a field k.
Any coassociative coalgebra over a field is the union of its finite-dimensional sub-
coalgebras (which form a directed poset by inclusion). All the subcoalgebras of ¢
are also coassociative, cocommutative, and counital. Let I' denote the poset of all
finite-dimensional subcoalgebras of % in the inclusion order. For a finite-dimensional
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subcoalgebra £ C € (so £ € I'), the dual vector space £* is an associative, commu-
tative, and unital finite-dimensional k-algebra.

For every pair of finite-dimensional subcoalgebras &', £” C € such that & C &”,
the dual map & — & to the inclusion & — £” is a surjective homomor-
phism of commutative rings. Consider the related closed immersion of affine schemes
Spec & — Spec E”*. The inductive system of schemes (Spec £*)ger represents a
strict ind-affine ind-scheme X, which we will denote by X = Spi ¢*. This ind-scheme
comes endowed wih a morphism of ind-schemes Spi ¢™* — Speck.

Here the notation €* stands for the associative, commutative, and unital topolog-
ical k-algebra ¢* = 1&11 cer E*, with the topology of projective limit of discrete finite-
dimensional vector spaces/algebras £*. Example 1.5(1) is the particular case of Exam-
ple 1.5(2) corresponding to the choice of the coalgebra & such that €* = k|[[z]] (with
the z-adic topology on k|[z]]). The coalgebra % is a k-vector space with the basis
{1* 2* 2%, ..., 2", ...}, n € Zsp, with the counit map ¢ > 1* — 1 € k, 2™ —— 0

for n > 0, and the comultiplication map ¢ > x™* —— Zp+q:n P Rax € C R E.

Examples 1.6. This example is taken from [7, Example 7.11.2(i)].

(1) Let R be an associative, commutative, unital ring endowed with a complete,
separated topology with a base of neighborhoods of zero consisting of open ideals.
For every open ideal J C R, consider the quotient ring 28/J and the affine scheme
SpecR/TJ. Whenever J, J C R are open ideals such that J C J, there exists a
unique (surjective) morphism of commutative rings R/J — 2/ making the tri-
angle diagram R — R/J — /T commutative. Let SpecR/TI — SpecR/J be
the related closed immersion of affine schemes. The inductive system of schemes
(Spec R/T)5cm indexed by the directed poset of open ideals in R with the reverse
inclusion order represents a strict ind-affine ind-scheme X, which we will denote by
SpifR. For any base of neighborhoods of zero B consisting of open ideals in R, one
has SpiR = “lig”je B SpecR/J (where B is viewed as a directed poset in the reverse
inclusion order).

(2) In particular, assume in the context of (1) that 9 has a countable base of
neighborhoods of zero. Then one can choose a countable base of neighborhoods of
zero B consisting of open ideals in 2R, hence Spifk = “@’;e 5 SpifR/7J is an ind-affine
No-ind-scheme. The functor R —— SpifR establishes an anti-equivalence between
the category of topological commutative rings with a countable neighborhood of zero
consisting of open ideals and the category of ind-affine Ny-ind-schemes.

In the more general context of (1), the assignment R — SpifR is a fully faithful
contravariant functor from the category of topological commutative rings where open
ideals form a base of neighborhoods of zero to the category of ind-affine ind-schemes.
Its essential image consists of all the ind-affine ind-schemes “@’;GF Spec R, for which
the projection map T&nﬁyer R, — Rj; is surjective for all 6 € I'.

Examples 1.4 and 1.5(1) are particular cases of Example 1.6(2). In particular,
the ind-affine ind-scheme Spiz in Example 1.4(1) corresponds to the topological

ring R = 7. with its profinite topology, while the ind-affine ind-scheme SpiZ, in
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Example 1.4(2) corresponds to the topological ring R = ip with its p-adic topology.
The ind-affine ind-scheme Spik|[z]] in Example 1.5(1) corresponds to the topological
ring or k-algebra R = k|[z]] with its z-adic topology.

Example 1.5(2) is a particular case of Example 1.6(1) corresponding to the topo-
logical ring R = €* with its profinite-dimensional (linearly compact) topology. The
ind-affine ind-scheme Spec ¢* in Example 1.5(2) corresponds to a topological ring
with a countable base of neighborhoods of zero (i. e., €* has a countable base of
neighborhoods of zero) if and only if Spi %™ is an Wg-ind-scheme, and if and only
if the underlying vector space of the coalgebra € has at most countable dimension
over k.

For a further discussion of specific examples of ind-affine ind-schemes, see Sec-
tion 11.1 below.

2. QUASI-COHERENT TORSION SHEAVES

In this section and below, as mentioned in Sections 1.2-1.3, all the schemes are
concentrated, and all the ind-schemes are ind-concentrated and strict.

2.1. Reasonable ind-schemes. Here we largely follow [7, Section 7.11.1].

Let X be a concentrated scheme with the structure sheaf Ox. Notice that any
closed subscheme of a concentrated scheme is concentrated. Let Z C X be a closed
subscheme, and let Zz x C Ox denote the quasi-coherent sheaf of ideals in Ox
corresponding to Z. So Iy x is the kernel of the natural surjective morphism of
quasi-coherent sheaves Ox — k,Oz, where k: Z — X is the closed immersion.
The closed subscheme Z C X is said to be reasonable if Z5x is generated (as a
quasi-coherent sheaf on X') by a finite set of local sections.

Let Y C X be a closed subscheme such that Z C Y € X. Then Z is also a closed
subscheme in Y. Denote the closed immersion morphism by i: ¥ — X. Then the
natural surjective morphism Oy — 1,0y of quasi-coherent sheaves on X restricts
to a surjective morphism 7z x — 4,Zzy. It follows that Z is a reasonable closed
subscheme in Y whenever Z is a reasonable closed subcheme in X.

Part (a) of the following lemma is more general.

Lemma 2.1. (a) Let Y — X be a morphism of schemes and Z C X be a reasonable
closed subscheme. Then Z Xx Y is a reasonable closed subscheme in Y .

(b) Let Y and Z be closed subschemes in a scheme X such that Z C Y C X.
Assume that Z is a reasonable closed subscheme in'Y, and Y is a reasonable closed
subscheme in X. Then Z 1is a reasonable closed subscheme in X.

Proof. Both the assertions are essentially local (as the schemes are presumed to be
concentrated) and reduce to the affine case. Part (a): let R — S be a homomor-
phism of commutative rings and I C R be a finitely generated ideal. Then the claim
is that the kernel of the surjective map S — R/I ®r S is a finitely generated ideal
in S. Part (b): let R — S — T be surjective homomorphisms of commutative
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rings such that the kernel of R — S is a finitely generated ideal in R and the kernel
of § — T is a finitely generated ideal in 7. Then the claim is that the kernel of
R — T is a finitely generated ideal in R. OJ

Let X = “hgq’;er X, be an ind-scheme represented by an inductive system of closed

immersions of schemes. A closed subscheme Z C X is said to be reasonable if, for
every closed subscheme Y C X such that Z C Y, the closed subcheme Z in Y is
reasonable. A closed subscheme Z C X is reasonable if and only if, for every index
v € I such that Z C X, the closed subcheme Z in X, is reasonable.

An ind-scheme X is said to be reasonable if it is a filtered direct limit of its rea-
sonable closed subschemes. Equivalently, X is reasonable if and only if there exists
a (filtered) inductive system of closed immersions of schemes (X, ) er such that, for
every v < 0 € I', the closed subscheme X, in X; is reasonable. Clearly, in the latter
case, X, is a reasonable closed subscheme in X for every v € I'.

Let ) — X be a morphism of ind-schemes which is “representable by schemes” in
the sense of Section 1.3. Then it follows from Lemma 2.1(a) that, for any reasonable
closed subscheme Z C X, the fibered product Z xx9%) is a reasonable closed subscheme
in Q). Therefore, the ind-scheme ) is reasonable if the ind-scheme X is.

2.2. Quasi-coherent sheaves and functors. Given a scheme X, we denote by
X—qcoh the abelian (Grothendieck) category of quasi-coherent sheaves on X. For
every morphism of (concentrated) schemes f: Y — X, we have the direct and
inverse image functors f.: Y-qcoh — X-—qcoh and f*: X—qcoh — Y —qcoh; the
functor f* is left adjoint to f.. The functors f. and f* are the restrictions (to the full
subcategories of quasi-coherent sheaves) of the similar functors acting between the
ambient abelian categories of sheaves of Ox-modules and sheaves of Oy-modules.

The category X—qcoh is a tensor subcategory of the (associative, commutative, and
unital) tensor category of sheaves of Ox-modules, with respect to the tensor product
functor — ®p, —. The structure sheaf Ox is the unit object. The inverse image
f*: X—qcoh — Y —qcoh is a tensor functor. The next lemma is very well-known; it
is called the “projection formula”.

Lemma 2.2. Let f: Y — X be a morphism of (concentrated) schemes, M be a
quasi-coherent sheaf on X, and N be a quasi-coherent sheaf on'Y . Then there is a
natural morphism of quasi-coherent sheaves on X

M ®(’)x f*N - f*(f*M ®Oy N);

which is an isomorphism if the morphism f is affine.

Proof. The morphism in question is adjoint to the morphism f*(M ®o, filN) =~
[*M&o, f* LN — [*M®e, N induced by the adjunction morphism f* f,N' — N
in Y—qcoh. The second assertion is local in X, so it reduces to the case of affine
schemes, for which it means the following. Let R — S be a commutative ring
homomorphism, M be an R-module, and N be an S-module. Then there is a natural
isomorphism of R-modules M ®g N ~ (S ®r M) ®s N. O

19



For any two sheaves of Ox-modules M and N, we denote by Home, (M, N)
the sheaf of Ox-modules with the modules of sections Homo, (M, N)(U) =
Homo,, (M|, N|y) for all open subschemes U C X. The sheaf of Ox-modules
Homop, (M, N) is quasi-coherent whenever the sheaf A is quasi-coherent and the
sheaf M is locally (i. e., in restriction to a small enough Zariski neighborhood of
every point of X) the cokernel of a morphism between finite direct sums of copies of
the structure sheaf O.

Let Z C X be a closed subscheme with the closed immersion morphismi: 7 — X.
For any sheaf of Ox-modules M, denote by i'M the sheaf of ©z-modules defined
by the property that i,i'M = Home, (i.0z, M) is the subsheaf of M consisting of
all the local sections annihilated by Z; y. The sheaf of Oz-modules i'M is quasi-
coherent whenever the sheaf of Ox-modules M is and the closed subscheme Z C X
is reasonable. In this case, the functor i‘': X—qcoh — Z—qcoh is right adjoint to the
direct image functor i,: Z—qcoh — X—qcoh.

Lemma 2.3. Let f: Y — X be a morphism of (concentrated) schemes and Z C X
be a reasonable closed subscheme with the closed immersion i: Z — X. Consider
the pullback diagram

ZxxY Ly

Z——=X
Then there are natural isomorphisms

(a) i'f, ~ g.k' of functors Y—qcoh — Z—qcoh;
(b) f*i. ~ k.g* of functors Z—qcoh — Y —qcoh.

Proof. Parts (a) and (b) are adjoint to each other, so it suffices to check any one
of them. Both the assertions (particularly clearly (b)) are essentially local and re-
duce to the case of affine schemes, for which they mean the following. Let R — S
be a commutative ring homomorphism and I C R be a finitely generated ideal.
Then (a) for any S-module N, there is a natural isomorphism of R/I-modules
Hompg(R/I,N) ~ Homg(S/IS, N); and (b) for any R/I-module M, there is a natural
isomorphism of S-modules S ®r M ~ S/IS @p/; M.

The assumption of the closed subscheme Z C X being reasonable is only needed
in part (a). For a further generalization of part (b), see Lemma 3.3(a) below. O

More generally, for an arbitrary closed immersion of schemes i: Z — X, the direct
image functor i,: Z—qcoh — X—qcoh has a right adjoint (whose existence follows
already from the facts that Z—qcoh is a Grothendieck abelian category and i, is an
exact functor preserving coproducts). This functor, which could be properly called
the “quasi-coherent 3", can be constructed by applying the coherator functor [63,
Sections B.12-B.14] to the “O-module i"” mentioned above. In fact, a more specific
description is available [20, Tag 01R0].
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In the sequel, the notation ' for a closed immersion i will always stand for the
“quasi-coherent i'”. For the closed immersion of a reasonable closed subscheme
i: 7 — X, the “O-module 7" and the “quasi-coherent i agree.

Notice that, for any closed immersion ¢, the direct image functor ¢, is fully faithful;
so the adjunction morphism N — i'i, N is an isomorphism for all N € Z-qcoh.
The adjunction morphism i,i'’M — M is a monomorphism for all M € X-qcoh
(cf. Lemma 2.14 below).

2.3. Quasi-coherent torsion sheaves. We follow [7, Sections 7.11.3-4]. Let X
be a reasonable ind-scheme. A quasi-coherent torsion sheaf .# on X (called an
“O'-module” in [7]) is the following set of data:

(i) to every reasonable closed subscheme Y C X, a quasi-coherent sheaf .#(yy on
Y is assigned;

(i) to every pair of reasonable closed subschemes Y, Z C X, Z C Y with the
closed immersion morphism izy: Z — Y, a morphism izy..# 7 — M (v)
of quasi-coherent sheaves on Y is assigned;

(iii) such that the corresponding morphism .#(z — iy .#y of quasi-coherent
sheaves on Z is an isomorphism;

(iv) and, for every triple of reasonable closed subschemes Y, Z, W C X, W C Z C
Y, the triangle diagram iwy . #(w) — izy«#(z) — M (y) is commutative
in Y—qcoh.

Let X = “hﬂ’;er X, be a representation of X by an inductive system of reasonable

closed subschemes. Then, in order to construct a quasi-coherent torsion sheaf .#
on X, it suffices to specify the quasi-coherent sheaves .#(x.) € X,—qcoh for every
v € I' and the morphisms ix, x;«#(x,) — M (x5 for every v < § € I' satisfying
conditions (iii-iv) for W = X, Z = X, Y = X;, f <~y < € I The quasi-
coherent sheaves .#(y for all the other reasonable closed subschemes Y C X and the
related morphisms (ii) can then be uniquely recovered so that conditions (iii-iv) are
satisfied for all reasonable closed subschemes in X.

Morphisms of quasi-coherent torsion sheaves f: # — A on X are defined in
the obvious way. We denote the category of quasi-coherent torsion sheaves on X by
X-tors. In the rest of Section 2, our main aim is to prove the following theorem.

Theorem 2.4. For any reasonable strict ind-concentrated ind-scheme X, the category
of quasi-coherent torsion sheaves X—tors is a Grothendieck abelian category.

The proof of Theorem 2.4 will be given at the end of Section 2.7.

2.4. Ind-affine examples. (1) Let ¥ = SpiZ be the ind-affine ind-scheme from
Example 1.4(1). Then X is a reasonable ind-scheme, and the category X-tors is
equivalent to the category of torsion abelian groups.

Indeed, the closed subschemes of SpiZ are precisely the schemes X,, = SpecZ/nZ.
All of them are reasonable. Let M be a torsion abelian group; then the corresponding
quasi-coherent torsion sheaf .# on Spi Z is defined by the rule that .#(x,) € X,,—qcoh
is the quasi-coherent sheaf corresponding to the Z/nZ-module M,y C M of all
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the elements annihilated by n in M. The morphisms of quasi-coherent sheaves
izy*///(z) — ///(y) correspond to the inclusion maps of abelian groups M,y —

My, for m dividing n. Conversely, given a quasi-coherent torsion sheaf .# on Spiz,
the related torsion abelian group M is the direct limit M = lim . M (x,)(Xn).
nesi>

(2) Let X = SpiZ, be the ind-affine ind-scheme from Example 1.4(2). Then X
is a reasonable ind-scheme, and the category X—tors is equivalent to the category of
p-primary (torsion) abelian groups.

Indeed, the closed subschemes of Spi 7 are precisely the schemes X, = SpecZ/p"Z.
All of them are reasonable. Let M be a p-primary abelian group; then the cor-
responding quasi-coherent torsion sheaf .# on SpiZ, is defined by the rule that
AM(x,) € X,—qcoh is the quasi-coherent sheaf corresponding to the Z/p"Z-module
My € M of all the elements annihilated by p” in M. Conversely, given a quasi-
coherent torsion sheaf .# on SpiZ,, the related p-primary abelian group M is the
direct limit M = ligreZ>O M xH(Xr).

(3) Let X = Spik[[z]] be the ind-affine ind-scheme from Example 1.5(1). Then,
similarly to (2), one can describe the closed subschemes in X and see that all of them
are reasonable. The category X—tors is equivalent to the category of x-primary torsion
k[z]-modules, i. e., the full subcategory in the abelian category of all k[z]-modules
consisting of all the k[z]-modules M such that for every element b € M there exists
an integer r > 1 for which 2"b =0 in M.

(4) Let X = Spi €™ be the ind-affine ind-scheme from Example 1.5(2). Then X
is a reasonable ind-scheme, and the category X—tors is equivalent to the category of
comodules over the coalgebra % .

Indeed, the closed subchemes of Spi € are precisely the schemes X¢ = Spec&*,
where & C € are the finite-dimensional subcoalgebras. All the closed subschemes
in X are reasonable. For any %-comodule M, denote by M) C M the maximal
% -subcomodule of M whose %-comodule structure comes from an £-comodule struc-
ture. Simply put, Mg is the kernel of the composition M — €@ M — € /E QM
of the coaction map M — € ®x M with the map € ®x M — € /E @k M induced
by the natural surjection € — € /€.

Notice that the category of £-comodules is naturally equivalent to the category
of £*-modules. The quasi-coherent torsion sheaf .# on Spi %™ corresponding to a
¢-comodule M is defined by the rule that .#(x,) € X¢—qcoh is the quasi-coherent
sheaf corresponding to the £*-module M ¢). The morphisms of quasi-coherent sheaves
iXer X v M (Xgr) — M(x,,) for & C E" correspond to the inclusion maps Mgy —
Mgny. Conversely, given a quasi-coherent torsion sheaf .# on Spi¢™, the related
¢-comodule M is the direct limit M = lim, M(xe)(Xe).

(5) Let R be a complete, separated topological commutative ring where open ideals
form a base of neighborhoods of zero, as in Example 1.6(1). We will say that an open
ideal J C R is reasonable (with respect to the given topology on fR) if, for any open
ideal §J C R such that J C J, the kernel of the natural surjective ring homomorphism
MR/J — M/T is a finitely generated ideal in the discrete ring R/J.
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A topological ring R is said to be reasonable if reasonable open ideals form a base
of neighborhoods of zero in PR. Equivalently, R is reasonable if and only if there
exists a base of neighborhoods of zero B consisting of open ideals in R such that for
all J C J € B the kernel of the natural surjective ring homomorphism R/J — R/J
is a finitely generated ideal in 2R/J.

Let X = SpifR be the ind-affine ind-scheme from Example 1.6(1). Then X is a
reasonable ind-scheme if and only if fR is a reasonable topological ring.

(6) Let PR be a reasonable topological commutative ring; so SpifR is a reasonable
ind-scheme. Then the category X—tors is equivalent to the category S—discr of discrete
R-modules. This means the full subcategory S—discr C Si-mod in the category of
abelian category of Ri-modules R—mod consisting of all the SR-modules M such that
for every element b € M the annihilator of b is an open ideal in fR.

Indeed, the closed subschemes of SpifR are precisely the schemes X5 = SpecR/7,
where J C R ranges over the open ideals. Let us say that J C R is a reasonable open
ideal if the closed subscheme X5 C X is reasonable. This means that, for every open
ideal J C J C R, the kernel of the map R/J — 9R/T is a finitely generated ideal.

For any discrete SR-module M, denote by M5y C M the submodule of all elements
annihilated by J. Then the quasi-coherent torsion sheaf .Z on SpifR corresponding
to M is defined by the rule that, for any reasonable open ideal J C ‘R, the quasi-
coherent torsion sheaf .#(x,) € X5-qcoh corresponds to the R /J-module M. The
morphisms of quasi-coherent sheaves ix,x,«#(x,) — #x,) for reasonable open
ideals J C J C R correspond to the inclusion maps M3 — M(5). Conversely, given
a quasi-coherent torsion sheaf .#Z on SpifR, the related discrete SR-module M is the
direct limit M = lim, M (x,)(X5) taken over the directed poset of reasonable open

ideals J C R (in the reverse inclusion order).

The above examples explain the terminology “quasi-coherent torsion sheaves”. One
can also observe that, while in every one of the examples (1-5) the category X—tors
is indeed abelian as Theorem 2.4 claims, the forgetful functors X—tors — Z—qcoh
assigning to a quasi-coherent torsion sheaf .# on X the quasi-coherent sheaf .# ) €
Z—qcoh for a reasonable closed subscheme Z C X are not exact. In fact, the functors
M — M(z): X-tors — Z—qcoh are left, but not necessarily right exact (see Sec-
tion 2.8 below for a further discussion). This explains why Theorem 2.4 is nontrivial
and its proof is not straightforward.

2.5. Direct limits. Recall that the functor of global sections of quasi-coherent
sheaves over a concentrated scheme preserves (filtered) direct limits. It follows
that so does the direct image functor f, for a morphism of concentrated schemes
f:Y — X. The inverse image functor f*, being a left adjoint, obviously preserves
direct limits. Furthermore, for any reasonable closed subscheme Z C X with
the closed immersion morphism i: Z — X, the functor i‘': X qcoh — Z-qcoh
preserves direct limits.

Let X be a reasonable ind-scheme and (.#p)pco be an inductive system of quasi-
coherent torsion sheaves on X, indexed by a directed poset ©. For every reasonable

23



closed subscheme Z C X, put .#(z) = lim__ o(#9)(z) (Where the direct limit is taken
in the category of quasi-coherent sheaves on Z). Then the collection of quasi-coherent
sheaves .#( ;) with the obvious maps izy..#(z) — My for Z CY C X is a quasi-
coherent torsion sheaf .# on X (as one can see from the previous paragraph). One
has A = hﬂeee My in the category X—tors.

2.6. Direct images. Let X be a reasonable ind-scheme and f: ) — X be a mor-
phism of ind-schemes which is “representable by schemes”. According to Section 2.1,
the ind-scheme %) is also reasonable.

Let .4 be a quasi-coherent torsion sheaf on ). For every reasonable closed sub-
scheme Z C X, put A(z) = fz.(Mw)) € Z-qcoh, where fz is the morphism
W =272 %39 — Z and fz.: W-qcoh — Z-qcoh is the direct image functor
of quasi-coherent sheaves. Then it is clear from Lemma 2.3(a) that the collection
of quasi-coherent sheaves .#(z) with the natural maps iz zn . 7y — Mz for
Z' C Z" C X is a quasi-coherent torsion sheaf .#Z on X.

Put f..#/" = .#. This construction defines the functor of direct image of quasi-
coherent torsion sheaves f,: Y)—tors — X—tors.

2.7. I'-systems. Let X = “hﬂ’;er X, be a reasonable ind-scheme represented by an

inductive system of closed immersions of reasonable closed subschemes. The defini-
tion of what we will call a I'-system on X (which is a shorthand for “(X,),er-system
of quasi-coherent sheaves” ) is obtained from the definition of a quasi-coherent torsion
sheaf in Section 2.3 by restricting the reasonable subschemes under consideration to
those belonging to the inductive system (X, ),er and dropping the condition (iii).
In other words, a ['-system M on X is the following set of data:
(i) to every index v € I, a quasi-coherent sheaf M, on X, is assigned;
(i) to every pair of indices v < 0 € I' with the related transition morphism
iys: Xy — X5, a morphism 7,5, M,y — M) of quasi-coherent sheaves on
Xs, or equivalently, a morphism M) — iiﬂ;M((;) of quasi-coherent sheaves
on X, is assigned;
(iv) such that for every triple of indices 8 < v < 4, the triangle diagram
15+ Mgy — 145+M() —> M is commutative in Xs—qcoh.
Morphisms of T'-systems f: Ml — N on X are defined in the obvious way. We
denote the category of I'-systems on X by (X, T")—syst.
For every v € T', denote by 7,: X, — X the natural closed immersion. As a
particular case of the construction of Section 2.6, we have the direct image functor
iys: Xy—qcoh = X ~tors — X-tors. For every I'-system M on X, we put

Mt = hﬂyer iyM(y) € X-tors,

where M(,) € X,—qcoh, ¢,,M,) € X-tors, and the direct limit is taken in the
category X—tors. Notice that, according to Section 2.5, all (filtered) direct limits
exist in X—tors.
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The quasi-coherent torsion sheaf M™ on X can be described more explicitly as
follows. For any reasonable closed subscheme Z C X, one has

. ]
M%) z) =lim iz, My,

where the direct limit in Z—qcoh is taken over the cofinal subset of all v € I' such
that Z C X, and iz,: Z — X, is the closed immersion.

Conversely, given a quasi-coherent torsion sheaf .# on X, the rule M) = .#(x.)
defines a T-system M on X, which we will denote by .#|r = M.

Lemma 2.5. The functor M — M : (X,T")-syst — X—tors is left adjoint to the
functor M —— M|r: X—tors — (X, I")—syst.

Proof. Let Ml be a I'-system and .4 be a quasi-coherent torsion sheaf on X. Then
the abelian group of morphisms M+ — 4" in X—tors is isomorphic to the group of
all compatible collections of morphisms i!ZﬂM(V) — Az in Z—qcoh, defined for all
reasonable closed subschemes Z C X and indices v € I' such that Z C X,. On the
other hand, the abelian groups of morphisms Ml — 4”1 in (X, T")—syst is isomorphic
to the group of all compatible collections of morphisms M,y — A#(x,) in X,—qcoh,
defined for all v € I'. These are equivalent sets of data, as the morphism z'!ZﬂM(,y) —
Nz is uniquely recoverable by applying the functor ilz,yi X,—qcoh — Z—qcoh to
the morphism M) — A(x.). O

Proposition 2.6. The category (X,T')-syst of T'-systems on X is a Grothendieck
abelian category.

Proof. The assertion that (X,[")-syst is an abelian category with exact direct limit
functors is straightforward. Moreover, the forgetful functor (X,I")-syst — X, —qcoh
taking a I'-system M to the quasi-coherent sheaf M) preserves the kernels, cokernels,
and direct limits. To show that the category (X, I')—syst has a set of generators, choose
for every v € I' a set of generators S, C X,—qcoh in the Grothendieck category of
quasi-coherent sheaves on X.,. For every quasi-coherent sheaf K on X, define the
[-system M(v, K) by the rules M(y, K)s) = i46./C for v < 6 € I and M(7, )5y =0
for v £ 6 € I'. Then all the objects of the form M(y, S) with v € I and S € S, form
a set of generators of the category (X, I")—syst. OJ

Lemma 2.7. The functor # —— M#|r: X—tors — (X,")—syst is fully faithful. The
endofunctor Ml — MT|p: (X,T)-syst — (X,T")-syst is left exact.

Proof. The first assertion holds essentially because one can equivalently define a
quasi-coherent torsion sheaf on X as a collection of quasi-coherent sheaves on the
schemes X, 7 € I', endowed with the usual maps and satisfying the usual con-
ditions, as per the discussion in Section 2.3. To check the second assertion, one
computes that

. .
(MF[p) ) = lim, s isM)
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and recalls that the functor i’wg is left exact (since it is a right adjoint). It is important
here that the forgetful functor assigning to a I'-system N the collection of quasi-
coherent sheaves N,y (viewed as an object of the Cartesian product of the categories
X, —qcoh) is exact and faithful. O

Proposition 2.8. Let B be an abelian category and A C B be a full subcategory
whose inclusion functor G: A — B has a left adjoint functor F: B — A. Assume
that the composition GF: B — B is a left exact functor. Then the category A is
abelian and the functor F' is exact. If B is a Grothendieck category, then so is A.

Proof. This well-known result describes a familiar setting which occurs, e. g., when
A is a sheaf category and B is the related presheaf category (so G is the inclusion
of the sheaves into the presheaves and F is the sheafification), or when an arbitrary
Grothendieck category A is represented as a localization of a module category B via
the Gabriel-Popescu theorem. The claim is that, in the context of the proposition,
the functor F' represents A as a quotient category of B by its Serre subcategory of
all objects annihilated by F'. Moreover, if A has coproducts, then the subcategory of
objects annihilated by F' is closed under coproducts; and it follows that the direct
limits are exact in A whenever they are exact in B, and a set of generators exists in
A whenever such a set exists in B. The full subcategory A C B is called a Giraud
subcategory [60, Section X.1]; notice that the inclusion functor G: A — B is left
exact, but not exact in general. 0

Proof of Theorem 2.4. Put A = X-tors and B = (X,I")-syst. Furthermore, put
G(AM) = M|r and F(M) = M*. Then the category B is Grothendieck by Propo-
sition 2.6, the functor F' is left adjoint to G by Lemma 2.5, the functor G is fully
faithful by Lemma 2.7, and the functor GF' is left exact by the same Lemma 2.7.
Thus Proposition 2.8 is applicable, implying that A is a Grothendieck category. [

Question 2.9. Is the reasonableness assumption needed for the validity of Theo-
rem 2.47 Is the category of quasi-coherent torsion sheaves on an arbitrary (strict)
ind-scheme abelian? Notice that the category of discrete SR-modules, as defined in
Section 2.4(6), is a Grothendieck abelian category for any topological ring fR.

2.8. Inverse images. Let X = “hﬂj;er X, be a reasonable ind-scheme represented
by an inductive system of closed immersions of reasonable closed subschemes. Let
f:2) — X be a morphism of ind-schemes which is “representable by schemes”. Put
Y, =9 xx X,; then Y, are reasonable closed subschemes in ) and ) = “@’;EF Y,

Let M = (M(,) € X,—qcoh),cr be a I'-system on X. For every v € I, put N,y =
fiM,) € Y,—qcoh, where f,: Y, — X,. Then it is clear from Lemma 2.3(b) that
the collection of quasi-coherent cosheaves N(,) € Y, —qcoh has a natural structure of
a ['-system N on ). We put f*M = N.

The functor of inverse image of quasi-coherent torsion sheaves f*: X-tors —
)—tors is defined by the rule

frd) = (f(Alr))"
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One check directly or deduce from Lemma 2.10(b) that this construction of the func-
tor f*: X—tors — -tors does not depend on the choice of a representation of a
reasonable ind-scheme X by an inductive system of closed immersions of reasonable
closed subschemes (X, ) er. (See Remark 7.4 below for a simpler construction of the
functor f* in the case of a flat morphism f.)

Let us also define the functor of direct image of I'-systems f.: (9),I')-syst —
(X,T)-syst. Put f.N = M, where N,y = f.M,) for all v € I'. It is clear that the
direct images of torsion sheaves and T'-systems agree in the sense that (f..A4)|p =~

f«(A|p) for all A € P—tors (cf. Section 2.6).

Lemma 2.10. (a) The functor f*: (X,I')-syst — (), ')-syst is left adjoint to the
functor f.: (Y, ')-syst — (X, ')-syst.

(b) The functor f*: X—tors — )—tors is left adjoint to the functor f.: P—tors —
X-tors.

Proof. Part (a): let M be a I'-system on X and N be a I'-system on g). Then the
group of morphisms M — f.N in (X,[')-syst is isomorphic to the group of all
compatible collections of morphisms M,y — f,.N(,) in X -qcoh, defined for all
v € I, while the group of morphism f*M — N in (), I")-syst is isomorphic to the
group of all compatible collections of morphisms f3M,) — N, in Y, —qcoh, defined
for all v € I'. In view of the adjunction of the functors f,.: ¥,—qcoh — X,—qcoh
and f7: X,—qcoh — Y,—qcoh, these are two equivalent sets of data.

Part (b): let .# be a quasi-coherent torsion sheaf on X and .4” be a quasi-coherent
torsion sheaf on ). Then we have

Homfftors('/la f*JV) = Hom(x,F)fsyst(%h“y (f*f/V)h“)
~ Homx,r)-syst (-4 |r, fu(4|r)) = Homgy r)-syst(f* (-4 ]r), A [r)
~ Homﬁ_)—tors(f*(%‘F)Jr; '/V) = Hom@—tors(f*%u ’/V)J

where the first isomorphism holds by Lemma 2.7, the middle one by part (a), and
the next one by Lemma 2.5. U

Lemma 2.11. The functors (—)* commute with inverse images; in other words,
for any T'-system M on X there is a natural isomorphism of quasi-coherent torsion

sheaves f*(M1) ~ (f*M)* on 9).

Proof. In view of the adjunctions of Lemma 2.10, the desired natural isomorphism is
adjoint to the natural isomorphism of (f,.A")|r >~ (fet|r) of [-systems on X for a
quasi-coherent torsion sheaf .4 on %). 0J

Let 7: 3 — X be a closed immersion of ind-schemes. Assume that X is a rea-
sonable ind-scheme; then so is 3. The functor i': X-tors —» 3—tors is defined by
the rule (i'.#)uw) = k'(M(y)) for all .4 € X-tors, where W C 3 is an arbitrary
reasonable closed subscheme and Y C X is a reasonable closed subscheme such that
the composition W — 3 — X factorizes as W Fy x

Let X = “LHE’;EF X, be a representation of X by an inductive system of closed im-

mersions of reasonable closed subschemes. Put Z, = 3 xx X,;; then Z, are reasonable
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closed subschemes in 3 and 3 = “ligl” Z,. The functor i': X—tors — 3—tors can
yerl’

be described in these terms by the rule (') s,y = i\.# x.,), Where i, denotes the
closed immersion of schemes i,: Z, — X,,.

Lemma 2.12. The functor i': X-tors — 3-tors is right adjoint to the direct image
functor i,: 3—tors — X-tors.

Proof. Similar to the proof of Lemma 2.10(a). O

In particular, let Z C X be a reasonable closed subscheme with the closed immer-
sion morphism i: Z — X. Then, by the definition, one has i'.Z = M (z) € Z—qcoh
for every .# € X—tors.

Notice that the functor i': X-tors — Z-qcoh preserves direct limits when Z is a
reasonable closed subscheme in X (as it is clear from the discussion in Section 2.5).
For nonreasonable closed subschemes Z C X, this is not true in general.

2.9. Injective quasi-coherent torsion sheaves. Let X = “@’;EF X, be a reason-

able ind-scheme represented by an inductive system of closed immersions of reason-
able closed subschemes. Let i,: X, — X denote the natural closed immersions.

According to Theorem 2.4, the category of quasi-coherent torsion sheaves X—tors is
a Grothendieck abelian category; so it has enough injective objects. Let us describe
these injectives.

Lemma 2.13. (a) A morphism f: # — A in the abelian category X—tors is a
monomorphism if and only if, for every v € I', the morphism z'vf 2'7.// — ZlY,/V 18
a monomorphism in the abelian category X,—qcoh.

(b) A morphism f: # — N in the abelian category X—tors is an epimorphism
whenever, for every v € I', the morphism z'vf @'7// — 2'7/ 1s an epimorphism in
the abelian category X.,—qcoh.

Proof. Part (a): for any closed immersion of ind-schemes i: 3 — X, the functor
i': X-tors — 3-tors is left exact, since it has a left adjoint functor 4,: 3—tors —>
X-tors. In particular, for a closed subscheme Z in X with the closed immersion
morphism i: Z — X, the functor i': ¥ -tors — Z-qcoh is left exact. This proves
the “only if” assertion.

To prove the “if” assume that the morphism 2'7 f is a monomorphism in X,—qcoh
for every v € I'. Let J# be the kernel of f in X-tors. Then 2'7,%’ is the kernel
of the morphism Z'v f in X, —qcoh, since the functor zly is left exact. So we have
Hix,) = zlyf%/ =0 for all v € T, and it follows immediately that 2 = 0.

Part (b): assume that the morphism z'7 f is an epimorphism in X, -qcoh for ev-
ery 7 € I'. This means that f|p: .#|r — A|r is an epimorphism of I'-systems
on X. Since the functor (—)*: (X,T")-syst — X—tors is (right) exact, it follows that
(fo)t: (A|r)™ — (A |r)T is an epimorphism in X—tors. It remains to recall that
the adjunction (fr)™ — f is an isomorphism. O

Lemma 2.14. Let A, B be an abelian categories and F: A — B be a fully faithful

exact functor which has a right adjoint functor H: B — A. Then the essential image
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F(A) C B is a full subcategory closed under subobjects and quotients in B if and only
if the adjunction morphism FH(B) — B is a monomorphism in B for every B € B.

Proof. Notice that the essential image of a fully faithful exact functor between abelian
categories is always a full subcategory closed under kernels and cokernels. Hence f(A)
is closed under subobjects in B if and only if it is closed under quotients. Now we
can proceed with a proof of the lemma.

“If”: let A € F(A) be an object and A — B be an epimorphism in B. Then
the adjunction morphism FH(A) — A is an isomorphism, and it follows from
commutativity of the obvious diagram that the adjunction morphism FH(B) — B
is an epimorphism. Since the morphism FH(B) — B is a monomorphism by
assumption, it is an isomorphism. Thus B € F'(A).

“Only if”: let B € B be an object and ¢: FH(B) — B be the adjunction mor-
phism. Let C' € B be the image of ¢. Then C is a quotient object of an object
from F(A); by assumption, it follows that C' € F(A). Given an object B € B, the
object FH(B) € F(A) together with the morphism ¢ is characterized by the univer-
sal property that any morphism into B from an object of F(A) factorizes uniquely
through ¢. Now the monomorphism C' — B has the same universal property; hence
the epimorphism F'H(B) — C'is an isomorphism and ¢ is a monomorphism. UJ

Lemma 2.15. Let A be a Grothendieck abelian category with a set of generators
S C A. Then an object J € A is injective if and only if any morphism into J from a
subobject of any object S € S can be extended to a morphism S — J in A.

Proof. This is a categorical version of the Baer criterion of injectivity of modules,
provable in the same way using the Zorn lemma. ([l

Lemma 2.16. (a) For any closed subscheme Z C X with the closed immersion
morphism 1. Z — X, the direct image functor i,: Z—qcoh — X—tors is exact and
fully faithful. Its essential image is closed under subobjects and quotients in the
abelian category X-—tors.

(b) For every v € I', choose a set of generators S, C X,—qcoh of the abelian
category of quasi-coherent sheaves on X,. Then the set S C X-tors of all quasi-
coherent torsion sheaves of the form i,.S, where v € I' and S € S,, is a set of
generators of the abelian category X-tors.

Proof. Part (a): more generally, let i: 3 — X be a closed immersion of (reasonable)
ind-schemes. Then, following the discussion in Section 2.8, the direct image functor
i.: 3-tors — X-tors has adjoints on both sides, i* and i'; so i, is an exact functor.

Furthermore, let .4 be a quasi-coherent torsion sheaf on 3. Then, following the
construction in Section 2.6, the quasi-coherent torsion sheaf i,.4” on X is defined by
the rule (i,.4")(y) = ty«(#w)) for all reasonable closed subschemes Y C X, where
iy: W =Y xx 3 — Y. The quasi-coherent torsion sheaf i'i,.# on 3 is described
by the rule (i'i, ")y = k'iy(A{w)) for all reasonable closed subschemes W’ C W,
where k: W' — Y is the composition W/ — W — Y of the closed immersion
W' — W and the morphism iy: W — Y (which is also a closed immersion, by
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the definition of a closed immersion of ind-schemes). Clearly, the adjunction mor-
phism .4~ — i'i,.4 is an isomorphism in 3-tors (because the adjunction morphism
Mwy — i!YiY*L/V(W) is an isomorphism in W-qcoh for every Y; cf. Section 2.2). It
follows that the direct image functor i, is fully faithful.

Finally, let .# be a quasi-coherent torsion sheaf on X. Then the quasi-coherent
torsion sheaf i'.# on 3 is defined as spelled out in Section 2.8. Hence the quasi-
coherent torsion sheaf i,i'.# on X is described by the rule (i*i’,///)(y) = iy*i!y///(y)
for all reasonable closed subschemes Y C X, where iy: W =Y xx 3 — Y. The
adjunction morphisms iy*i!y///(y) — .y are monomorphisms in Y —qcoh for all ¥’
(since iy is a closed immersion of schemes). By Lemma 2.13(a), it follows that
the adjunction morphism 4,i'.#/ — .# is a monomorphism in X-tors. It remains
to apply Lemma 2.14 in order to conclude that the essential image of the functor
iy: 3—tors — X—tors is a full subcategory closed under subobjects and quotients.

Part (b): a set of generators of the abelian category (X, I')-syst was constructed
in the proof of Proposition 2.6. The subset S C X-tors is the image of this set
of generators under the functor M —— M™: (X, I')-syst — X—tors. This functor
is essentially surjective on objects, exact, and preserves coproducts (being a left
adjoint); hence the image of any set of generators under this functor is a set of
generators. (See the arguments in Section 2.7 for the details.)

Alternatively, one can notice that, for every quasi-coherent torsion sheaf .#Z €
X—tors, the natural morphism

. -l
| | o bywly M —— M
N

is an epimorphism in X-tors (by Lemma 2.13(b)). Then the assertion easily follows.
0

Proposition 2.17. (a) For any closed subscheme Z C X with the closed immersion
morphism i: Z — X, the functor i': ¥—tors — Z-qcoh takes injective objects to
injective objects.

(b) A quasi-coherent torsion sheaf # € X-tors is an injective object in X-tors if
and only if, for every v € ', the quasi-coherent sheaf 2'7/ € X,—qcoh is an injective
object in X,—qcoh.

Proof. Part (a): more generally, for any closed immersion of (reasonable) ind-schemes
i: 3 — X, the functor i,: 3—tors — X—tors is exact, as explained in the proof of
Lemma 2.16(a). The functor i': X—tors — 3-tors is right adjoint to i,; so it takes
injectives to injectives. Part (b): the “only if” assertion is provided by part (a). To
prove the “if”, one can apply Lemma 2.15 to the set of generators of the Grothendieck
category X—tors provided by Lemma 2.16(b). This shows that a quasi-coherent torsion
sheaf # on X is injective whenever, for any M € X,—qcoh and a subobject 2" C
iy M, K € X-tors, any morphism & — _# can be extended to a morphism
iyeM — _Z in X-tors. By Lemma 2.16(a), there is a quasi-coherent subsheaf
N C M on X, such that J# = z},*/\/ . Now it suffices to extend a given morphism
N —i},_¢ to a morphism M — i\, _# in X —qcoh. O
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3. FLAT PRO-QUASI-COHERENT PRO-SHEAVES

In this section we continue to follow [7, Sections 7.11.3-4].

3.1. Pro-quasi-coherent pro-sheaves. Let X be an ind-scheme. A pro-quasi-
coherent pro-sheaf B on X (called an “OP-module” in [7]) is the following set of
data:

(i) to every closed subscheme Y C X, a quasi-coherent sheaf S8") on Y is as-
signed;

(ii) to every pair of closed subschemes Y, Z C X, Z C Y with the closed
immersion morphism izy: Z — Y, a morphism ‘B(Y) — 1 Zy*‘B(Z) of quasi-
coherent sheaves on Y is assigned;

(iii) such that the corresponding morphism i%, L) — P& of quasi-coherent
sheaves on Z is an isomorphism,;

(iv) and, for every triple of closed subschemes Y, Z, W C X, W C Z C Y,
the triangle diagram ‘B(Y) — Z'Zy*iB(Z) — iwy*iB(W) is commutative in
Y —qcoh.

Let X = “lig’;ep X, be a representation of X by a inductive system of closed

immersions of schemes. Then, in order to construct a pro-quasi-coherent pro-sheaf
P on X, it suffices to specify the quasi-coherent sheaves 1) € X —qcoh for every
v € I and the morphisms PX) — iy, PED) for every v < § € T satisfying
conditions (iii-iv) for W = X3, Z = X, Y = X5, B < v <6 € I'" The quasi-
coherent sheaves L) for all the other closed subsechemes Y C X and the related
morphisms (ii) can then be uniquely recovered so that conditions (iii-iv) are satisfied
for all closed subschemes in X.

Morphisms of pro-quasi-coherent pro-sheaves f: 8 — Q on X are defined in the
obvious way. We denote the additive category of quasi-coherent torsion sheaves on
X by X—pro. The following example shows that the category X—pro is usually not
abelian, and generally not homologically well-behaved. In this paper, we will be
interested in certain (better behaved) full subcategories in X—pro.

Example 3.1. Let X = SpiZ, be the ind-affine ind-scheme from Example 1.4(2).
Then the category X—pro is equivalent to the category of p-adically separated and
complete abelian groups (cf. Section 2.4(2)). Here an abelian group P is said to
be p-adically separated and complete if its natural map to its p-adic completion
P — l'&noo P/p"P is an isomorphism. The equivalence of categories assigns to
every p-adically separated and complete abelian group P the pro-quasi-coherent pro-
sheaf B with the quasi-coherent sheaf SBCX") corresponding to the Z/p"Z-module
P/p"P (for the closed subscheme X, = SpecZ/p"Z C SpiZ, = X). Conversely, to
every pro-quasi-coherent pro-sheaf J3 on SpiZ,, the p-adically separated and complete
abelian group P = lim _ P (X,) is assigned.

The category of p-adically separated and complete abelian groups (known also
as separated p-contramodules) is not abelian [49, Example 2.7(1)]. So the category

31



(SpiZ,)-pro is not abelian. Similarly, the category (Spik[[z]])-pro (for the ind-affine
ind-scheme X = Spik|[[x]] from Example 1.5(1)) is not abelian, either.

On the other hand, for any ind-scheme X, the category X—pro has a natural (as-
sociative, commutative, and unital) tensor category structure. The tensor product
P @* Q € X-pro of two pro-quasi-coherent pro-sheaves 8 and Q € X—pro is defined
by the rule (P ¥ Q)@ =P ®y, Q@) € Z-qcoh for all closed subschemes Z C X.
As the inverse images of quasi-coherent sheaves preserve their tensor products, the

object of this tensor structure is the “pro-structure pro-sheaf” Dy € X—pro, defined
by the rule (Dx)%) = O for all closed subschemes Z C X.

The aim of the next Section 3.2 is to construct a structure of module category over
X-pro on the category of quasi-coherent torsion sheaves X-tors.

3.2. Action of pro-sheaves in torsion sheaves. Let X = “ligl” X, be a rea-
yel’

sonable ind-scheme represented by an inductive system of closed immersions of rea-
sonable closed subschemes. We start with considering the category (X,I")—syst of
[-systems on X (as defined in Section 2.7) and constructing a structure of module
category over X—pro on (X, I")-syst.

Let B € X—pro be a pro-quasi-coherent pro-sheaf and M € (X,I')-syst be a
[-system on X. The I'-system P @x M on X is defined by the rule

(B @x M),y = P @0, Mgy,

The structure morphism 5. ((P@xM)y)) — (BP®xM)s) from Section 2.7, item (ii),
is constructed as the composition

iw*(‘l?(X”) Qox, M) =~ w*(ii';a‘ﬁ(x‘;) Qox, M)
~ m(Xa) ®0X6 iyé*M(W) — m(xé) ®0X6 M((;)

of the isomorphism iys. (P Qo M) = iy5. (285 Qo M) induced by

the structure isomorphism P2 ~ ifﬂ;‘B(Xé), the “projection formula” isomorphism

Z.'yé*(i;dm(X(;) <®(9X.y M(’Y)) = iB(X(S) ®OX5 iWé*M(’)/)v and the morphism ’B(X”) ®OX(;

Ty« My —> p(Xe) Rox, M5y induced by the structure morphism 7,5, M,y — Ms).
The tensor product functor

®zx: X—pro x (X,I')-syst —— (X,I')-syst

endows the category of I'-systems on X with the structure of an associative, unital
module category over the tensor category of pro-quasi-coherent pro-sheaves X—pro.
The following lemma plays a key role.

Lemma 3.2. Let B € X—pro be a pro-quasi-coherent prosheaf and M be a I'-system
on X whose associated quasi-coherent torsion sheaf vanishes, Mt = 0. Then the
quasi-coherent torsion sheaf associated with the I'-system P ®x M also vanishes,

(P @xM)" =0.

Proof. The proof is straightforward. 0
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Recall from the proof of Proposition 2.8 that the functor M — M : (X,T)-syst
— X—tors represents the category of quasi-coherent torsion sheaves X—tors as the
abelian quotient category of the category of I'-systems (X, ')-syst by the Serre sub-
category of all I'-systems annihilated by this functor. In view of Lemma 3.2, it
follows that, for any 8 € X—pro, the tensor product functor PRy — : (X,')-syst —
(%,T)-syst descends uniquely along the functor M — M, leading to a tensor prod-
uct functor X-tors — X-tors, which we denote by the same symbol P @y —.

Explicitly, for any B € X—pro and .# € X—tors we put

Pz M = (PO M) =lim _ i, (B Qo Ax,) € X tors,

where i,: X, — X is the closed immersion morphism and ¢.,: X,—qcoh — X—tors
is the direct image functor. Clearly, this construction of the tensor product of a
pro-quasi-coherent pro-sheaf and a quasi-coherent torsion sheaf does not depend on
the choice of a representation of a reasonable ind-scheme X by an inductive system
(X, )~er of closed immersions of reasonable closed subschemes.

The resulting tensor product functor

®x: X—pro x X—tors —— X-tors

endows the category of quasi-coherent torsion sheaves X—tors with the structure of
an associative, unital module category over the tensor category of pro-quasi-coherent
pro-sheaves X—pro.

In the sequel, we will sometimes switch the two arguments of the functor ®x,
writing ®x: X—tors X X—pro — X—tors.

3.3. Inverse and direct images. Let f: ) — X be a morphism of ind-schemes.
The functor of inverse image of pro-quasi-coherent pro-sheaves f*: X—pro — 2)—pro
is defined by the rule (f*B)"W) = ¢g*(PA) for all P € X-pro, where W C 2) in an ar-
bitrary closed subscheme and Z C X is a closed subscheme such that the composition
W —92 s ¥ factorizes as W -2 7 — X.

The inverse image functor

f*: X—pro —— Q—pro

is a tensor functor between the tensor categories X—pro and 2)—pro, taking the unit
object Ox € X-—pro to the unit object Oy € Y—pro.

In particular, if Y C X is a closed subscheme with the closed immersion morphism
i: Y — X, then one has i3 = B in Y qcoh for every B € X pro.

Part (a) of the following lemma is a generalization of Lemma 2.3(b) (with the roles
of the schemes Y and Z switched).
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Lemma 3.3. Let f: Y — X and h: Z — X be morphisms of (concentrated)
schemes. Consider the pullback diagram

ZxxyY Ly

[
7" .x

Assume that either
(a) the morphism f is affine, or
(b) the morphism h is flat.
Then there is a natural isomorphism h* f, ~ g.k* of functors Y—qcoh — Z—qcoh.

Proof. Part (a) is [20, Tag 02KG]. The assertion is local in X and Z, so it reduces
to the case of affine schemes, for which it means the following. Let R — S and
R — T be homomorphisms of commutative rings. Then, for any S-module N,
there is a natural isomorphism of T-modules T ®r N ~ (T ®gr S) ®s N. Part (b) is
a particular case of [20, Tag 02KH]. O

Let f: 9 — X be an affine morphism of ind-schemes (as defined in Section 1.3).
Let 9 be a pro-quasi-coherent pro-sheaf on g). For every closed subscheme Z C X,
put P& = f,.(QMW)) € Z-qcoh, where f is the affine morphism of schemes W =
Z Xz — Z. Then it is clear from Lemma 3.3(a) that the collection of quasi-
coherent sheaves (%) with the natural maps PBZ") — i, P for 7/ c 7" C ¥
is a pro-quasi-coherent pro-sheaf 8 on X.

Put f.Q =*B. This construction defines the functor of direct image of pro-quasi-
coherent pro-sheaves f.: )-pro — X-pro with respect to an affine morphism of
ind-schemes f: ) — X. The functor f, is right adjoint to the inverse image functor
f*: X—pro — Y-pro (as one can show similarly to the proof of Lemma 2.10(a)).

Furthermore, for any affine morphism of ind-schemes f: Q) — X, the following
projection formula isomorphism holds naturally

(2) f(fpe?Q) ~Pe’ f.0
for all 9 € X—pro and Q € Q)-pro.

Lemma 3.4. Let f: Y — X be a morphism of reasonable ind-schemes which is
“representable by schemes”. Let P a pro-quasi-coherent pro-sheaf on X and .4 be a
quasi-coherent torsion sheaf on X. Then there is a natural isomorphism

[' (B @x A) = 5Py [ M

of quasi-coherent torsion sheaves on %).
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Proof. The isomorphism f*(B ®@x M) ~ f*B @y f*M of I'-systems on ) for any
[-system M on X is obvious from the definitions. Now we have

frBexd)=f((BexAr)") = (f(Pex )"
~ (f*P @y [ (M) = [P Ry (f(A]r))"
~ [P @y [T (Ar)") = [Py A
by the definition of the functors ®x: X—pro x X—tors — X-tors and ®g: 2)-pro x

Y)—tors — Q—tors, and by Lemma 2.11. The point is that both the inverse image
and the tensor product functors in question commute with the functors (—)*. O

For two versions of projection formula related to Lemma 3.4, see Lemmas 7.5
and 8.2 below.

3.4. Flat pro-quasi-coherent pro-sheaves. For any scheme X, let us denote by
X—flat the full subcategory of flat quasi-coherent sheaves in X—qcoh. Then, for
any morphism of schemes k: Z — X, the inverse images functor k*: X—qcoh —
Z—qcoh takes X—flat into Z—flat. Furthermore, for any short exact sequence 0 —
F — G — H — 0 in X—qcoh with F, G, H € X-flat, the short sequence
0 — k*F — k*G — k*H — 0 is exact in Z—qcoh.

Let X = “hﬂj;er X, be an ind-scheme represented by an inductive system of closed

immersions of schemes. A pro-quasi-coherent pro-sheaf § on X is said to be flat if the
quasi-coherent sheaf %) on 7 is flat for every closed subscheme Z C X. It is clear
from the previous paragraph that § is flat whenever the quasi-coherent sheaf %) on
X, is flat for every v € I'. We denote the full subcategory of flat pro-quasi-coherent
pro-sheaves by X-flat C X—pro.

Let 0 — §F — & — $ — 0 be a short sequence of flat pro-quasi-coherent
pro-sheaves on X. We say that this is an (admissible) short ezact sequence in X—flat
if, for every closed subscheme Z C X, the sequence of quasi-coherent sheaves 0 —
F9 — 69 — H¥ — 0 is exact in the abelian category Z-qcoh. It suffices
to check this condition for the closed subschemes Z = X, v € I, belonging to any
chosen representation of X by an inductive system of closed immersions of schemes.

An ezact category (in the sense of Quillen) is an additive category endowed with
a class of admissible short exact sequences (also called conflations) satisfying natural
axioms. For a reference, see [8] or [42, Appendix A].

Proposition 3.5. The category X—flat of flat pro-quasi-coherent pro-sheaves on X,
endowed with the class of admissible short exact sequences defined above, is an exact
category in the sense of Quillen.

Proof. First of all, in the particular case when X = X is a scheme, the full sub-
category X—flat C X—qcoh, endowed with the class of all short sequences that are
exact in the abealian category X—qcoh, is an exact category, since X—flat is closed
under extensions in X—qcoh (see, e. g., [8, Lemma 10.20] or [42, Example A.5(3)(a)]).
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Moreover, the restriction functor k*: X—flat — Z—flat is exact (i. e., takes admissi-
ble short exact sequences to admissible short exact sequences) for any morphism of
schemes k: 7 — X.

To prove the assertion for an ind-scheme X, consider the category of “generalized
pro-quasi-coherent pro-sheaves” on X, defined by items (i-iii) of Section 3.1 (with the
transitivity condition (iv) dropped). The definitions of a flat generalized pro-quasi-
coherent pro-sheaf and a short exact sequence of flat generalized pro-quasi-coherent
pro-sheaves are similar to the above. Then the category of flat generalized pro-quasi-
coherent pro-sheaves is exact, since it can be obtained by the construction of [42,
Example A.5(4)] applied to the following pair of exact functors

HZG€ 7 flat —— HZCm€ 7 flat x HZCYC3€ 7 flat «—— HszCx 7 flat.

Here Z and Y range over the closed subschemes in X. All the categories in the
diagram are exact, with termwise exact structures on the Cartesian products. The
first component ], Z-flat — ],y 5 Zflat of the leftmost functor assigns to a
collection of flat quasi-coherent sheaves (Fyz)zcx the collection of flat quasi-coherent
sheaves (F7)zcycx. The second component [], . Z-flat — [[, -y -y Z-flat of the
leftmost functor assigns to a collection (Fz)zcx the collection of flat quasi-coherent
sheaves (i%yFy)zcyex. The rightmost functor is the diagonal one.

Finally, the full subcategory of flat pro-quasi-coherent pro-sheaves is closed under
admissible subobjects and admissible quotients in the ambient exact category of flat
generalized pro-quasi-coherent pro-sheaves. So this full subcategory inherits an exact
category structure by [42, Example A.5(3)(b)]). O

Let f: Y — X be a morphism of ind-schemes. Then the inverse image func-
tor f*: X—pro — P—pro takes the full subcategory X—flat C X—pro into the full
subcategory 2)—flat C )—pro. The functor

fr X-flat —— P-flat

is exact with respect to the exact category structures of X—flat and )—flat (defined
above).

Let f: 9 — X be a flat, affine morphism of ind-schemes (as defined in Sec-
tion 1.3). Then the direct image functor f,: )—pro — X—pro takes the full subcat-
egory )—flat C Q)—pro into the full subcategory X-flat C X—pro. The functor

fe: P—flat — X—flat

is exact with respect to the exact category structures on %)—flat and X-flat.
The tensor product of two flat pro-quasi-coherent pro-sheaves is flat. So the tensor
product functor ®*: X-pro x X—pro — X—pro restricts to a functor

®@%: X-flat x X-flat —— Xflat,

defining a tensor category structure on X—flat. Notice that the “pro-structure pro-
sheaf” Oy (which is the unit of the tensor structure on X—pro) belongs to X—flat. The
tensor product ®* of flat pro-quasi-coherent pro-sheaves on X is an exact functor with
respect to the exact category structure of X—flat.
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Assume that the ind-scheme X is reasonable. Then, restricting the tensor product
functor X—pro x X—tors —» X—tors to flat pro-quasi-coherent pro-sheaves, one obtains
a tensor product functor

®x: X—flat x X—tors — X—tors,

which is exact with respect to the exact category structure of X—flat and the abelian
exact structure on X—tors.

Lemma 3.6. Leti: Z — X be a closed immersion of schemes and F, M be quasi-
coherent sheaves on X. Then there is a natural morphism of quasi-coherent sheaves
on Z

i F ®o, M — l'<./—" R0y M),
which is an isomorphism whenever i(Z) is a reasonable closed subscheme in X and
F is a flat quasi-coherent sheaf on X.

Proof. When i(Z) is a reasonable closed subscheme in X, both the assertions are
local in X. So they reduce to the case of affine schemes, for which they mean the
following. Let R — S be a surjective homomorphism of commutative rings and F',
M be R-modules. Then there is a natural homomorphism of S-modules

(S XRpr F) XRg HOHIR(S, M) = F@R HomR(S, M) — HOHIR(S, F®R M)

which is an isomorphism whenever S is a finitely presented R-module and F' is a flat
R-module.

To construct the desired morphism in the general case, let £ be an arbitrary
quasi-coherent sheaf on Z, and let £ — i*F ®0, i*M be a morphism in Z-qcoh.
Applying i,, we produce a morphism i,£ — i,(i*F ®p, i'M) ~ F R, ixi'M in
X—qcoh, where the isomorphism holds by Lemma 2.2. Composing with the morphism
F ®oy i i M —> F ®o, M induced by the adjunction morphism i M — M, we
obtain a morphism 7,£L — F ®p, M in X—qcoh, which corresponds by adjunction
to a morphism £ — i'(F ®o, M) in Z—qcoh. O

Proposition 3.7. Let X be a reasonable ind-scheme, and let Z C X be a reasonable
closed subscheme with the closed immersion morphism i: Z — X. Let § be flat
pro-quasi-coherent pro-sheaf on X and .# be a quasi-coherent torsion sheaf on X.
Then there is a natural isomorphism i'(F @x M) ~ i*F R, i' M = FP @0, M(z) N
Z—qcoh.

Proof. 1t follows from Lemma 3.6 that the rule A{z) = 9 ® M z) defines a quasi-
coherent torsion sheaf 4" on X. Now it is clear that § ®x A ~ AN. O

Examples 3.8. (1) This is a generalization of Example 3.1. Let R be complete,
separated topological commutative ring with a countable base of neighborhoods of
zero consisting of open ideals, and let X = SpifR be the related ind-affine Ny-ind-
scheme, as in Example 1.6(2). Then the category X—pro is equivalent to the cate-
gory of separated R-contramodules, as defined in [43, Section 1.2], [53, Sections 1.2
and 5], or [54, Section 6.2], and discussed in [44, Section D.1]. The category of
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separated PR-contramodules PR—separ is a full subcategory in the abelian category of
MR-contramodules $R—contra; so we have Spi R—pro ~ R—separ C R—contra.

The equivalence assigns to a (separated) R-contramodule € the pro-quasi-coherent
pro-sheaf 8 with the components B2 = ¢/(J £ €), and conversely, to a pro-quasi-
coherent pro-sheaf P the separated R-contramodule € = @JC% P is assigned
(where J ranges over the open ideals in R, and the projective limit is taken in the
category of R-contramodules, which agrees with the projective limit in the category
of abelian groups). It is clear from [44, Lemma D.1.3| (see also [53, Lemma 6.3(a,c)])
that this is an equivalence of categories.

The generality level in [44, Section D.1] is that of complete, separated topological
associative rings with a countable base of neighborhoods of zero consisting of open
two-sided ideals. In [53, Section 6], only a (countable) base of open right ideals is
assumed, which makes the exposition more complicated.

(2) The equivalence of categories described in (1) restricts to an equivalence
between their full subcategories of flat pro-quasi-coherent pro-sheaves and flat
R-contramodules. Notice that any flat PR-contramodule is separated [44, Corol-
lary D.1.7] (see also [53, Corollary 6.15]). The full subcategory of flat contramodules
R-flat (unlike the larger full subcategory of separated ones) is closed under ex-
tensions in the abelian category of fR-contramodules R—contra [44, Lemma D.1.5]
(see also [53, Corollary 6.13 or Corollary 7.1(b)]), so it inherits an exact category
structure from the abelian exact category structure on YAi-contra. The equivalence
Spi R—flat ~ PR—flat is an equivalence of exact categories [44, Lemma D.1.4] (see
also [53, Lemma 6.7 or 6.10]).

(3) In the context of (1), assume that R is a reasonable topological ring in the sense
of Section 2.4(5). Then, according to Section 2.4(6), the category of quasi-coherent
torsion sheaves Spi Ji—tors is equivalent to the category of discrete SR-modules R—discr.
This equivalence of categories, together with the equivalence SpifR—pro ~ $R—separ
from (1), transforms the tensor product functor ®zx: SpiR—pro x Spi9R-tors —
SpifR-tors into the functor of contratensor product ®g: R—contra x R—discr —
M-discr (restricted to separated JR-contramodules).

We refer to [44, Section D.2], [53, Definition 5.4], or [54, Section 7.2| for the def-
inition of the contratensor product of a discrete module and a contramodule over a
topological ring. In our context, the contratensor product takes values in discrete
M-modules (rather than just abelian groups) because the ring R is commutative.

(4) The contramodule tensor product functor ®%: R-contra x R-contra —
PR—contra on the category of contramodules over a commutative topological ring R
was defined in [43, Section 1.6]. According to [44, Lemma D.3.1] (which presumes
a countable base of neighborhoods of zero in ), this functor restricts to an exact
functor ®%: R-flat x R-flat — M-flat, which agrees with the functor of tensor
product of flat pro-quasi-coherent pro-sheaves ®*: X-flat x X-flat — Xflat under
the equivalence of (exact) categories X—flat ~ SR—flat.
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3.5. Coproducts and colimits. Let X be an ind-scheme. The coproduct of any
family of objects exists in the category X—pro. Specifically, let (By)oco be a family of
pro-quasi-coherent pro-sheaves on X, indexed by a set ©. For every closed subscheme
Z C X, put Q¥ = DByeo ‘,Béz) (where the direct sum is taken in the category of quasi-
coherent sheaves on Z). Then the collection of quasi-coherent sheaves Q%) with the
obvious isomorphisms i%, Q%) ~ Q@) for Z C Y C X is a pro-quasi-coherent pro-
sheaf 9 on X. One has Q = [],.o PBo in the category X-pro.

More generally, the colimit of any diagram of objects, indexed by a small category,
exists in X—pro. Let (Py)geco be an inductive system of pro-quasi-coherent pro-sheaves
on X, indexed by a small category ©. For every closed subscheme Z C X, put
09 = hﬂee@ S:pff) (where the colimit is taken in the category of quasi-coherent
sheaves Z—qcoh). Notice that the inverse image functor with respect to any morphism
of schemes preserves all colimits of quasi-coherent sheaves. So the collection of quasi-
coherent sheaves Q%) with the induced isomorphisms 7%, Q%) ~ Q@ for Z c Y C X
is a pro-quasi-coherent pro-sheaf Q on X. One has Q = hﬂoe o Py in X—pro.

Both the tensor product functor ®*: X—pro x X-pro — X-—pro (on any ind-
scheme X) and the action functor ®x: X—proxX-tors — X-tors (on a reasonable ind-
scheme X) preserve coproducts in both the categories. In fact, they even preserve all
colimits (as the action functor for I'-systems ®x: X—pro x (X,I')-syst — (X, I")—syst
can be easily seen to preserve colimits).

The full subcategory X—flat is closed under coproducts in X—pro. In fact, it is closed
under all direct limits (of inductive systems indexed by directed posets), because
flatness of quasi-coherent sheaves is preserved by such direct limits. So all coproducts
and direct limits exist in X—flat. The direct limit (in particular, coproduct) functors
are exact in the exact category X—flat.

The inverse image functor f*: X—pro — 2)—pro with respect to any morphism
of ind-schemes f: %) — X preserves all colimits. So does the direct image func-
tor f.: —pro —» X—pro with respect to an affine morphism of ind-schemes f. In
particular, both the functors preserve coproducts.

3.6. Pro-quasi-coherent commutative algebras. Let X be a scheme. A quasi-
coherent sheaf of algebras (or a quasi-coherent algebra for brevity) A over X is an
(associative and unital) algebra object in the tensor category X—qcoh. In other words,
A is a quasi-coherent sheaf on X endowed with morphisms of quasi-coherent sheaves
Ox — A and A ®n, A — A satisfying the usual associativity and unitality
equations. The underlying sheaf of abelian groups of a quasi-coherent algebra has a
natural structure of a sheaf of rings.

Let f: Y — X be a morphism of (concentrated) schemes. Then the inverse
image f*: X—qcoh — Y —qcoh is a tensor functor, so the inverse image f*A of any
quasi-coherent sheaf of algebras A on X is a quasi-coherent sheaf of algebras on Y.

Furthermore, for any quasi-coherent sheaves M and A on Y, there is a natural mor-
phism of quasi-coherent sheaves f,M Q¢ LN — fi(M®o, N) on X, correspond-
ing by adjunction to the morphism of quasi-coherent sheaves f*(fuiM ®o, fuN) =~
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f*fiM @0, f*fN — M @0, N on Y induced by the adjunction morphisms
f* fiM — M and f*f N — N. In particular, for any quasi-coherent sheaf of
algebras B on Y, the composition f.B®o, filB — f.(B®e, B) — f.13 endows the
direct image f.B of the quasi-coherent sheaf B with the structure of a quasi-coherent
sheaf of algebras on X.

A quasi-coherent commutative algebra (or a quasi-coherent sheaf of commutative
algebras) on X is a commutative (associative, and unital) algebra object in X—qcoh.
Clearly, the inverse and direct images preserve commutativity of quasi-coherent al-
gebras. The next lemma is quite standard and well-known.

Lemma 3.9. For any scheme X, there is a natural anti-equivalence between the
category of schemes' Y endowed with an affine morphism Y — X and the category
of quasi-coherent commutative algebras on X. To an affine morphism f: Y — X,
the quasi-coherent commutative algebra f.Oy on X is assigned.

Proof. The inverse functor assigns to a quasi-coherent sheaf of algebras A on X the
scheme Y covered by the following affine schemes. For any affine open subscheme
U C X, the affine scheme Spec A(U) is an open subscheme in Y; in fact, one has
Spec A(U) = U xx Y, so Spec A(U) is the preimage of U in Y under f. The map of
the rings of sections Ox (U) — A(U) induced by the unit morphism Oy — A of the
quasi-coherent sheaf of algebras A induces the morphism of schemes Spec A(U) —
U. For any pair of affine open subschemes U and V in X such that V' C U, the
restriction map of the rings of sections A(U) — A(V') of the sheaf of rings A on X
induces an open immersion Spec A(V') — Spec A(U); this is the map V xx Y —
U xx Y induced by the open immersion V' — U. The key observation is that
V' xy Spec A(U) ~ Spec A(V) (as it should be), since Ox (V) ®o ) A(U) =~ A(V).
We leave further details to the reader. O

We will denote the affine scheme over X corresponding to a quasi-coherent algebra
A under the construction of Lemma 3.9 by Y = Specy . A. Notice that an affine
morphism of schemes f: Y — X is flat if and only if the quasi-coherent sheaf
A= .0y on X is flat.

Lemma 3.10. Let h: Z — X be a morphism of schemes and A be a quasi-
coherent commutative algebra over X. Then there is a natural isomorphism of
schemes Specy, h*A ~ Z xx Specy A. In other words, there is a natural pullback

diagram of schemes

Specy h* A ——~— Specy A

| |

Z h X
where f and g are the structure morphisms of the schemes Specy A and Spec, h* A
affine over the schemes X and Z, respectively.

Proof. The question is essentially local in X and Z, so it reduces to the case of affine
schemes, for which it is obvious from the constructions. O
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Let A be a quasi-coherent algebra on a scheme X. Then a quasi-coherent module
(or a quasi-coherent sheaf of modules) over A is a module object over the algebra
object A in the tensor category X—qcoh. In other words, a quasi-coherent module M
over A is a quasi-coherent sheaf M € X—qcoh endowed with a morphism of quasi-
coherent sheaves A ®p, M — M satisfying the usual associativity and unitality
equations. The underlying sheaf of abelian groups of a quasi-coherent module M
over A is a sheaf of modules over the underlying sheaf of rings of A.

Let f: Y — X be a morphism of schemes. Then, for any quasi-coherent module
M over a quasi-coherent algebra A on X, the inverse image f*M is a quasi-coherent
module over the quasi-coherent algebra f*A on Y. For any quasi-coherent module
N over a quasi-coherent algebra B on Y, the direct image f,/N is a quasi-coherent
module over the quasi-coherent algebra f.B on X. The constructions are similar to
the above constructions for algebras.

Furthermore, let i: Z — X be a closed immersion of schemes, and let M be a
quasi-coherent module over a quasi-coherent algebra A on X. Then the composi-
tion i*A ®p, i'M — i'(A ®o, M) — i'M of the morphism i*A ®¢p, i'M —
i'(A®o, M) from Lemma 3.6 and the morphism i'(A ®o, M) — i'M induced by
the structure morphism A®o, M — M endows the quasi-coherent sheaf i' M with
the structure of a quasi-coherent module over the quasi-coherent algebra i*4 on Z.

Lemma 3.11. Let f: Y — X be an affine morphism of schemes. Then the category
of quasi-coherent sheaves on'Y is equivalent to the category of quasi-coherent modules
over the quasi-coherent algebra f,Oy on X. To a quasi-coherent sheaf N on'Y, the
quasi-coherent f,Oy-module f.N € X—qcoh is assigned.

Proof. Put A = f,Oy. The inverse functor assigns to a quasi-coherent A-module
M on X the following quasi-coherent sheaf A" on Y. For any affine open subscheme
U C X, the restriction of A to the affine open subscheme U x x Y = Spec A(U) in Y’
is the quasi-coherent sheaf on Spec A(U) corresponding to the A(U)-module M(U).
We omit further details. ([l

Let X be an ind-scheme. A pro-quasi-coherent pro-sheaf of algebras (or a pro-
quasi-coherent algebra) A over X is algebra object in the tensor category X—pro. In
other words, 2l is a pro-quasi-coherent pro-sheaf on X endowed with morphisms of
pro-quasi-coherent pro-sheaves Dy — 2 and A ®x A — 2A satisfying the usual
(associativity and unitality, and if mentioned, commutativity) equations.

It is clear from the construction of the tensor product of pro-quasi-coherent pro-
sheaves in Section 3.1 that the datum of a pro-quasi-coherent algebra 21 on X is
equivalent to the datum of a quasi-coherent algebra %) on every closed subscheme
Z C X together with a compatible system of isomorphisms of quasi-coherent algebras
A ~ %, A7) for every pair of closed subschemes Z' C Z” C X with the closed
immersion iz 2" — Z".

Let f: 9 — X be a morphism of ind-schemes and 2l be a pro-quasi-coherent
algebra on X. Then the inverse image f*: X—pro — )—pro is a tensor functor,
hence f*2l is a pro-quasi-coherent algebra on 2).
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Let f : ) — X be an affine morphism of ind-schemes, and let B be a pro-
quasi-coherent algebra on ). Then an adjunction argument similar to the above one
for schemes shows how to construct an algebra structure on the pro-quasi-coherent

pro-sheaf f,B on X.

Proposition 3.12. For any ind-scheme X, there is a natural anti-equivalence between
the category of ind-schemes ) endowed with an affine morphism ) — X and the
category of pro-quasi-coherent commutative algebras on X. To an affine morphism
[ — X, the pro-quasi-coherent commutative algebra f.Oq on X is assigned.

Proof. Let X = “lig”7€F X, be an inductive system of closed immersions of schemes

representing X. The inverse functor to the one mentioned in the proposition assigns
to a pro-quasi-coherent algebra 2 on X the ind-scheme %) represented by the inductive

system of closed immersions of schemes ) = “@’;GF Y,, where Y, = Specy_ A

(see Lemma 3.9). The transition morphisms Y, — Yj for v < § € I are provided by
Lemma 3.10, and it is also clear from Lemma 3.10 that the morphism of ind-schemes
) — X constructed in this way is affine. O

We will denote the affine ind-scheme over X corresponding to a pro-quasi-coherent
algebra 2 under the construction of Proposition 3.12 by %) = Spiy 2. Notice that an
affine morphism of ind-schemes f: ) — X is flat if and only the pro-quasi-coherent
pro-sheaf 2 = f,Oy on X is flat.

Let 2 be a pro-quasi-coherent algebra over an ind-scheme X. Then a pro-quasi-
coherent module (or a pro-quasi-coherent pro-sheaf of modules) over 2l is a module
over the algebra object 2l in the tensor category X—pro. In other words, a pro-quasi-
coherent module 9 over 2 is a pro-quasi-coherent pro-sheaf 91 € X—pro endowed
with a morphism of pro-quasi-coherent pro-sheaves 2 ®* 9 — M satisfying the
usual associativity and unitality equations.

The datum of a pro-quasi-coherent module 9T over a given pro-quasi-coherent
algebra 2 on X is equivalent to the datum of a quasi-coherent module M) over
the quasi-coherent algebra A(%) on every closed subscheme Z C X together with a
compatible system of isomorphisms of quasi-coherent modules (%) ~ Uy Z//SDT(Z")
for every pair of closed subschemes Z' C Z”.

Let X be a reasonable ind-scheme and 2 be a pro-quasi-coherent algebra over X.
Then a quasi-coherent torsion module (or a quasi-coherent torsion sheaf of modules)
over 2 is a module object in the module category X—tors over the algebra object 2
in the tensor category X—pro. In other words, a quasi-coherent torsion module .#
over 2 is a quasi-coherent torsion sheaf .# € X-tors endowed with a morphism of
quasi-coherent torsion sheaves A ®y .# — ./ satisfying the usual associativity and
unitality equations.

Let X = “@’;EF X, be a representation of X by an inductive system of closed

immersions of reasonable closed subschemes. Then, for any quasi-coherent sheaf .4
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on X, one has

HOmxftors(Ql Rx A, ///) = Hom%ftorS(@l Qx ///|F)+7 ///)
~ Hom(};r),syst(gl Rz v//h“a '//h“)

Hence the datum of a quasi-coherent torsion module .# over a given quasi-coherent
algebra 2l on X is equivalent to the datum of a quasi-coherent module .#(x_ over the
quasi-coherent algebra 21X+) on the scheme X, for every v € T, together with a com-
patible system of quasi-isomorphisms of quasi-coherent modules .#(x. ) ~ i!v5'///( X5)
for every v < 6 € I' (where i,5: X, — Xj is the closed immersion).

Let f: ) — X be a morphism of ind-schemes. Let 2l be a pro-quasi-coherent
algebra on X and 9 be a pro-quasi-coherent module over 2. Then the inverse image
[ is a pro-quasi-coherent module over the pro-quasi-coherent algebra f*9 on 9).
Furthermore, assume that f is “representable by schemes” and X is a reasonable
ind-scheme, and let .# be a quasi-coherent torsion module over . Then it is clear
from Lemma 3.4 that the inverse image f*.# is a quasi-coherent torsion module over
the pro-quasi-coherent algebra f*I.

Let f: ) — X be an affine morphism of ind-schemes. Let 8 be a pro-quasi-
coherent algebra on ) and 91 be a pro-quasi-coherent module over 8. Then the
direct image f,)1 is a pro-quasi-coherent module over the pro-quasi-coherent algebra
fB on X. Furthermore, assume that X is a reasonable ind-scheme, and let .4 be
a quasi-coherent torsion modules over 8. Then the direct image f,./4 is a quasi-
coherent torsion module over the pro-quasi-coherent algebra f.B.

Proposition 3.13. Let f: ) — X be an affine morphism of ind-schemes. Then
(a) the category of pro-quasi-coherent pro-sheaves on ) is equivalent to the category
of pro-quasi-coherent modules over the pro-quasi-coherent algebra f.Oq on X;
(b) if the ind-scheme X is reasonable, then the category of quasi-coherent torsion
sheaves on ) is equivalent to the category of quasi-coherent torsion modules over the
pro-quasi-coherent algebra f.Og on X.

Proof. In part (a), to a pro-quasi-coherent pro-sheaf 9t on g), the pro-quasi-coherent
f«Oy-module f,9 is assigned. To construct the inverse functor, let 9t be a pro-
quasi-coherent module over f,Og on X, and let Z C X be a closed subscheme;
put W = Z xx %), and denote by fz: W — Z the natural morphism. Then, for
the corresponding pro-quasi-coherent pro-sheaf 91 on ), the quasi-coherent sheaf
NW) € W-qcoh corresponds to the quasi-coherent module %) over the quasi-
coherent algebra f7.Ow =~ (f.99)% on Z under the equivalence of categories from
Lemma 3.11. One can use Lemma 3.3(a) to construct the compatibility isomorphisms
related to pairs of closed subschemes 7’ C Z"” C X.

In part (b), to a quasi-coherent torsion sheaf .4 on Y, the quasi-coherent torsion
module f,.4" over the pro-quasi-coherent algebra f,Og is assigned. To construct the
inverse functor, let .# be a quasi-coherent torsion module over the quasi-coherent
algebra f,Oy on X, and let Z C X be a reasonable closed subscheme. We keep the
same notation fz: W — Z as above. Then, for the corresponding quasi-coherent
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torsion sheaf .4 on 9), the quasi-coherent sheaf .4(yy € W-qcoh corresponds to
the quasi-coherent module .#(z) over the quasi-coherent algebra fz,.Ow ~ ( f*Dg))(Z )
on Z. One can use Lemma 2.3(a) to construct the compatibility isomorphisms related
to pairs of reasonable closed subschemes Z' C Z” C X. O]

4. DUALIZING COMPLEXES ON IND-NOETHERIAN IND-SCHEMES

For any additive category A, we denote by C(A) the category of complexes in A and
by K(A) the homotopy category of (complexes in) A. The notation Ct(A), C~(A),
and CP(A) C C(A) stands for the categories of bounded below, bounded above, and
bounded (on both sides) complexes in A, as usual; and similarly for KT (A), K=(A),
and KP(A) C K(A). For an abelian (or exact) category A, the full subcategory of
injective objects in A is denoted by Aj,; C A.

4.1. Ind-Noetherian ind-schemes. An ind-scheme is said to be ind-Noetherian if
it can be represented by an inductive system of Noetherian schemes. It follows from
Lemma 1.2(a) that any closed subscheme of a (strict) ind-Noetherian ind-scheme is
Noetherian (since any locally closed subscheme of a Noetherian scheme is Noether-
ian). Thus any ind-Noetherian ind-scheme can be represented by an inductive system
of closed immersions of Noetherian schemes.

Let S be a Noetherian scheme and X — S be a morphism of ind-schemes. One
says that X is an ind-scheme of ind-finite type over S if X can be represented by an
inductive system of schemes of finite type over S. Similarly to the previous paragraph,
any closed subscheme of an ind-scheme of ind-finite type is a scheme of finite type
(over the Noetherian base scheme S). Thus any ind-scheme of ind-finite type can be
represented by an inductive system of closed immersions of schemes of finite type.

Let k be a Noetherian commutative ring. Speaking about schemes of finite type
and ind-schemes of ind-finite type over Speck, we will say simply “over k” instead of
“over Speck”, for brevity.

Examples 4.1. (1) A scheme X is said to be Artinian if it has a finite open covering
by spectra of Artinian rings; equivalently, this means that X is the spectum of an
Artinian ring. So any Artinian scheme is affine and Noetherian.

An ind-scheme is said to be ind-Artinian if it can be represented by an inductive
system of Artinian schemes. Any closed subscheme of an ind-Artinian ind-scheme is
Artinian; so an ind-Artinian ind-scheme can be represented by an inductive system
of closed immersions of Artinian schemes. Any ind-Artinian ind-scheme is ind-affine
and ind-Noetherian.

(2) Let k be a field. Notice that any Artinian scheme of finite type over k is
finite over k (in other words, any finitely generated commutative Artinian k-algebra
is finite-dimensional over k).
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The construction of Example 1.5(2) establishes an equivalence between the cate-
gory of ind-Artinian ind-schemes of ind-finite type over k and the category of cocom-
mutative coalgebras over k. To a (coassociative, counital) cocommutative coalgebra
¢ over k, the ind-Artinian ind-scheme of ind-finite type Spi %™ is assigned.

(3) The ind-schemes SpiZ and Spi Z, from Examples 1.4 are ind-Artinian.

Quite generally, the category of ind-Artinian ind-schemes is anti-equivalent to
the category of pro-Artinian topological commutative rings in the sense of [43, Sec-
tion 1.1]. The functor R —— SpiR from Example 1.6(1) restricts to the desired
anti-equivalence. It is important here that, for any directed projective system of
(R,)er of Artinian commutative rings R, and surjective maps between them, the
projection map R = myer R, — Ry is surjective for all 0 € I' [43, Corollary A.2.1].

4.2. Definition of a dualizing complex. Notice that any closed subscheme of
a Noetherian scheme is reasonable (in the sense of Section 2.1). Hence any ind-
Noetherian ind-scheme is reasonable, and any closed subscheme of an ind-Noetherian
ind-scheme is reasonable.

Let X be a scheme. Recall the notation Home, (—, —) for the internal Hom of
sheaves of Ox-modules (see Section 2.2). The quasi-coherent internal Hom of quasi-
coherent sheaves on X is defined as follows. For any two quasi-coherent sheaves M
and N € X—qcoh, the quasi-coherent sheaf Hom x_ (M, N) € X—qcoh is the object
for which a natural isomorphism of the abelian groups of morphisms

Homeqcoh (E, HomX-qc(M7N>) = Homeqcoh (ﬁ ®OX M7 N)

holds for all £ € X—qcoh. The quasi-coherent sheaf Hom x_o.(M,N) can be obtained
by applying the coherator functor [63, Sections B.12-B.14] to the sheaf of O x-modules
Homo, (M, N). In particular, one has Homx qc(M,N) = Home, (M,N) when-
ever the sheaf of O x-modules Homo, (M, N) is quasi-coherent (e. g., this holds when
the scheme X is Noetherian and the sheaf M is coherent).

For any two complexes M* and N* of quasi-coherent sheaves on X, the complex
Homx qc(M*,N'*) of quasi-coherent sheaves on X is constructed by totalizing the
bicomplex of quasi-coherent sheaves with the components Homy_qc(MP,N7), p,
q € Z, by taking infinite products in the Grothendieck category of quasi-coherent
sheaves X—qcoh along the diagonals of the bicomplex.

Lemma 4.2. Let f: Y — X be a morphism of schemes, M be a quasi-coherent
sheaf on X, and N be a quasi-coherent sheaf on'Y . Then there is a natural isomor-
phism of quasi-coherent sheaves on X

fe Homy oo ([fM,N) = Homx_qe(M, fN).
Proof. Let L be an arbitrary quasi-coherent sheaf on X. Then we have
Homy (L, f. Homy o (f* M, N)) ~ Homy (f*L, Homy q(f*M,N))
~ Homy (f*£L ®o, f*M, N) >~ Homy (f*(£L @0, M), N)
~ Homx (£ ®o, M, fuN) =~ Homx (L, Homx (M, fN)),
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where Homx (—, —) is a shorthand notation for the abelian group Homy qcon(—, —),
and similarly for Y. O

Lemma 4.3. Let f: Y — X be a morphism of schemes, M?* be a complex of quasi-
coherent sheaves on X, and N* be a complex of quasi-coherent sheaves on'Y . Then
there is a natural isomorphism of complezes of quasi-coherent sheaves on X

f* HomY—qC(f*M.aN.) = 7-lo/rnX—qC(/\/l.v f*N.)

Proof. Follows from Lemma 4.2 and the fact that the direct image functor f,, being
a right adjoint, preserves infinite products of quasi-coherent sheaves. 0

Lemma 4.4. (a) For any injective quasi-coherent sheaf J over a quasi-compact semi-
separated scheme X, the functor Homx_qc(—, J): X—qcoh — X—qcoh is ezact.

(b) For any flat quasi-coherent sheaf F and injective quasi-coherent sheaf J over
a Noetherian scheme X, the quasi-coherent sheaf F @0, J 1s injective.

(¢c) For any flat quasi-coherent sheaf F and injective quasi-coherent sheaf J over
a scheme X, the quasi-coherent sheaf Homx q.(F,T) is injective.

(d) For any injective quasi-coherent sheaves J' and J over a semi-separated Noe-
therian scheme X, the quasi-coherent sheaf Homx_o(J', J) is flat.

Proof. This is [31, Lemma 8.7] or [12, Lemma 2.5]. O

Let X be a semi-separated Noetherian scheme. For us, a dualizing complex D* on
X is a complex of injective quasi-coherent sheaves, D* € C(X —qcoh;,;), satisfying the
following conditions:

(i) the complex D* is homotopy equivalent to a bounded complex of injective
quasi-coherent sheaves on X;

(ii) the cohomology sheaves of the complex D* are coherent sheaves on X;

(iii) the natural morphism of complexes of quasi-coherent sheaves Ox —
Homx_o(D*,D*) is a quasi-isomorphism (of complexes in the abelian cate-
gory X—qcoh).

This definition is equivalent to the one in [19, Section V.2], with the only difference
that a dualizing complex is viewed as a derived category object in [19], while we
presume a complex of injectives representing this derived category object to be chosen.
The complex of injectives D* does not have to be bounded, but it must be homotopy
equivalent to a bounded complex of injectives. In view of the semi-separatedness
assumption in Lemma 4.4(a), we are imposing the semi-separatedness assumption on
the scheme X in the definition above in order to be able to use the quasi-coherent
internal Hom in the formulation of condition (iii). In particular, being a dualizing
complex is a local property of a complex of quasi-coherent sheaves.

Lemma 4.5. Let 1: Z — X be a closed immersion of semi-separated Noether-
ian schemes and D* € C(X-—qcohy;) be a dualizing compler on X. Then i'D* €
C(Z—qcoh,;) is a dualizing complex on Z.
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Proof. First of all, the functor ': X—qcoh — Z-qcoh is right adjoint to an exact
functor i,; so i' takes injectives to injectives. The rest is [19, Proposition V.2.4]. (Cf.
Lemmas 4.25 and 4.11 below.) O

An ind-scheme is said to be ind-semi-separated if it can be represented by an in-
ductive system of semi-separated schemes. It follows from Lemma 1.2(a) that any
closed subscheme of an ind-semi-separated ind-scheme is ind-semi-separated (since
any locally closed subscheme of a semi-separated scheme is semi-separated). Thus
any ind-semi-separated ind-scheme can be represented by an inductive system of
closed immersions of semi-separated schemes. Moreover, any ind-semi-separated ind-
Noetherian ind-scheme can be represented by an inductive system of closed immer-
sions of semi-separated Noetherian schemes.

Similarly, an ind-scheme is said to be ind-separated if it can be represented by an
inductive system of separated schemes. Any closed subscheme of an ind-separated
ind-scheme is ind-separated.

Let X be an ind-semi-separated ind-Noetherian ind-scheme. A dualizing complex
2° on X is a complex of quasi-coherent torsion sheaves, Z* € C(X-tors), satisfying
the following condition:

(iv) for every closed subscheme Z C X with the closed immersion morphism
i: Z — X, the complex i'@* € C(Z—qcoh) is a dualizing complex on Z.
Here the functor i': X—tors — Z—qcoh is applied to the complex 2* € C(X-tors)
termwise (no derived functor is presumed in our notation). In view of condition (i)
for i'9* € C(Z—qcoh) and Proposition 2.17(b), it follows from condition (iv) that
9° € C(X—tors) is actually a complex of injective quasi-coherent torsion sheaves; so
2° € C(Xtorsiy).

Let X = “@’;EF X, be a representation of X by an inductive system of closed
immersions of semi-separated Noetherian schemes. Then, in view of Lemma 4.5, it
suffices to check condition (iv) for the closed subschemes belonging to the inductive
system (X, ), er; so one can assume Z = X, for some v € I'.

Remark 4.6. A more common point of view is to consider a dualizing complex on
a scheme X as an object of the derived category D(X—qcoh), or more specifically, of
the bounded derived category D®(X—qcoh). A similar point of view on dualizing com-
plexes on ind-schemes is also possible, but it prescribes viewing a dualizing complex
2° on X as an object of the coderived category D°(X—tors), as defined in Section 4.4
below. Indeed, the homotopy category of complexes of injective quasi-coherent tor-
sion sheaves K(X-tors;y;) is equivalent to the coderived category by Corollary 4.18.

For schemes, one does not feel the difference between the derived and the coderived
category in this context, because there is no such difference for complexes bounded
below; see the discussion in Remark 5.3(1). The dualizing complex on an ind-scheme
is often bounded above (see Remarks 5.3(3-5)), but it is usually not bounded below
(unless the whole ind-scheme is finite-dimensional).

In fact, a dualizing complex 2° on an ind-scheme X can well be an acyclic complex,
and in some very simple examples it is; see Section 11.1(7).
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Example 4.7. Let X = “lig”(Xo — X7 — Xy — -+ ) be an ind-semi-separated ind-
Noetherian Np-ind-scheme represented by an inductive system of closed immersions
of (semi-separated Noetherian) schemes indexed by the poset of nonnegative integers.
Let 7,,: X,, — X,,11 denote the closed immersion morphisms in the inductive system.
Suppose that we are given a dualizing complex D;, on the scheme X, for every n > 0
together with homotopy equivalences D% — i’ D2 .1 of complexes of (injective) quasi-
coherent sheaves on X,,. Then there are the related morphisms 4,,D; — D; . of
complexes of quasi-coherent sheaves on X, ;.

Let k,: X,, —> X be the natural closed immersions. Consider the inductive system
ko Dy — k1.D; — - -- of complexes of quasi-coherent torsion sheaves on the ind-
scheme X, and put 7° = hﬂnz o <Dy, € C(X-tors). Then 2* is a dualizing complex
on the ind-scheme X.

Indeed, for every m > 0 we have k!, 2°* = lim k! kn.Ds = lim it it Dt e
C(X,,—qcoh). Since the class of all injective quasi-coherent sheaves on X,, is closed
under direct limits (the scheme X,, being Noetherian), it follows that k! 2° is a
complex of injective quasi-coherent sheaves on X,,. Now we claim that the natural
morphism D?, — ki 2* is a homotopy equivalence of complexes of (injective) quasi-
coherent sheaves on X,,. As a complex of injective quasi-coherent sheaves homotopy
equivalent to a dualizing complex is also a dualizing complex, this suffices to prove
the desired assertion.

The morphisms of complexes D, — 4. ---i,_Df are homotopy equivalences
by assumption. So it remains to observe that, for any sequence J;3 — J —
Js — - -+ of homotopy equivalences of complexes of injective quasi-coherent sheaves
on a Noetherian scheme X, the natural morphism J5 — lim _ 77 is a homo-

topy equivalence. Indeed, the telescope short exact sequence 0 — €@, -, Jn —
®n20 Ty — li_n>1n> 0 J* — 0 is a short exact sequence of complexes of injectives,
so it is termwise split. Hence hﬂm 0 J. is the homotopy colimit of the sequence
Js — J& — J3 — --- in the homotopy category K(X—qcoh). It remains to
apply [34, Lemma 1.6.6].

Proposition 6.28 or Lemma 6.29 below, combined with Lemma 4.12, show that
this construction of a dualizing complex Z° on X does not depend on the arbitrary
choices of the morphisms of complexes 4,,D;, — D; _; in the given homotopy classes
of such morphisms.

Examples 4.8. (1) A morphism of ind-schemes k: 3 — X is said to be an ind-closed
immersion if, for every closed subscheme Z C 3, the composition 7 — 3 — X
is a closed immersion. Let k: 3 — X be an ind-closed immersion of reasonable
ind-schemes, and let .# be a quasi-coherent torsion sheaf on X. For every reasonable
closed subscheme Z C 3, put A{z) = ki M , where k. Z — X. Then the collection
of quasi-coherent sheaves .4{z) € Z-qcoh defines a quasi-coherent torsion sheaf .4
on 3. Put k' = . this rule defines a functor k': ¥ tors — 3 tors. This
construction generalizes the construction of the functor i' for a closed immersion of
ind-schemes 7: 3 — X in Section 2.8.
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(2) Let X be an ind-semi-separated ind-Noetherian ind-scheme, and let k: 3 — X
be an ind-closed immersion of schemes. Let Z° be a dualizing complex on X. Then
it is clear from the definitions and Lemma 4.5 that k'2* is a dualizing complex on 3.

(3) In particular, let X be a semi-separated Noetherian scheme, and let X be
an ind-scheme endowed with an ind-closed immersion of ind-schemes k: X — X.
This means that X = “@’;er X, where (X,),er is an inductive system of closed

subschemes in X. Let D* be a dualizing complex on X. Denoting by k,: X, — X
the composition X, — X — X, put D} = kD* € C(X, qcoh;;). Then, by
Lemma 4.5, D7 is a dualizing complex on X,,. Denoting by i, the closed immersions
X, — X5, we have D ~ z"ng for all v < 6 € I'. So the collection of complexes
of injective quasi-coherent sheaves D2 on X, defines an complex of injective quasi-
coherent torsion sheaves 2* on X (by Proposition 2.17(b)). By the definition, 2° is
a dualizing complex on X.

4.3. Derived categories of flat sheaves and flat pro-sheaves. We refer to [32],
[8, Section 10], or [42, Section A.7] for the definition of the derived category D(E) of
an exact category E. The bounded below, bounded above, and bounded (on both
sides) versions of the derived category are denoted, as usually, by D*(E), D~ (E),
and DP(E) C D(E); these are full triangulated subcategories of the triangulated cat-
egory D(E).

In particular, let X be a scheme. Then the full subcategory X—flat C X—qcoh
of flat quasi-coherent sheaves inherits an exact category structure from the ambient
abelian category of quasi-coherent sheaves on X. So one can consider the derived
category D(X—flat) alongside with the derived category D(X—qcoh).

A complex of flat quasi-coherent sheaves which vanishes as an object of D(X—qcoh)
need not vanish as an object of D(X—flat), generally speaking. Rather, a complex
F* of flat quasi-coherent sheaves vanishes as an object of D(X—flat) (“is acyclic with
respect to the exact category X—flat”) if and only if F* is acyclic as a complex of
quasi-coherent sheaves on X and all the quasi-coherent sheaves of cocycles of the
complex F* are flat.

Let X be a quasi-compact semi-separated scheme. A quasi-coherent sheaf P on
X is said to be cotorsion if Extﬁ(,qcoh (F,P) =0 for all flat quasi-coherent sheaves F
on X.

Lemma 4.9. (a) For any quasi-coherent sheaf M and any injective quasi-coherent
sheaf J on a quasi-compact semi-separated scheme X, the quasi-coherent sheaf
Homx oc(M,T) is cotorsion.

(b) For any flat quasi-coherent sheaf F and any cotorsion quasi-coherent
sheaf P on a quasi-compact semi-separated scheme X, the quasi-coherent sheaf
Homx qo(F,P) is cotorsion.

(c) For any family (Pe)eez of flat cotorsion quasi-coherent sheaves on a semi-
separated Noetherian scheme X, the quasi-coherent sheaf ngz Pe on X is flat co-
torsion. (Here the product is taken in the Grothendieck category X—qcoh.)
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Proof. Parts (a—b): the key fact is that there are enough flat quasi-coherent sheaves
on any quasi-compact semi-separated scheme, i. e., any quasi-coherent sheaf is a
quotient of a flat one (see [30, Section 2.4] or [12, Lemma A.1]). Consequently, a
quasi-coherent sheaf Q on X is cotorsion if and only if, for every short exact sequence
of flat quasi-coherent sheaves 0 — F' — F — F”" — 0 on X, the short sequence
of abelian groups 0 — Homx (F”, Q) — Homx (F, Q) — Homx(F', Q) — 0 is
exact. Here Homyx is a shorthand for Homx_qcon-

With this criterion, the assertions of both (a) and (b) follow straightforwardly from
the universal property definition of Homx_qc.

Part (c): let X =J, U, be a finite affine open covering of a quasi-compact semi-
separated scheme X. Denote by j,: U, — X the open immersion morphisms.
According to [44, Lemma 4.1.12], the flat cotorsion quasi-coherent sheaves on X are
precisely the direct summands of finite direct sums of the form @D, joxQa, Where
Q. are flat cotorsion quasi-coherent sheaves on U,. Notice that the direct image
functors j,. (being right adjoint to the inverse image functors j*) preserve infinite
products of quasi-coherent sheaves.

This reduces the question to the particular case of an affine scheme X. It remains
to recall that, over any (commutative) ring, the class of cotorsion modules is closed
under infinite products; and over a Noetherian (or coherent) ring, the class of flat
modules is closed under infinite products as well. 0

Lemma 4.10. For any complexes of injective quasi-coherent sheaves 'J* and J* on
a semi-separated Noetherian scheme X, the complex Homx o(T*, J*) is a complex
of flat cotorsion quasi-coherent sheaves.

Proof. The assertion follows from Lemma 4.4(d) combined with Lemma 4.9(a,c).
Alternatively, one can observe that both the quasi-coherent sheaves 'K = @pGZ WA
and K = [] ., J? are injective and all the terms of the complex Homx .(J*,J*)
are direct summands of the quasi-coherent sheaf Homx_o('IC, ). Then it remains
to apply Lemma 4.4(d) and Lemma 4.9(a). O

Lemma 4.11. For any dualizing complex D* on a semi-separated Noetherian scheme
X, the natural morphism Ox — Homx.q(D*,D*) from condition (iii) in Sec-
tion 4.2 is a quasi-isomorphism of complexes in the exact category X—flat.

Proof. First of all, Homx_.(D*,D*) is a complex of flat quasi-coherent sheaves by
Lemma 4.10. Now the point is that, by the definition, any dualizing complex D* on
X is homotopy equivalent to a bounded dualizing complex "D®. Hence the complex
Homx_o(D*,D*) is homotopy equivalent to the complex Homx_ q('"D*,D*), which
is a bounded complex of flat quasi-coherent sheaves. Finally, a morphism of bounded
(above) complexes of flat quasi-coherent sheaves is a quasi-isomorphism of complexes
in X—flat if and only if it is a quasi-isomorphism of complexes in X—qcoh (because any
bounded above complex of flat quasi-coherent sheaves that is acyclic as a complex of
quasi-coherent sheaves has flat sheaves of cocycles). O

Lemma 4.12. For any dualizing complex D* on a semi-separated Noetherian scheme
X, one has HomK(X,qcohinj)(D', D*[n]) =0 for all n < 0.
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Proof. By the adjunction property defining the quasi-coherent internal Hom, we have
HomK(X—qcoh- ) (D., D* [n]) = HOIIlK(X,ﬂat) (Ox, HOmx_qC (D., D.) [n])

in
Without loss of generality, we can assume the complex D* to be a bounded com-
plex of injective quasi-coherent sheaves. Set P* = Homx.q(D®,D*); then P* is a
bounded complex as well. All the quasi-coherent sheaves P™ on X are cotorsion
by Lemma 4.9(a). Since there are enough flat quasi-coherent sheaves on a quasi-
compact semi-separated scheme X, one has Exty ., (F,P) = 0 for all 7 € X-flat,
all cotorsion quasi-coherent sheaves P on X, and all m > 0; in particular, in the
situation at hand Exty ., (Ox,P™) = 0 for all m > 0 and n < 0. As the complex
P* in X—qcoh also has vanishing cohomology sheaves in the negative cohomological
degrees, it follows that Homkx fiat)(Ox, Homx.qc(D*, D*)[n]) = 0 for n < 0. d

Let X = “hﬂ);er X, be an ind-scheme represented by an inductive system of closed

immersions of schemes. The construction of Proposition 3.5 defines an exact category
structure on the category of flat pro-quasi-coherent pro-sheaves X—flat. Hence the
related derived category D(Xflat).

Lemma 4.13. A complex of flat pro-quasi-coherent pro-sheaves §° is acyclic (as a
complex in X—flat) if and only if, for every v € I', the complez of flat quasi-coherent
sheaves F*X) is acyclic (as a complex in X, ~flat).

Proof. The proof is straightforward. (]

4.4. Coderived category of torsion sheaves. Let E be an exact category. A com-
plex in E is said to be absolutely acyclic if it belongs to the minimal thick subcategory
of K(E) containing the totalizations of short exact sequences of complexes in E. Here
a short sequence of complexes in E is said to be ezact if it is termwise exact (i. e.,
exact in every degree), and “totalization” of a short sequence of complexes means
taking the total complex of a bicomplex with three rows. The triangulated quotient
category of K(E) by the thick subcategory of absolutely acyclic complexes is called
the absolute derived category of an exact category E and denoted by D**(E).

Let E be an exact category in which infinite coproducts exist and the class of all
short exact sequences is closed under coproducts (in this case, we will say that E has
exact coproducts). Then a complex in E is said to be coacyclic if it belongs to the
minimal triangulated subcategory of K(E) containing the totalizations of short exact
sequences in C(E) and closed under coproducts. The coderived category D<(E) is
defined as the triangulated quotient category of the homotopy category K(E) by the
thick subcategory of coacyclic complexes.

The reader is referred to [40, Section 2.1], [41, Sections 3-4], [12, Section 1.3], [44,
Appendix A], [47, Section 2| for a discussion of these definitions.

An exact category E is said to have homological dimension < d (where d > —1 is

an integer) if Ext&™(E, F) =0 for all E, F € E.

Lemma 4.14. (a) In any ezact category E, any absolutely acyclic complex is acyclic;
so there is a natural triangulated Verdier quotient functor D***(E) —s D(E).
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(b) In any exact category E with exact coproducts, any absolutely acyclic complex
15 coacyclic, and any coacyclic complex is acyclic; so there are natural triangulated
Verdier quotient functors D***(E) — D% (E) — D(E).

(¢) In an exact category E of finite homological dimension, any acyclic complex is
absolutely acyclic.

Proof. Parts (a-b) are straightforward; part (c) is [40, Remark 2.1]. O

Proposition 4.15. (a) For any ezact category E with exact coproducts, the compo-
sition K(Ein;)) — K(E) — D°(E) of the inclusion functor K(Ei,;) — E(E) (induced
by the inclusion Ej,; — E) with the Verdier quotient functor K(E) — D(E) is a
fully faithful triangulated functor K(Ei,;) — D<°(E).

(b) Let E be an exact category with infinite coproducts and enough injective objects.
Assume that the class of all injectives Einj C E is closed under coproducts in E.
Then the triangulated functor K(Ei,;) — D(E) from part (a) is an equivalence of
triangulated categories. Moreover, for any complex E* in E there exists a complex J*
in Einj together with a morphism of complexes E* — J* whose cone is a coacyclic
complex in E.

Proof. 1t should be noticed that in any exact category with infinite coproducts and
enough injective objects the infinite coproduct functors are exact. Part (a) is [41,
Section 3.5] or [44, Lemma A.1.3(a)]. Part (b) is [41, Section 3.7]; for a far-reaching
generalization, see [47, Proposition 2.1]. O

A Grothendieck abelian category is said to be locally Noetherian if it has a set
of generators consisting of Noetherian objects. Equivalently, a Grothendieck abelian
category A is locally Noetherian if and only if every object of A is the union of its
Noetherian subobjects.

Lemma 4.16. In any locally Noetherian Grothendieck category, the class of all in-
jective objects is closed under coproducts.

Proof. Follows from Lemma 2.15. U

Proposition 4.17. For any ind-Noetherian ind-scheme X, the category X-tors of
quasi-coherent torsion sheaves on X s a locally Noetherian Grothendieck category.
The direct images of coherent sheaves from closed subschemes of X are the Noetherian
objects of X—tors.

Proof. The category X—tors is Grothendieck by Theorem 2.4, and it has a set of Noe-
therian generators by Lemma 2.16 (because the category of quasi-coherent sheaves on
a Noetherian scheme is locally Noetherian and the coherent sheaves are its Noetherian
objects). The description of the Noetherian objects in X—tors easily follows. O

Corollary 4.18. For any ind-Noetherian ind-scheme X, the coderived category of
quasi-coherent torsion sheaves is naturally equivalent to the homotopy category of
injective quasi-coherent torsion sheaves, K(X-tors;yj) ~ D% (X-tors).

Proof. Combine Proposition 4.17, Lemma 4.16, and Proposition 4.15(b). ([l
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Remark 4.19. Let X be an ind-Noetherian ind-scheme. One can say that a quasi-
coherent torsion sheaf .#Z on X is coherent if there exists a closed subscheme Z C X
with the closed immersion morphism i: Z — X and a coherent sheaf M on Z such
that .# ~ i,M. Then the full subcategory of coherent torsion sheaves X-tcoh C
X-tors is an abelian Serre subcategory; by Proposition 4.17, it is the full subcategory
of Noetherian objects in the locally Noetherian category X-tors. It follows that
the coderived category D®(X—tors) is compactly generated and the bounded derived
category DP(X-tcoh) is the full subcategory of compact objects in D%(X—tors).

Lemma 4.20. Let A be a Grothendieck abelian category and S C A be a class of
objects, closed under quotients and containing a set of generators of A. Let J* €
K(Ainj) be a complex of injective objects in A such that for every object S € S one has
Homga)(S, J*) = 0. Then the complex J* is contractible.

Proof. Using the assumption that S contains a set of generators for A, one proves that
the complex J* is acyclic in A. Since S is also closed under quotients, Lemma 2.15
shows that any object K € A for which Exty (S, K) = 0 for all S € S is injective. From
this observation one deduces injectivity of the cocycle objects of the complex J°*. [J

Lemma 4.21. Let X = “hﬂ,;er X, be a reasonable ind-scheme represented by

an inductive system of closed immersions of reasonable closed subschemes, and
let iy: X, — X be the natural closed immersions. Let 7° € K(X-torsy;) be a
complex of injective quasi-coherent torsion sheaves on X. Assume that the complex
of injective quasi-coherent sheaves z;/’ on X, is contractible for every v € I'. Then
the complex of injective quasi-coherent torsion sheaves #Z° on X is contractible as
well.

Proof. For every complex of quasi-coherent sheaves M*®* on X,, v € I', we have
Homk (xtors) (14 M*, Z*) ~ Homk(x, qcoh) (M, 2'7/') = 0. In view of Lemmas 4.20
and 2.16, it follows that the complex #* is contractible. O

4.5. The triangulated equivalence. To begin with, we recall the triangulated
equivalence for a semi-separated Noetherian scheme with a dualizing complex.

Theorem 4.22. Let X be a semi-separated Noetherian scheme with a dualiz-
ing complex D*. Then there is a natural equivalence of triangulated categories
D (X—qcoh) =~ D(X-flat), provided by mutually inverse triangulated functors
Homx qo(D*, —): K(X—qcoh;,;)) — D(X-Hflat) and D* ®p, —: D(X-flat) —
K(X~—qcoh;,).

inj

Proof. Notice first of all that any Noetherian scheme with a dualizing complex has
finite Krull dimension [19, Corollary V.7.2]; hence the exact category X—flat has finite
homological dimension [57, Corollaire 11.3.2.7], [44, Lemma 5.4.1] (for a direct argu-
ment showing that existence of a dualizing complex implies finite projective dimension
of flat modules, see [9, Proposition 1.5], [44, Corollary B.4.2], or [47, Proposition 4.3]).
By Lemma 4.14, it follows that D(X—flat) = D°(Xflat) = D**5( X flat).
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Furthermore, the equivalence D°°(X—qcoh) =~ K(X—qcoh,;) is a particular case of
Corollary 4.18.

The assertion of the theorem is a result of Murfet [31, Theorem 8.4 and Propo-
sition 8.9]; for a different argument, which is much closer to our exposition below,
see [12, Theorem 2.5] (which is stated and proved in the more complicated context
of matrix factorizations). Cf. [44, Theorem 5.7.1] and [47, Theorem 4.5].

The dualizing complex D* on X is assumed to be a bounded complex of injectives
in the above references; here we assume it to be homotopy equivalent to bounded,
which is essentially the same. For a generalization to Noetherian schemes of infinite
Krull dimension with pointwise dualizing complexes of infinite injective dimension,
see [36, Corollary 3.10]. O

The following theorem is the main result of Section 4.

Theorem 4.23. Let X be an ind-semi-separated ind-Noetherian ind-scheme with
a dualizing complex 2°. Then there is a natural equivalence of triangulated
categories D°(X—tors) ~ D(X—flat), provided by mutually inverse triangulated func-
tors Homx o (2°,—): K(X-torsy,;) — D(X-flat) and 2° ®x —: D(X-flat) —
K(f{—torsinj).

The notation $omy_.(—, —) will be explained below, and the proof of Theorem 4.23
will be given below in this Section 4.5.

Lemma 4.24. Let f: Y — X be a flat morphism of schemes and Z C X be a
reasonable closed subscheme with the closed tmmersion i: Z — X. Consider the
pullback diagram

ZxxY Loy
O
Z—1 X
Put W = Z xx Y. Then there is a natural isomorphism g*i' ~ k'f* of functors
X—qcoh — W—qcoh.

Proof. The assertion is local in X and reduces to the case of affine schemes, for which
it means the following. Let R — S be a homomorphism of commutative rings
such that S is a flat R-module, and let R — T be a surjective homomorphism of
commutative rings with a finitely generated kernel ideal. Let M be an R-module.
Then the natural map

(S SR T) QT HOIHR(T, M) ~ S KRR HOIIlR<T, M)
—— Hompg(T, S ®@r M) ~ Homg(S ®@g T, S @p M)
is an isomorphism of (S ®g T')-modules. O

Lemma 4.25. Let i: Z — X be a closed immersion of schemes, and let M, IC be
quasi-coherent sheaves on X. Then there is a natural morphism

i* Homx-qe(M, ) —— Homz.q.(i' M, i'K)
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of quasi-coherent sheaves on Z. This morphism is an isomorphism whenever the
scheme X is (quasi-compact and) semi-separated, i(Z) is a reasonable closed sub-
scheme in X, and K is an injective quasi-coherent sheaf on X.

Proof. To prove the first assertion, it suffices to construct a natural morphism
Homx.qo(M,K) — i, Homzq(i' M, i'K) of quasi-coherent sheaves on X. Let £
be an arbitrary quasi-coherent sheaf on X. Then morphisms £ — Hom x_qc.(M, K)
correspond bijectively to morphisms £ ®o, M — K, while morphisms £ —
ix Homzqo(i'M,i'K) correspond bijectively to morphisms i*L ®p, i'M — i'K.
Applying i' to a morphism £ ®o, M — K and precomposing with the natural
morphism from Lemma 3.6, one obtains a morphism i*£ ®o,, i'M — i'K.

For the second assertion, notice that any injective quasi-coherent sheaf on a quasi-
compact scheme X is a direct summand of a finite direct direct sum of direct images
of injective quasi-coherent sheaves from affine open subschemes of X (as there are
enough injective objects of this form in X—qcoh). Let U C X be an affine open
subscheme and j: U — X be the open immersion morphism. We can assume that
K = 7.J, where J is an injective quasi-coherent sheaf on U.

Now

i* HOmX—qC<M7j*\7) = Z*j* %OmU—qc(j*M7 j) = g*k* HOmU—qc(j*M, j),

where k:' W = Z xx U — U, ¢g: W — Z, the first isomorphism holds by
Lemma 4.2, and the second one by Lemma 3.3(a). (The assumption that X is
semi-separated is used here, as we need j to be an affine morphism.)

On the other hand, we have i'j,J ~ ¢.k'J by Lemma 2.3(a) and g*i'M ~ k'j*M
by Lemma 4.24. Hence

Homygqo(i' M, i'§.T) ~ Homzq(i' M, g.k'T)
= g« HOmW-qc(g*i!Mv k'j) = g« %OmW-qc(k!j*M> k'j)

This reduces the second assertion of the lemma to the particular case of an affine
scheme U with a reasonable closed subscheme k(W) C U, with the quasi-coherent
sheaf j*M and the injective quasi-coherent sheaf 7 on U. In the affine case, the
assertion means the following. Let R — S be a surjective ring homomorphism with
a finitely generated kernel ideal, let M be an R-module, and let J be an injective
R-module. Then the natural morphism of S-modules

S®@rHompg(M, J) —— Hompg(Homg(S, M), J) ~ Homg(Hompg(S, M), Homg(S, J))
is an isomorphism. O

Lemma 4.26. Let i: Z — X be a closed immersion of schemes, and let (Pe)eez be
a family of quasi-coherent sheaves on X. Then there is a natural morphism

. P — P
H£€E ¢ ngE €
of quasi-coherent sheaves on Z. This morphism is an isomorphism whenever the

scheme X is (quasi-compact and) semi-separated, i(Z) is a reasonable closed sub-

scheme in X, and P¢ are flat cotorsion quasi-coherent sheaves on X .
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Proof. The first assertion holds for any functor between categories with products
(in the role of ¢*). The result of [44, Lemma 4.1.12], as restated in the proof of
Lemma 4.9(c), reduces the second assertion to the particular case when P = j, Q;
for every £ € =, where j: U — X is the immersion of an affine open subscheme and
Q¢ are (flat cotorsion) quasi-coherent sheaves on U.

Put W = Z xx U, and denote by k: W — U and g: W — Z the natural
morphisms. In view of Lemma 3.3, we have

i* nga 7« Q¢ ~ 0" ngE Q¢ >~ g.k" nga Qe,

H5€5 73:Qc = HEEE 9:k" Q¢ =~ g. HEGE k" Q.

Now we have reduced the second assertion of the lemma to the particular case of
an affine scheme U with a reasonable closed subscheme k(W) C U and the family
of (flat cotorsion) quasi-coherent sheaves Q¢ on U. In the affine case, the assertion
means the following. Let R — S be a surjective ring homomorphism with a finitely
generated kernel ideal, and let (Q¢)eez be a family of (flat cotorsion) R-modules.
Then the natural morphism of S-modules

S Rpr ngE Qg — ngES®R Qg

is an isomorphism. The assumption that the R-modules )¢ are flat cotorsion is not
needed here; it was only used in order to reduce the question to the affine case. [

while

Lemma 4.27. Let i: Z — X be a closed immersion of schemes, and let M?*,
K* € C(X—qcoh) be complexes of quasi-coherent sheaves on X. Then there is a
natural morphism

i*Homx qo(M*,K*) — Homz_qc(z'!/\/l', i!lC’)

of complexes of quasi-coherent sheaves on Z. This morphism is an isomorphism
whenever the scheme X is (quasi-compact and) semi-separated, i(Z) is a reasonable
closed subscheme in X, and KC* is a complex of injective quasi-coherent sheaves on X .

Proof. For every n € 7Z, the degree n component of the desired morphism of complexes
of quasi-coherent sheaves on Z is the composition

(3) " Homx qo(M*, K*)" =" H Homx_qc(MP,K?)
q—p=n
) ¥ p q
- Hq_p:nz Homx_qc(MP, K?)
—J1 Homgqe(i' MP i KT) = Hom gqo(i' M®, 3 KC*)"
q—p=n

of the morphisms induced by the natural morphisms from Lemmas 4.26 and 4.25.
Assuming that X is semi-separated, i(Z) is reasonable in X, and K* is a com-
plex of injectives, the morphisms i* Homy.qo(MP,K?) — Homy.q(i' MP,i'K9)
are isomorphisms by Lemma 4.25. Assuming additionally that X is a Noether-
ian scheme and M?®* is also a complex of injectives, the quasi-coherent sheaves
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Homx_qc(MP,K?) are flat cotorsion by Lemmas 4.4(d) and 4.9(a). Hence the map
[, pen Homx qe(MP,K?) — ] i* Homx.q.(MP,K9) is an isomorphism by
Lemma 4.26, and we are done.

In the general case of the assumptions of the lemma, put N = ®p€Z MP and
L=1]] ez K. Then N is a quasi-coherent sheaf and £ is an injective quasi-coherent

sheaf on X. The functor i': X -qcoh — Z-qcoh preserves both the infinite products
(as a right adjoint functor) and coproducts (in fact, it even preserves direct limits,
since Z is a reasonable closed subscheme in X). By Lemma 4.25, the natural mor-
phism i* Homx_qe (N, L) — Homz..(i'N,i'L) is an isomorphism of quasi-coherent
sheaves on Z. In every degree n € Z, the morphism (3) is a direct summand of this
isomorphism, hence also an isomorphism.

Yet another approach is to notice that the proof of Lemma 4.26 is actually appli-
cable to any family of quasi-coherent sheaves P¢ each of which is a direct summand
of a finite direct sum of direct images of quasi-coherent sheaves from affine open sub-
schemes in a fixed finite affine open covering X = |, U,. Then it remains to observe
that, for any quasi-coherent sheaf M and any injective quasi-coherent sheaf K on X,
the quasi-coherent sheaf Homyx (M, K) is a direct summand of such a direct sum
of direct images (since the quasi-coherent sheaf K is). ([l

q—p=n

Let X be a reasonable ind-semi-separated ind-scheme. Let &* € C(X-tors) be a
complex of quasi-coherent torsion sheaves on X, and let #°* € C(X-torsy;) be a
complex of injective quasi-coherent torsion sheaves on X. Then the complex of pro-
quasi-coherent pro-sheaves $omy_.(&*, #°*) € C(X-pro) is constructed as follows.

For every reasonable closed subscheme Z C X, put $omyq.(&°, Z°)% =
Homy oo (i'&°,i' 7°) = Homz.qo(Eyy F (7)), where it Z — X is the closed
immersion morphism. According to Lemma 4.27, for every pair of reasonable
closed subschemes Y, Z C X such that Z7 C Y, we have ﬁomx_qc(é"‘,/‘)(z) ~
ity Homy (£, )Y as required in the definition of a pro-quasi-coherent pro-
sheaf (where izy: Z — Y is the closed immersion). This explains the meaning of
the notation in Theorem 4.23.

Proof of Theorem 4.23. The equivalence D®(X-tors) ~ K(X-tors;,) is provided by
Corollary 4.18.

The tensor product functor ®y: X—flat x X—tors — X-tors was constructed in
Sections 3.2 and 3.4. Here we switch the two arguments and write ®x: X—tors x
X—flat — X-tors. Given a complex of quasi-coherent torsion sheaves &* € C(X—tors)
and a complex of flat pro-quasi-coherent pro-sheaves §* € C(X—flat), the complex
of quasi-coherent torsion sheaves &* ®@x §* € C(X-tors) is constructed by taking
coproducts along the diagonals of the bicomplex of quasi-coherent torsion sheaves
&P @x 51, p, q € L.

This construction defines a functor &* ®x — : C(X-flat) — C(Xtors), which obvi-
ously descends to a triangulated functor between the homotopy categories &* ®x — :
K(X-flat) — K(X-tors). By Proposition 3.7, for any complex §* € C(X-flat) and
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any closed subscheme Z C X with the closed immersion morphism i: 7 — X, we
have i'(&* ®x §°) ~ i'6* ®o, i*F*.

Now let us assume that & is a complex of injective quasi-coherent torsion sheaves,
& € C(X-torsyy). By Lemma 4.4(b), the complex i'€* ®0, i*F* is a complex of
injective quasi-coherent sheaves on Z (recall that injectivity of quasi-coherent sheaves
on a Noetherian scheme is preserved by coproducts). By Proposition 2.17(b), it
follows that &* ®x §* is a complex of injective quasi-coherent torsion sheaves on X.
We have constructed a triangulated functor

(4) E* ®x — : K(Xflat) —— K(X-tors;y).
Let us check that the latter functor induces a well-defined triangulated functor
(5) &* @x — : D(X-flat) —— K(X-torsiy).

For this purpose, we need to show that the complex &* ®x §* € K(X-torsy,;) is
contractible whenever a complex §* € K(X-flat) is acyclic with respect to the exact
category X-flat. By Lemma 4.21, it suffices to check that the complex i'(&* ®@x §*) ~
iI'E* Ro, i*F* € K(Z-qcohy,) is contractible. Here i'é* is a complex of injective
quasi-coherent sheaves on Z and #*§* is an acyclic complex in the exact category
Z—flat.

The latter assertion is essentially a part of Theorem 4.22. One can say that any
acyclic complex in Z—flat is coacyclic, and it is easy to see that the tensor product of
a coacyclic complex in Z—flat with any complex in Z—qcoh is coacyclic; a coacyclic
complex of injectives is contractible. Alternatively, one can assume that i'€* is
homotopy equivalent to a bounded complex in Z—qcoh;,;; on any Noetherian scheme
Z, it is clear that the tensor product of an acyclic complex in Z—flat with a bounded
complex of injectives is contractible. For quite general results in this direction, see
Lemmas 5.1(d) and 5.2(c) below.

On the other hand, for any complex &* € C(X-tors), the construction preceding
this proof provides a functor $Homy (&, —): C(X-torsy,;) — C(X-pro), which
obviously descends to a triangulated functor between the homotopy categories
Homx o (&°, —): K(X-tors;,j)) — K(X-pro). By construction, for any complex
J* € C(Xtorsi,;) and any closed subscheme Z C X with the closed immersion
morphism i: Z — X, we have i* Homy oo (&°, _F°) = Homz o (i'6*,i' 7°).

Once again, assume that &* is a complex of injective quasi-coherent torsion sheaves
on X. Then, by Lemma 4.10, the complex Hom 7. (i'€*,i'_#*) is a complex of flat
quasi-coherent sheaves on Z. Hence $omy o(&*, Z°) is a complex of flat pro-quasi-
coherent pro-sheaves on X. We have constructed a triangulated functor

(6) Homz o (E°, —): K(X-tors;,;)) —— K(Xflat).
Composing the latter functor with the canonical triangulated Verdier quotient
functor K(X—flat) — D(X—flat), we obtain a triangulated functor
(7) Homy (€%, —): K(X-tors;,;)) —— D(Xflat).
It is straightforward to see that the functor (6) is right adjoint to the functor (4).

Hence the functor (7) is right adjoint to the functor (5).
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It remains to show that the functors (5) and (7) are mutually inverse equivalences
when &° = 2° is a dualizing complex on X. For this purpose, we need to check that
the adjunction morphisms are isomorphisms.

Let §* € C(X—flat) be a complex of flat pro-quasi-coherent pro-sheaves on X. Then
the adjunction §* — Homy o(Z*, Z* ®x §*) is a natural morphism in C(X-flat);
we need to show that it is an isomorphism in D(X—flat). By Lemma 4.13, it suffices
to check that i*§* — " Homy . (Z°, Z°* ®x §°) is an isomorphism in D(Z-flat).
According to the discussion above, we have isomorphisms of complexes

i* Homyo(2°, V° @2 F°) =~ Homzqo(i' 2%, i'(2° 2% F°))
~ Homyq(i'D®, ' D* R0, i*F°).

So we have to show that the natural morphism F* — Homyz..(i'2°, i'2* @0, F*)
is an isomorphism in D(Z—flat) for every complex F* of flat quasi-coherent sheaves
on Z.

By the definitions of a dualizing complex on X and on Z (see Section 4.2), the
complex of injective quasi-coherent sheaves i'2* on Z is homotopy equivalent to a
bounded complex of injective quasi-coherent sheaves D3, (which is also a dualizing
complex on 7). So the complex of flat quasi-coherent sheaves Hom z.o.(i' ?*,i' 2°* R0,
F*) on Z is homotopy equivalent to the complex of flat quasi-coherent sheaves
Homyz.q (DY, Dy @p, F*). Finally, the assertion that the natural morphism of
complexes of flat quasi-coherent sheaves F* — Homz (DY, Dy o, F*) is an iso-
morphism in D(Z—flat) is essentially a part of Theorem 4.22 for the semi-separated
Noetherian scheme Z.

Similarly, let #* € C(X-tors,;) be a complex of injective quasi-coherent torsion
sheaves on X. Then the adjunction Z° ®x Homx (2, 7°) — _Z° is a natural
morphism in C(X-tors;y); we have to show that it is a homotopy equivalence. By
Lemma 4.21, it suffices to check that i'(2* ®@x Homy(2°, £°)) — i' 7*is a
homotopy equivalence of complexes in Z—qcoh;,;. According to the discussion above,
we have isomorphisms of complexes

i(2° @x Homy o (2°, 7°)) =i D* R0, i* Homx.q(2°, 7°)
~i'D* ®Ro, Homyq (i D%,i' 7).

So we have to show that the natural morphism ' 2* Ro, Homz_qc(i!@’, J)— T
is a homotopy equivalence of complexes in Z—qcoh,; for every complex [J* of injective
quasi-coherent sheaves on Z.

As above, the complex of injective quasi-coherent sheaves i' Z* ®o, Homz.q.(i' 2°,
J*) on Z is homotopy equivalent to the complex of injective quasi-coherent sheaves
Dy ®o, Homz. (DY, J*). Once again, the assertion that the natural morphism of
complexes of injective quasi-coherent sheaves Dy, ®p, Homz (DY, T*) — J* is a
homotopy equivalence is essentially a part of Theorem 4.22. O
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5. THE COTENSOR PRODUCT

The triangulated tensor structure on the coderived category D®(X—qcoh) of quasi-
coherent sheaves on a Noetherian scheme with a dualizing complex D* was introduced
in [31, Propositions 6.2, 8.10, and B.6] and studied in [12, Section B.2.5], where it
was denoted by Ope and called the cotensor product of complexes of quasi-coherent
sheaves on X over the dualizing complex D*. The aim of this section is to generalize
this construction to complexes of quasi-coherent torsion sheaves on an ind-Noetherian
ind-scheme with a dualizing complex, and explain the connection with the cotensor
product of complexes of comodules over a cocommutative coalgebra.

5.1. Construction of cotensor product. We start with a lemma about tensor
products of complexes of quasi-coherent sheaves on a scheme.

Lemma 5.1. Let M* € C(X—qcoh) be a complezx of quasi-coherent sheaves and F*,
G* € C(Xflat) be two complexes of flat quasi-coherent sheaves on a scheme X.

(a) If the complex F* is acyclic in X—flat, then the complex F* ®o, M® is acyclic
in X—qcoh.

(b) If the complex F* is acyclic in X—flat, then the complexr F* ®@p, G* is acyclic
in X—flat.

(c) If the complex M* is coacyclic in X—qcoh, then the complex F* ®o, M*® is
coacyclic in X—qcoh.

(d) If the complex F* is acyclic in X—flat and the scheme X is Noetherian, then
the complexr F* @0, M?* is coacyclic in X—qcoh.

Proof. The assertions (a—b) are essentially local and reduce to the case of an affine
scheme X. In this context, both the assertions are explained by the observation that
over an (arbitrary associative) ring R, an acyclic (in R-mod) complex of flat modules
is homotopy flat if and only if it has flat modules of cocycles.

Specifically, part (a) is provable by representing M* as a direct limit of bounded
complexes (with a silly truncation on the left and a canonical truncation on the
right). This reduces the question to the case of a one-term complex M* = M, which
is obvious. To prove part (b), it suffices to check that the complex F* ®o, G* ®0, N
is exact in X—qcoh for every sheaf N/ € X—qcoh. This follows from part (a) applied
to the complexes F* and M* = G* ®0, N.

The assertions (c—d) are essentially local, too (assuming that X is either quasi-
compact and semi-separated or else Noetherian). But this needs to be explained
(we postpone this discussion to Section A.2 of the appendix; cf. [12, Remark 1.3]).
Part (c) is straightforward: it suffices to observe that the functor F* ®o, — takes
short exact sequences of complexes in X—qcoh to short exact sequences of complexes
in X—qcoh and preserves coproducts of complexes in X—qcoh.

Part (d): by Corolary 4.18, there exists a complex of injective quasi-coherent
sheaves J* on X endowed with a morphism of complexes M*®* — J* whose cone
N* is coacyclic in X—qcoh. By part (c), the complex F* ®¢p, N* is coacyclic in
X-—qcoh. It remains to check that the complex F* ®p, J* is coacyclic in X—qcoh; in
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fact, this complex is contractible. This is the result of [35, Corollary 9.7(ii)] (see [35,
Theorem 8.6 for context) and [31, Lemma 8.2].

Let us spell out some details, following [35, 31]. By Lemma 4.4(b), F* ®eo, J* is
a complex of injective quasi-coherent sheaves on X. A complex of injective objects
is coacyclic if and only if it is contractible, and if and only if its objects of cocycles
are injective. Injectivity of a quasi-coherent sheaf on a Noetherian scheme is a local
property; hence the question is local and reduces to affine schemes.

Let F'* be a complex of flat modules over a Noetherian commutative ring R and J*
be a complex of injective R-modules. Assume that the complex F'* is acyclic in R—flat.
Let L be a finitely generated (equivalently, finitely presentable) R-module. Then
we have a natural isomorphism of complexes of R-modules Homg(L, F* ®pg J*) ~
F* @ Homg(L, J*). By part (a), the complex F'* ®g Hompg(L, J*) is acyclic. By
Lemma 4.20, acyclicity of the complexes Hompg(L, F* ®g J*) for all finitely generated
R-modules L implies contractibility of the complex F* ®pg J°. ([l

Let B* and Q° € C(X—pro) be two complexes of pro-quasi-coherent pro-sheaves
on an ind-scheme X. Then the complex §* ®@* Q°* € C(X—pro) is constructed by
totalizing the bicomplex B @* Q4 p, g € Z, by taking infinite coproducts in X-pro
along the diagonals of the bicomplex. Since the full subcategory X-flat is closed
under coproducts in X—pro (see Section 3.5), the tensor product of two complexes in
X—flat is a complex in X—flat,

(8) ®%: C(X-flat) x C(Xflat) — C(X-flat).

Similarly, let B* € C(X—pro) be a complex of pro-quasi-coherent pro-sheaves and
A € C(X-tors) be a complex of quasi-coherent torsion sheaves on a reasonable
ind-scheme X. Then the complex PB* @y #* € C(X—tors) is constructed by totalizing
the bicomplex PP @y A9, p, q € Z, by taking infinite coproducts in X—tors along
the diagonals of the bicomplex (as in the construction of the tensor product functor
in the proof of Theorem 4.23). In particular, we have

(9) ®yx: C(X—flat) x C(X-tors) —— C(X-tors).

As the tensor product on X—pro and the action of X—pro in X—tors preserve coprod-
ucts in both the categories (see Section 3.5), the above tensor products of complexes
are associative. So C(X—pro) is a tensor category, C(X—flat) C C(X—pro) is a tensor
subcategory, and C(X—tors) is a module category over C(X—pro). Hence, in particular,
C(X-tors) is a module category over C(X—flat).

The tensor product functors (8-9) obviously descend to the homotopy categories,
providing tensor product functors

(10) ®%: K(X-flat) x K(X-flat) —— K(Xflat),
(11) ®yx: K(X—flat) x K(X-tors) —— K(X-tors),

making K(X—flat) a tensor triangulated category and K(X—tors) a triangulated module
category over K(X—flat).
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Lemma 5.2. (a) Let X be an ind-scheme and §°*, &* € C(X-flat) be two complezes
of flat pro-quasi-coherent pro-sheaves on X. Assume that the complex §° is acyclic
in X-flat. Then the complex F* @F &° is acyclic in X-flat.

(b) Let X be a reasonable ind-scheme, §* € C(X-flat) be a complex of flat pro-
quasi-coherent pro-sheaves on X, and #* € C(X—tors) be a complex of quasi-coherent
torsion sheaves on X. Assume that the complex M * is coacyclic in X—tors. Then the
complexr §* Qx A * is coacyclic in X—tors.

(c) Let X be an ind-Noetherian ind-scheme, §* € C(X-flat) be a complex of flat
pro-quasi-coherent pro-sheaves on X, and #* € C(X—-tors) be a complex of quasi-
coherent torsion sheaves on X. Assume that the complex §* is acyclic in X—flat.
Then the compler §* Qx A * is coacyclic in X—tors.

Proof. Part (a) follows from Lemmas 4.13 and 5.1(b). Part (b) holds, because the
functor §°* ®x — takes short exact sequences of complexes in X—tors to short exact
sequences of complexes in X—tors and preserves coproducts of complexes in X—tors.
Similarly one shows that the complex §* ®x .#* is coacyclic in X—tors whenever the
complex §* is coacyclic in X—flat and .Z* is an arbitrary complex in X—tors.

Part (c): by Corollary 4.18, there exists a complex of injective quasi-coherent
torsion sheaves #°* € K(X-tors;yj) together with a morphism of complexes .#* —
_J7* whose cone 4* is coacyclic in X-tors. By part (b), the complex §* ®x A* is
coacyclic in X—tors. It remains to check that the complex §* ®x #* is coacyclic in
X—tors. In fact, we will show that this complex is contractible.

Indeed, according to the arguments in the beginning of the proof of Theorem 4.23
in Section 4.5, §* ®x _Z° is a complex of injective quasi-coherent torsion sheaves
on X. Furthermore, for any closed subscheme Z C X with the closed immersion
morphism i: Z — X, Proposition 3.7 provides a natural isomorphism of complexes
of quasi-coherent sheaves i'(F* ®x F*) ~ i*F° ®o, i!/' on Z. In the situation
at hand, the complex i*F* is acyclic in Z—flat, while ¢'_#* is a complex of injective
quasi-coherent sheaves on Z; hence, by (the proof of) Lemma 5.1(d), the complex of
injective quasi-coherent sheaves i*§* ®p, 4 _#* on Z is contractible. By Lemma 4.21,
it follows that the complex §* ®x _#* in X-tors;y; is contractible, too. O

Let X be an ind-Noetherian ind-scheme. It is clear from Lemma 5.2 that the tensor
product functors (10-11) descend to the derived and coderived categories, providing
tensor product functors

(12) ®%: D(Xflat) x D(¥flat) —— D(Xflat),
(13) ®x: D(X—flat) x D«°(X—tors) —— D°(X—tors).
So D(X-flat) is a tensor triangulated category and D°(X-tors) is a triangulated mod-
ule category over D(X—flat).
Now let X be an ind-semi-separated ind-Noetherian ind-scheme with a dualizing

complex 2°. Then the triangulated equivalence Z* ®x —: D(X—flat) — D (X—tors)
from Theorem 4.23 is an equivalence of module categories over D(X—flat). This follows
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from the associativity of the tensor products,
(S. * @') Rx ° ~F° Rx (@' QQx .@')
for all complexes of flat pro-quasi-coherent pro-sheaves §* and &* on X.

Using the triangulated equivalence D(X—flat) ~ D (X—tors), we transfer the tensor
structure of the category D(X—flat) to the category D®°(X—tors). The resulting functor

(14) Oge : D°(X—tors) x D(X~tors) —— D“°(X—tors),

defining a tensor triangulated category structure on D®(X—tors), is called the coten-
sor product of complexes of quasi-coherent torsion sheaves on X over the dualizing
complex Z°. Explicitly, we have

M Oge N = D° Ox (Homrqe(2°, ) @F Home (27, 7))
~ %. ®x ﬁomX—qC<9.7 /.)

in D°(X~tors) for any complexes .#* and .4"* € K(X-tors) endowed with morphisms
with coacyclic cones A#* — J#* and A4"* — _#* into complexes J* and #° ¢
K(X-tors;nj). The dualizing complex 2°* € D°(X-tors) is the unit object of the tensor
structure Oge on D% (X-tors), since Z°* corresponds to the unit object Oy € D(X—flat)
under the equivalence of categories D(X—flat) ~ D%(X—tors).

Remarks 5.3. The cotensor product functor Oge (14) is “similar to a right derived
functor” in the following sense (see Theorem 6.35 below for a much more specific
assertion).

(1) Given an additive category A, let us denote by K<(A) and K=°(A) C K(A)
the full subcategories in the homotopy category consisting of complexes concen-
trated in the nonpositive and nonnegative cohomological degrees, respectively. For
an abelian category A, the notation D=Y(A) and D=°(A) is understood similarly.
When A is abelian, a complex A* € D*(A) is said to have injective dimension < 0 if
Homp+(a)(C*, A®) = 0 for all bounded complexes C* € D="(A). When A is abelian
with enough injective objects, a bounded below complex in A has injective dimen-
sion < 0 if and only if it is quasi-isomorphic to a bounded complex in KS0(A;y;).

For any abelian category A with exact functors of infinite direct sum, the full
subcategories of nonpositively and nonnegatively situated complexes D*=°(A) and
D<=9(A) form a t-structure (of the derived type) on the coderived category D(A)
[40, Remark 4.1], [55, Proposition 5.5]. Furthermore, if there are enough injective
objects in A, then for any complex A* € K=°(A) there is a complex J* € K=(Ay,;)
together with a quasi-isomorphism A* — J* of complexes in A. Since any bounded
below acyclic complex is coacyclic [40, Lemma 2.1] (cf. [44, Lemma A.1.2(a)]), the
morphism of complexes A* — J* is an isomorphism in D®(A). So we have equiva-
lences of categories K=(A;;) ~ D«=%(A) ~ D=°(A).

(2) In the context of the exposition above in this section, assume that the du-
alizing complex Z° is concentrated in the nonpositive cohomological degrees, Z° €
K=0(X-tors;y;). For any complexes .#°, A € K=°(X-tors), one can choose a complex
J7* € K=0(X—torsyj) together with a morphism with (co)acyclic cone A — 7°.
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Then one has Hiomyo(2°, 7°) € K2(Xflat) and Z° @x Homy (2°, 7°) €
K=9(X-tors). Thus the functor Oge (14) restricts to a functor

Oge : D=Y(Xtors) x D°=%(Xtors) —— D“=%(Xtors).

(3) Let us explain why the assumption that 2°* € K=(X-tors,;) is mild and reason-
able. Suppose that the ind-scheme X is of ind-finite type over a Noetherian scheme S
with a dualizing complex D*. Without loss of generality, one can assume D* to be a
bounded complex of injective quasi-coherent sheaves on S; shifting if necessary, one
can assume further that D* € KSO(S—qcohinj). Let Z C X be a closed subscheme; so
we have a morphism of finite type Z — S.

The idea is to use the extraordinary inverse image functor in order to lift D°® to
a dualizing complex D% on Z. Given a morphism of finite type between Noetherian
schemes f: Y — X, the relevant functor is denoted by f' in [19] and Deligne’s
appendix to [19] (where it was first constructed, under mild assumptions on f); in
the terminology and notation of [44], it is called the extraordinary inverse image
functor in the sense of Deligne and denoted by f*: DT (X—qcoh) — DT (Y —qcoh).

First of all one observes that the derived direct image functor Rf,: D*(Y—qcoh) —
Dt (X—qcoh) has a right adjoint functor; this functor is called the extraordinary
inverse image functor in the sense of Neeman and denoted by f' in [44]. Both
the functor Rf, and its right adjoint f' are also well-defined on the unbounded
derived categories and the coderived categories. In particular, for a closed immersion
i: Z — Y, the triangulated functor i* = Ri': D*(Y-qcoh) — DT (Z-qcoh) is
simply the right derived functor of the left exact functor i': Y —qcoh — Z—qcoh.

The functor f* is essentially characterized by three properties: for a composable
pair of morphisms f and g, one has (fg)™ ~ ¢g*f*; for an open immersion g, one
has g = ¢*; for a proper morphism f, one has f* = f'. In particular, for a closed
immersion i one has i = Ri'. For a smooth morphism f, the functor f* only differs
from f* by a shift and a twist [19, Chapter III].

The functor f* takes dualizing complexes to dualizing complexes [19, Proposi-
tion V.2.4, Theorem V.8.3 and Remark in Section V.8]. More precisely, in our termi-
nology one can say that, given a morphism f: Y — X and a dualizing complex D%
on X, the object fTD% € DT(Y—qcoh) is quasi-isomorphic to a dualizing complex
(of injective quasi-coherent sheaves) D5 on Y.

Concerning an unbounded version of the functor f*, it turns out to be well-defined
as a functor between the coderived categories f*: D®(X—qcoh) — D(Y—qcoh), but
not as a functor between the conventional unbounded derived categories D(X—qcoh)
and D(Y—qcoh) [16], [44, Introduction and Section 5.16].

In the recent overview [38], the notation f* is used for the functor which we denote
by f', and the notation f'is used for the functor which we denote by f.

(4) The key observation for our purposes is that the functor f* takes complexes
of injective dimension < 0 to complexes of injective dimension < 0. Indeed, the re-
striction to an open subscheme in a Noetherian scheme preserves injective dimension,
since it preserves injectivity. It remains to see that the right adjoint functor f' to the
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functor R f, preserves injective dimension. Indeed, if N'* € D=%(Y—qcoh) is a bounded
complex and K* € KS0(X chohinj) is a bounded complex of injective dimension < 0,
then

HomD"'(qucoh)(N.v f!’C.> = HomD“'(qucoh)(Rf*N.; IC.) =0
since Rf,.N* € D=9(X—qcoh).

(5) Returning to the situation at hand, we have a closed subscheme Z C X; denote
by pz: Z — S the related morphism, and let D} be a dualizing complex (of in-
jective quasi-coherent sheaves) on Z quasi-isomorphic to p,D* € D™ (Z-qcoh). The
argument above allows to have D, € KSO(qucohinj). For any pair of closed sub-
schemes Z C Y C D* with the related open immersion i: Z — Y, the complex
i'Dy € KSO(qucohinj) is naturally homotopy equivalent to DY, since py = py? and
it ~ Ri'. In this sense, the dualizing complexes D% on closed subschemes Z C X
agree with each other up to homotopy equivalence.

Assuming additionally that X is an Ny-ind-scheme, one can apply the construction
of Example 4.7 in order to produce a dualizing complex 2°* € K=°(X-tors) on X out
of the dualizing complexes D%, on the closed subschemes Z C X.

5.2. Ind-Artinian examples. The following example explains the terminology
“coderived category” and “cotensor product”.

Examples 5.4. (1) Let € be a coassociative, counital coalgebra over a field k. Let
A be a right €-comodule and .4 be a left ¥-comodule. Then the cotensor product
M Oy N is the k-vector space constructed as the kernel of the difference of the
natural pair of maps

M N = MR C R N

Here one map A4 Qy N —> M QR € R A is induced by the right coaction map
M — M Ry € and the other one by the left coaction map A — € Qy A

(2) When the coalgebra € is cocommutative, there is no difference between left and
right ¥-comodules. Moreover, the cotensor product .# Uy A of two %-comodules
A and A has a natural €-comodule structure in this case. The cotensor product
operation (¢ makes the abelian category of ¥-comodules ¥—comod an associative,
commutative, and unital tensor category with the unit object 4 € ¥—comod.

(3) For any coalgebra € as in (1), the categories ¥—comod and comod—-% of left
and right ¢-comodules are locally Noetherian (in fact, locally finite) Grothendieck
abelian categories, so Proposition 4.15 with Lemma 4.16 are applicable. Hence the
coderived categories of ¥-comodules are equivalent to the respective homotopy cat-
egories of (complexes of) injective comodules, D°(¢~comod) ~ K(%~comod;,;) and
D (comod-%) ~ K(comod;,;~%).

The left #-comodule % is an injective cogenerator of ¥—comod; moreover, a
% -comodule is injective if and only if it is a direct summand of a direct sum of
copies of the ¢-comodule €. For a given left ¥-comodule ¢, the coproduct func-
tor — Og #: comod-¢ — k-vect is exact if and only if ¢ is an injective left
% -comodule (and similarly for a right ¥-comodule). Here k—vect denotes the cate-

gory of k-vector spaces.
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The functor of cotensor product of complexes of comodules
Og : C(comod—%) x C(¢—comod) —— C(k—vect)

is constructed in the obvious way (totalizing the bicomplex of cotensor products
by taking direct sums along the diagonals). To define the right derived functor of
cotensor product

(1% : D°(comod-%") x D®(%comod) — D(k-vect),

suppose that we are given a complex of right %-comodules .Z* and a complex of left
¢ -comodules A*. Let A#* — J#* be a morphism in C(comod-%) from .Z* to a
complex of injective right -comodules #* such that the cone of .Z°* — J£* is
coacyclic in comod-%". Let A4 — _#* be a similar resolution of the complex of left
¢-comodules A*; so _#* € C(€—comod;y;) and the cone is coacyclic in ¢ —comod.
Then the derived cotensor product is defined as the object

MO N =K 0y J° =M Oy F*~ K0y N € D(k-vect).
We refer to [40, Section 0.2] for a discussion.

(4) For a cocommutative coalgebra € as in (2), the functor of cotensor product of
complexes of comodules

O¢ : C(¢—comod) x C(¢—comod) —— C(%—comod)

is constructed, once again, by totalizing the complex of cotensor products by taking
coproducts along the diagonals (notice that the forgetful functor ¥—comod — k—vect
preserves coproducts). The construction of the right derived functor of cotensor
product

0% : D(%comod) x D®(%comod) — D(%comod)
is similar to the one in (3). In the same notation and the same conditions on the
resolutions .#* — JZ* and A4* — #°, we put

MOG N =H0y I M* Oy F°~ KTy N* € D®°(¢—comod).

The derived tensor product operation (JF makes D®(%~comod) an associative, com-
mutative, and unital tensor triangulated category.

(5) For a cocommutative coalgebra %, let X = Spi%™* be the ind-Artinian ind-
scheme corresponding to ¢ as per the construction from Example 1.5(2) and the
discussion in Example 4.1(2). According to Section 2.4(4), the abelian category
X—tors of quasi-coherent torsion sheaves on X is equivalent to the abelian category
of €-comodules € —comod.

Notice that any Artinian scheme admits a dualizing injective quasi-coherent sheaf,
i. e., a dualizing complex which is a one-term complex of injective quasi-coherent
sheaves. In particular, for any finite-dimensional cocommutative coalgebra & over k,
the quasi-coherent sheaf on Spec&* corresponding to the injective £*-module £ is
a dualizing complex on Spec&*. It follows that the injective quasi-coherent torsion
sheaf on Spi €™* corresponding to the injective €-comodule % is a dualizing complex
on Spi%*.
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Following the proof of Theorem 4.23 specialized to the particular case of a one-
term dualizing complex of injectives Z° = €', one can see that there is an equivalence
of additive categories of injective quasi-coherent torsion sheaves and flat pro-quasi-
coherent pro-sheaves on X, provided by the mutually inverse functors Homz o.(¢, —)
and ¥ ®x —,

(15) Homy (€, —): X-torsy; ~ X-flat : ¢ ®@x —.

Moreover, this equivalence transforms short exact sequences in X—flat into split short
exact sequences in X-tors;,j; so the exact category structure on X—flat is split.

(6) We refer to [40, Section 0.2.4] or [45, Section 1] for an introductory discussion
of the category of left contramodules %—contra over a coassociative coalgebra %.
Contramodules over a coalgebra % are the same thing as contramodules over the
topological ring R = €* [43, Section 1.10], [45, Sections 2.1 and 2.3].

The category %—contra is abelian with enough projective objects. Denoting by
¢ —contray; C ¢ —contra the full subcategory of projective €-contramodules, one has
a natural equivalence of additive categories [40, Section 0.2.6], [45, Sections 1.2 and
3.1], [41, Sections 5.1-5.2]

(16) Hom¢ (%, —): € comodiy; >~ € contray.,; :€ O —.

Here Homy¢ = Home comod denotes the k-vector space of morphisms in the abelian
category ¢ —comod, while ®¢ is the contratensor product functor.

For a cocommutative coalgebra %, it is not difficult to construct a pair of adjoint
functors between the additive categories X—pro and %—contra (cf. Examples 3.8).
For a finite-dimensional subcoalgebra £ C €, let X¢ C X denote the closed sub-
scheme Spec&* C Spi%é™*. For a finite-dimensional coalgebra &£, the category of
E-contramodules is naturally equivalent to the category of £*-modules.

The left adjoint functor €—contra — X—pro assigns to a €-contramodule & the
pro-quasi-coherent pro-sheaf 8 whose component BX¢) is the £*-module produced
as the maximal quotient contramodule of & whose %-contramodule structure comes
from an £-contramodule structure. The right adjoint functor X—pro — %—contra
assigns to a pro-quasi-coherent pro-sheaf P8 the projective limit 1&1 cc pXe)

Furthermore, it is well-known that all flat modules over an Artinian ring are pro-
jective. Moreover, all (contra)flat contramodules over a coalgebra over a field are
projective [40, Sections 0.2.9 and A.3]. The functor ¥—contra — X—pro restricts to
a functor ¢ —contray,; —+ X—flat, which is obviously fully faithful.

Comparing the two equivalences of additive categories (15) and (16) and taking into
account the equivalence X-tors;,; >~ ¢ —comod;,; induced by the equivalence X—tors o~
¢ —comod, one can see that the functor @ —contray,; — X-flat is an equivalence
of additive categories. Moreover, the projective limit functor X—pro — % —contra
restricts to a functor X—flat — € —contra,.j, providing the inverse equivalence.

Similarly to Example 3.8(3), the equivalences of categories X—tors ~ ¥—comod and
X-flat >~ € —contrap,; transform the tensor product functor ®x: X-tors x X—flat —
X-tors into the contratensor product functor ® : ¥—comod x ¥ —contra —> %—comod
restricted to € —contrag; C % —contra.
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(7) Let us explain why the equivalence of coderived categories D®(X-tors) ~
D<°(%¢~comod) induced by the equivalence of abelian categories X—tors ~ %—comod
transforms the cotensor product functor Oge (14) from Section 5.1 for the dualiz-
ing complex Z°* = % on the ind-scheme X = Spi €™ into the right derived cotensor
product functor 0% from Example 5.4(4).

Let £ C % be a finite-dimensional subcoalgebra and ig: X¢ — X be the re-
lated immersion of the closed subscheme into the ind-scheme. Then the functor
it: X—tors — Xg—qcoh corresponds, under the equivalences of abelian categories
X—tors >~ ¥—comod and Xg—qcoh ~ £-comod, to the functor ¥—comod — £-comod
assigning to an %¢-comodule .# its maximal subcomodule .#Z) C .# whose
¢ -comodule structure comes from an £-comodule structure. The £-comodule .#¢)
can be computed as the cotensor product

.//(g) ~& Dg/ M.
Consequently, for any two %-comodules .# and .4 one has
(%D(gﬂ)(g) ZED(K%D%JVZ (ED(K%)Dg ((C/’D((;JV) Eﬂ(g) Dgc/V(g).

Together with the computations in the proof of Theorem 4.23, this reduces the ques-
tion to the case of a finite-dimensional coalgebra £ and related Artinian scheme
Xg = Spec &*, for which it means the following.

Let M be an £-comodule and J be an injective £-comodule (we recall once again
that an £-comodule is the same thing as an £*-module). Then there are natural
isomorphisms of £-comodules

MOe J ~ Mg (€ ®e+ Home- (€, 7))
~ (./\/l Le 5) Rg= HOmg*(g, j) ~ M Qg Homg*(S,j).

Here the injective £-comodule & corresponds to the dualizing (one-term) complex
D* = 2" on the scheme Xg under the equivalence of categories Xg—qcoh =~
E—-comod, where 2* € X-tors corresponds to € € %-comod under X-tors =~
%—comod, as per the discussion in (5). Notice that the £*-module Homg« (&, J) is
projective for any injective £*-module J.

(8) Alternatively, one can avoid the reduction to finite-dimensional coalgebras when
establishing the comparison between Oge and 0%, by using %-contramodules and the
discussion of the equivalence X-flat ~ % —contray.; in (6).

In this context, the desired comparison is expressed by the natural isomorphisms
of €-comodules

M Dy J ~ M Oy (€ Og Homg (€, 7))
~ (% (> (5) O¢ HOI’H%(%, /) ~ N O Hom(é’(%7 /)7

which hold for any %¢-comodule .# and any injective ¢-comodule ¢. We refer
to [40, Proposition 5.2.1] or [45, Proposition 3.1.1] for a discussion on this kind of
associativity isomorphisms connecting the cotensor and contratensor products.
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Our next aim is to discuss the torsion product functor Torf(—, —) for modules
over a Dedekind domain R. Let ) denote the field of quotients of R. The motivating
example for us is the case of torsion abelian groups, when R = Z and Q = Q. We refer
to the book [25, Section V.6] or the overview [22] for the explicit construction and
discussion of the torsion products of abelian groups (see also the classical paper [39]).
Let us start the discussion in a more general context of a Noetherian ring of Krull
dimension 1 before specializing to Dedekind domains.

Examples 5.5. (1) Let R be a Noetherian commutative ring of Krull dimension < 1,
and let S C R denote the complement to the union of all the nonmaximal prime ideals
in R. Notice that all the nonmaximal prime ideals in R are minimal, hence there
is only a finite number of nonmaximal prime ideals; so an ideal I C R does not
intersect S if and only if it is contained in one of the nonmaximal prime ideals. If
I does intersect S, then R/I is an Artinian ring. We refer to [49, Section 13] for a
more detailed discussion of this setting.

Let T" denote the directed poset of all ideals in R intersecting S, with respect
to the reverse inclusion order. To every ideal I € T', assign the Artinian scheme
X1 = Spec R/I. Whenever [” C I" are two ideals in R, with " intersecting S, there
is a unique (surjective) ring homomorphism R/I” — R/I’ forming a commutative
triangle diagram with the natural projections R — R/I” and R — R/I’. Let
Xy — X be the related closed immersion of Artinian schemes. The inductive
system of schemes (X) er represents an ind-Artinian ind-scheme X. The ind-scheme
X comes together with an ind-closed immersion of ind-schemes X — Spec R (in the
sense of Examples 4.8).

(2) In the context of (1), let ;R be the topological ring R = @Ier R/I, with
the topology of projective limit of discrete rings R/ [ The topological ring R can
be computed as the topologlcal product R =[] Rm, where m ranges over the

maximal 1deals of R and Rm is the completion of the local ring R,,. The Complete
local ring Rm is endowed with the m-adic topology and the product [L.cr B is
endowed with the product topology. Then the ind-scheme X = “13 Ter X7 from (1)
can be described as X = SpifR, in the notation of Example 1.6(1).

An R-module M is said to be S-torsion if for every b € M there exists s € S
such that sb = 0 in M. Denote by Q = S™'R the localization of the ring R at the
multiplicative subset S. An R-module M is S-torsion if and only if Q @z M = 0.
Denote by R-tors C R—mod the full subcategory of S-torsion R-modules; clearly,
R-tors is a locally Noetherian (in fact, locally finite) Grothendieck abelian category,
which is closed under subobjects, quotients, and extensions as a full subcategory in
R-mod. The category of S-torsion R-modules is naturally equivalent to the category
of discrete R-modules and to the category of quasi-coherent torsion sheaves on X,
that is R—tors ~ R—discr ~ X—tors (cf. Section 2.4(6)).

The ind-scheme X is the disjoint union (coproduct) of the ind-schemes Spi R, over
the maximal ideals m C R. The topological ring ﬁm has a countable base of neigh-
borhoods of zero, so the category of flat pro-quasi-coherent pro-sheaves on Spi ]/%\m is
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equivalent to the category of flat ﬁm—contramodules by Example 3.8(2). Using the
result of [52, Lemma 7.1(b)] providing an equivalence between the abelian category
of R-contramodules R—contra and the Cartesian product of the abelian categories of
R -contramodules R —contra, one can conclude that the category of flat pro-quasi-
coherent pro-sheaves on X is equivalent to the category of flat R-contramodules,
X-flat ~ R-flat. The construction of this equivalence is similar to the one in
Example 3.8(1). In fact, by [52, Corollary 8.4 or Theorem 10.1(vi)=-(iii)], all flat
MR-contramodules are projective, R—flat = JR—contrap;.

(3) The following description of the category X—flat may be more instructive. An
R-module C' is said to be S-reduced if it has no submodules in which all the ele-
ments of S act by invertible operators; equivalently in our context, this means that
Hompz(Q,C) = 0 [49, Theorem 13.8(a)]. An R-module C' is said to be S-weakly co-
torsion if Ext}%(Q, (') = 0; equivalently in our context, this means that C'is cotorsion,
that is Exty(F,C) = 0 for all flat R-modules F' [49, Theorem 13.9(b)].

Reduced cotorsion abelian groups were called “co-torsion” in [18], and R-modules
C satisfying Homg(Q,C) = 0 = Extp(Q,C) (for a domain R and the multiplica-
tive subset S = R\ {0}) were called “cotorsion” in [27]. R-modules C' satisfying
Hompz(Q,C) = 0 = Ext,(Q,C) are called “S-contramodules” in [50, 5].

We claim that the category of flat pro-quasi-coherent pro-sheaves X—flat is natu-
rally equivalent to the category of flat S-reduced cotorsion R-modules. The equiv-
alence assigns to a flat pro-quasi-cohererent pro-sheaf § € X-flat the R-module
I'&HIGF FED(X). Conversely, to a flat S-reduced cotorsion R-module F, the flat

pro-quasi-coherent pro-sheaf § with the components F*7) € X, flat corresponding
to the flat R/I-modules F'/IF' is assigned.

Indeed, by the result of [49, Corollary 13.13(b)] or [5, Corollary 6.17], taken to-
gether with [43, Theorem B.1.1] and [52, Lemma 7.1(b)], the category S-reduced
cotorsion R-modules is abelian and equivalent to the category of PR-contramodules
(the equivalence being provided by the forgetful functor $8-contra — R-mod). It
remains to notice that an }A%m—contramodule is flat, or equivalently, projective (as a
contramodule) if and only if it is a flat R-module [49, Corollary 10.3(a) or Theo-
rem 10.5], [43, Corollary B.8.2].

The equivalence of abelian categories X—tors ~ R-tors C R—mod and the fully
faithful functor X—flat ~ 9A-flat — R-mod identify the tensor product functor
Ry X—tors x X—flat — X-flat with the restriction of the tensor product functor
®p: R-tors x R—mod — R-tors to the full subcategory of flat S-reduced cotorsion
R-modules in the second argument.

(4) Choosing a dualizing complex D* on Spec R, one can use the construction of
Example 4.8(3) to obtain a dualizing complex 2°* on X. This construction allows
to produce a dualizing complex which would be a two-term complex of injective
quasi-coherent torsion sheaves on X.

Here is how one can construct a dualizing one-term complex on X. Let £ € R—mod
be the direct sum of injective envelopes of the simple R-modules R/m, where m ranges
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over the maximal ideals of R (one copy of each). Then E is an injective S-torsion
R-module, E € R-tors;y,; (notice that an S-torsion R-module is injective in R-mod
if and only if it is injective in R-tors, since R is Noetherian). Let & € X-tors;,; be
an injective quasi-coherent torsion sheaf corresponding to E under the equivalence
R—tors ~ X—tors. Then °* = & is a one-term dualizing complex on X.

Indeed, let 7;: X; — X denote the natural closed immersion. Then the quasi-
coherent sheaf i}¢ on X corresponds to an injective R/I-module which is the direct
sum of the injective envelopes of the simple modules over the Artinian ring R/I.
Since, by Matlis duality [26, Theorem 3.7], the injective envelope of the residue field
of a local Artinian ring is a dualizing complex, i4& is a dualizing complex on X.

(5) Similarly to Example 5.4(5), the proof of Theorem 4.23 specialized to the
case of a one-term dualizing complex Z°* = & shows that there is an equivalence of
additive (split exact) categories of injective quasi-coherent torsion sheaves and flat
pro-quasi-coherent pro-sheaves on X,

(17) Homy (&, —): X-torsy, ~ X—flat : & ®x —.

In view of the above interpretation of the categories X-tors;,; and X—flat as full sub-
categories in R—mod, this means an equivalence between the additive categories of
injective S-torsion R-modules and flat S-reduced cotorsion R-modules, provided by
the mutually inverse functors Homp(F, —) and £ ®@p —.

Let us warn the reader that this equivalence of additive subcategories in R—mod
is different from the Matlis equivalence between the full subcategories of S-divisible
S-torsion R-modules and S-torsionfree S-reduced cotorsion R-modules [27, Theo-
rem 3.4], [50, Corollary 5.2], which is given by a different pair of adjoint functors.
The equivalence (17) is induced by a dualizing torsion module/complex E, while the
Matlis equivalence is induced by a dedualizing compex R — @ (see [46, Introduc-
tion and Remark 4.10] for a discussion of dualizing and dedualizing complexes). For
a Dedekind domain R, the two equivalences are the same.

Let R be a Dedekind domain. In the context of Examples 5.5, we have S = R\{0};
so Q@ = S7!'R is the field of quotients of R. An R-module M is said to be torsion if
for every m € M there exists r € R, r # 0, such that »m = 0 in M; as above, we
denote by R—tors C R—mod the full subcategory of torsion R-modules.

Notice that @ ®g Torf (M, N) ~ Torf(Q @ M, N) = 0 for all R-modules M and
N, so the R-module Torf (M, N) is always torsion. Partly following the notation
in [22], we put M @g/r N = Torf(M, N) for all torsion R-modules M and N; so

®g/r = Torf(—,—): R-tors x R—tors —— R-tors.

The subindex Q/R in our notation (@) /r is explained by the observation that there
are natural isomorphisms Q/R @qgr M ~ M =~ M @gq,p Q/R for all torsion
R-modules M.

Notice that Torf (M, N) = 0 for all R-modules M and N (since R is a Dedekind
domain). It follows that @ is a left exact functor. Furthermore, associativity
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of the derived tensor product functor ®%: D(R-mod) x D(R-mod) — D(R-mod)
implies associativity of the functor @g g, as

L®@g/r (M @gr N)~ H*(L&z M &k N) ~ (L®gr M) ®gr N
for all torsion R-modules L, M, and N. So the category R-tors with the functor @q g
is an associative, commutative, and unital tensor category with the unit object Q/R.

Example 5.6. Let k be a field and R = k[z];) be the localization of the ring of
polynomials k[z] in one variable x at the prime ideal (x) = zk[z] C k[z]. So the
field of rational functions Q = k(z) = R[z~!] can be obtained by inverting the single
element x € R. Let € be the coalgebra over k whose dual topological algebra is
¢* = k[[z]], as mentioned in Examples 1.5. Then the category of torsion R-modules
is naturally equivalent to the category of €-comodules, R—tors ~ %—comod. This
equivalence of abelian categories identifies the tensor structure (g, g on R-tors with
the tensor structure Oy on %—comod.

Let R be a Dedekind domain. Then the homological dimension of the abelian
category R—mod is equal to 1, hence the homological dimension of the abelian cate-
gory R-tors is equal to 1 as well. One easily concludes that the unbounded derived
category D(R-tors) is equivalent to the homotopy category of complexes of injecitves
K(R-torsi;). Similarly, the derived category D(R-mod) is equivalent to the homotopy
category K(R-mod;y;). It follows that D(R-tors) is a full subcategory in D(R-mod)
(see [50, Theorem 6.6(a)] for a more general result).

The torsion R-module @)/R is an injective cogenerator of R-tors; moreover, a
torsion R-module is injective if and only if it is a direct summand of a direct sum
of copies of @/R. In fact, the injective R-module ()/R is a direct sum of injective
envelopes of the simple R-modules R/m, where m ranges over the maximal ideals of
R (one copy of each); so in the context of Example 5.5(4) one can take £ = Q/R for
a Dedekind domain‘R. For a given torsion R-module J, the torsion product functor
J @q/r — : R-tors — R-tors is exact if and only if J is injective.

The functor of torsion product of complexes of torsion modules @), : C(R-tors) x
C(R-tors) —» C(R-tors) is constructed in the obvious way (using the totalization
by taking the direct sums along the diagonals of the bicomplex). To define the right
derived functor of torsion product

@g/r: D(R-tors) x D(R-tors) — D(R-tors),

suppose that we are given two complexes of torsion R-modules M*® and N°®. Let
K* and J* be complexes of torsion R-modules endowed with quasi-isomorphisms
of complexes of torsion R-modules M* — K* and N* — J*. Then the derived
torsion product is defined as the object

similarly to Example 5.4(4).
The right derived torsion product functor agrees with the left derived tensor prod-
uct: restricting the derived tensor product functor ®%: D(R-mod) x D(R-mod) —
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D(R-mod) to the full subcategory D(R-tors) x D(R-tors) C D(R—mod) x D(R-mod),
one obtains the functor @ /g D(R-tors) x D(R-tors) —» D(R-tors). This compar-
ison holds, essentially, because one has M ®g J = 0 for any torsion R-module M and
any injective torsion R-module J.

Proposition 5.7. Let R be a Dedekind domain and X = “lig”lGF X; = Spi l'&nlGF R/I
be the related ind-Artinian ind-scheme from Examples 5.5. (Here T' is the poset
of all nonzero ideals in R in the reverse inclusion order, and X; = SpecR/I.)
Let 2° = & be the one-term dualizing complex of X corresponding to the in-
jective torsion R-module E = @Q/R. Then the equivalence of (co)derived cate-
gories D(X—tors) =~ D(R-tors) induced by the equivalence of abelian categories
X—tors ~ R—tors transforms the cotensor product functor Oge (14) from Section 5.1
into the right derived torsion product functor @%/R.

Proof. One can argue similarly to Example 5.4(7), reducing the question to the case
of an Artinian scheme R/I, but we prefer to spell out an argument in the spirit of
Example 5.4(8), working with special classes of R-modules and the ind-scheme X as
a whole. In this context, the desired comparison is expressed by the composition of
the natural isomorphisms of torsion R-modules

M @g/r J =M @g/r (Q/R®r Homp(Q/R, J))
~ (M @gq/pr Q/R) ®@r Homg(Q/R, J) ~ M ®g Homg(Q/R, J),

which hold for any torsion R-module M and any injective torsion R-module .J.
Here the natural isomorphism J ~ Q/R ® g Homg(Q/R, J) for a divisible torsion
R-module J is due to Harrison [18, Proposition 2.1] and Matlis [27, Theorem 3.4],
while the middle (associativity) isomorphism is provided by part (b) of the next
lemma. 0J

Lemma 5.8. Let R be a Dedekind domain. Then, for any torsion R-modules M and
E, and any R-module P, there is a natural homomorphism of torsion R-modules

(18) (M @q/p E)®r P —— M @q/p (E®r P),
which is an isomorphism whenever either (a) M is injective, or (b) P is flat.

Proof. This result is analogous to [45, Proposition 3.1.1] (cf. Example 5.6); it is also a
particular case of [43, Lemma 1.7.2(a)]. Denote the left-hand side of (18) by I(M, P)
and the right-hand side by (M, P).

There is an obvious isomorphism (18) when P = F' is a free R-module with a
fixed set of free generators (since the functor (©q,p preserves direct sums). It is
straightforward to check that this isomorphism is functorial with respect to arbitrary
morphisms of free R-modules F'.

Now let P be the cokernel of a morphism of free R-modules f: F/ — F”. Then
there is a natural isomorphism coker(I(M, f)) ~ (M, P) and a natural morphism
coker(r(M, f)) — r(M, P). As we already have a natural isomorphism of morphisms
(M, f) ~ r(M,f), the desired morphism [(M,P) — r(M, P) is obtained. Its
functoriality is again straightforward.
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Now we can prove part (a). Since M is injective and therefore the functor M@, p—
is exact, the natural morphism coker(r(M, f)) — r(M, P) is an isomorphism. Hence
[(M, P) — r(M, P) is an isomorphism.

Let M be the kernel of a morphism of injective torsion R-modules g: K" — K”.
Then there is a natural morphism ((M, P) — ker(l(g, P)) and a natural isomorphism
r(M, P) =~ ker(r(g, P)) (since the functor @, is left exact).

Now we can prove part (b). Since P is flat, the morphism (M, P) — ker(I(g, P))
is also an isomorphism. As we already know from part (a) that the natural morphism
of morphisms (g, P) — r(g, P) is an isomorphism, it follows that the morphism of
torsion modules (M, P) — r(M, P) is an isomorphism. O

Example 5.9. Quite generally, let X be an ind-Artinian ind-scheme, and let R be
the related pro-Artinian topological commutative ring such that X = SpifR, as per
Example 4.1(3). According to Section 2.4(6), the abelian category X—tors is equivalent
to the abelian category of discrete R-modules SR—discr.

The abelian category $R-discr does not have a natural injective cogenerator which
would correspond to a one-term dualizing complex on X. Such an injective discrete
MR-module, namely, the direct sum of injective envelopes of all the simple objects in
MR—discr, does exist, but it is only defined up to a nonunique isomorphism.

In the memoir [43, Section 1], the category of R-comodules SR—comod is defined in
such a way that it comes endowed with a natural injective cogenerator C(R), similar
to the injective cogenerator € of the category of comodules over a cocommutative
coalgebra €', as in Examples 5.4. Accordingly, there is a naturally defined cotensor
product functor Og : SA—comod x R—comod — PR—comod, making $R—comod a tansor
category with the unit object C(R).

The choice of an injective object € € SR—discr isomorphic to a direct sum of in-
jective cogenerators of simple discrete modules, induces an equivalence of categories
R—discr ~ R—comod taking € € R-discr to C € R—comod. So R-discr becomes a
tensor category with the unit object %’; the cotensor product operation Ogp = Oy
defining this tensor structure is described in [43, Section 1.9]. The injective object
¢ € PR-discr corresponds to a one-term dualizing complex on X.

Similarly to Example 5.4(6), the category X—flat can be naturally identified with
the category of flat, or which is the same, projective contramodules over the topo-
logical ring R, that is X—flat ~ R-flat = JR—contray,; (see [52, Section 2| for the
definition of a flat R-contramodule and [43, Lemma 1.9.1(a)] or [52, Corollary 8.4 or
Theorem 10.1(vi)=-(iii)] for a proof that all flat contramodules are projective over
a pro-Artinian commutative topological ring R). In particular, the exact category
structure on X—flat is split.

Having chosen a one-term dualizing complex ¢ € X-tors;yj, one obtains an equiv-
alence of additive categories as in Example 5.4(5),

Homy (€, —): X-torsyy ~ X—flat : € ®x —,
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which corresponds to the equivalence of additive categories Si—comod;n; ~ JR—contray;
[43, Proposition 1.5.1] under the identifications X-tors ~ fi-comod and X-flat ~
R-—contrap;.

Similarly to Example 5.4(4), one constructs the right derived functor of cotensor
product of discrete R-modules

0% : D(R-discr) x D®(R-discr) — D®(R-discr).

The cotensor product functor Cge : D°(X—tors) x D (X—tors) — D (X—tors) (14)
from Section 5.1 for 2* = ¢ is transformed into the functor 0% by the equivalence
of coderived categories D®(X—tors) ~ D (fR—discr) induced by the equivalence of
abelian categories X—tors ~ R—discr.

Example 5.10. For an ind-affine ind-Noetherian Ny-ind-scheme with a dualizing
complex Z°, the construciton of the cotensor product functor Cge in Section 5.1
agrees with the one in [44, Section D.3], as one can see by comparing the two con-
structions in light of the discussion in Examples 3.8.

6. IND-SCHEMES OF IND-FINITE TYPE AND THE !|-TENSOR PRODUCT

Throughout this section, k denotes a fixed ground field. Given two ind-schemes X’
and X" (or two schemes X’ and X"”) over k, we denote the fibered product X’ Xgpecx X"
(or X’ Xgpeck X”) simply by X" x X" (or X’ xi X”) for brevity. (See Sections 1.1-1.2
for a discussion of fibered products of ind-schemes.)

Let X be an ind-separated ind-scheme of ind-finite type over the field k. The
aim of this section is to describe the cotensor product functor Oge: D<(X—tors) x
De°(X—tors) — D°(X-tors), for a suitable choice of the dualizing complex Z° on X,
as the derived !-restriction to the diagonal Ayx: X — X X X of the external tensor
product on X X X of the two given complexes of quasi-coherent torsion sheaves on X.

6.1. External tensor product of quasi-coherent sheaves. Let X’ and X" be two
schemes over k. Consider the Cartesian product X’ x, X", and let p’: X' x X" — X’
and p”: X' x X" — X" denote the natural projections.

Let M’ be a quasi-coherent sheaf over X’ and M’ be a quasi-coherent sheaf over X”.
Then the external tensor product M’ Ky M”" of the quasi-coherent sheaves M’ and
M" is a quasi-coherent sheaf on X’ x; X” defined by the formula

MI ‘Xk M// — p/*MI ®(9X,X]kx,, p//*M”.

Lemma 6.1. Let ' be a flat quasi-coherent sheaf over X' and F" be a flat quasi-
coherent sheaf over X”. Then F' Xy F" is a flat quasi-coherent sheaf over X' x; X".

Proof. Follows from immediately from the definition of the external tensor product
F'Xy F" and the facts that the inverse images p'*, p””* and the tensor product B0y,
preserve flatness of quasi-coherent sheaves.

X!
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Lemma 6.2. The external tensor product functor
Xy : X'—qcoh x X"—qcoh —— (X' x; X”)—qcoh
is exact and preserves coproducts (hence all colimits) in each of its arguments.

Proof. The assertion is local in both X’ and X", so it reduces to the case of affine

schemes, for which it means the following. Let R’ and R” be two commutative
k-algebras. Let M’ be an R'-module and M” be an R’-module. Then the functor
assigning to M’ and M"” the (R’ @y R")-module

(R @ R") @ M) @pra,rr (R @ RY) @pr M”)
~ (R// ®]k M/) ®R/®RR// (RI ®k M”> ~ M/ ®ﬂ< M//
is exact in each of the arguments. The preservation of coproducts is obvious. O

Lemma 6.3. Let f':Y' — X' and f":Y" — X" be two morphisms of schemes
over k, and let [ = " X f": Y x Y — X' %y X" be the induced morphism
of the Cartesian products. Let M’ be a quasi-coherent sheaf on X' and M" be a
quasi-coherent sheaf on X". Then there is a natural isomorphism

f*(M/ ‘Xk M//) ~ f/*M/ Ig[k f//*M//
of quasi-coherent sheaves on Y’ x; Y.

Proof. Let p®: X" x;c X" — X®) and ¢ : Y’ x, Y — SpecY®), s =1, 2, be
the natural morphisms. Then one has

f*(M/ xk M//) — f*(pl*M/ ®OX,XkX,, p/l*M/l) ~ f*p/*M/ ®@y/XkY” f*p/l*Ml/
~ q/*f/*M/ ®Oy,xky,, q//*f//*M// — f/*M/ IZH( f//*M//,
since p'f = f'q" and p" f = f"q". O
Lemma 6.4. Let f':Y' — X' and f":Y" — X" be two affine morphisms of
schemes over k, and let [ = f' x, f": Y x  Y" — X' X X" be the induced

morphism of the Cartesian products. Let N' be a quasi-coherent sheaf on'Y' and N
be a quasi-coherent sheaf on Y". Then there is a natural isomorphism

f* (N/ X N//) ~ f;./\/’/ X fi/N//
of quasi-coherent sheaves on X' x; X",

Proof. The assertion is essentially local in X’ and X", so it reduces to the case of
affine schemes, for which it means the following very tautological observation (cf.
the computation in the proof of Lemma 6.2). Let R — 5" and R" — S” be
two homomorphisms of commutative k-algebras. Let N’ be an S’-module and N”
be an S”-module; then N’ ®; N” is an (S’ ®g S”)-module. Consider the underlying
R'-module of N’ and the underlying R”-module of N”; then the tensor product
N’ ® N” acquires the structure of an (R’ ®x R”)-module. The claim is that the
latter (R’ ®x R")-module structure N’ @, N” underlies the former (S’ ®y S”)-module
structure with respect to the ring homomorphism R ®, R” — 5" ® S” (i. e., the

two (R’ ®g R")-module structures on N’ @, N” coincide). O
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Lemma 6.5. Let Z' be a reasonable closed subscheme in a scheme X' over k and
Z'" be a reasonable closed subscheme in a scheme Z" over k. Then Z' xy Z" is a
reasonable closed subscheme in the scheme X' %y X”.

Proof. To deduce the assertion from Lemma 2.1, decompose the closed immersion
7' xy 7" — X' % X" as Z' xy 7" — 7' % X" — X' xi X" and notice that
7' Xk 7" = (Z/ Xk X”) X xn zZ". O

Lemma 6.6. Let Z' be a reasonable closed subscheme in a scheme X' over k and
Z' be a reasonable closed subscheme in a scheme Z" over k. Let i': 7/ — X' and
i Z" — X" be the closed immersion morphisms, and let i = i’ xy 1" : Z' X3 7" —
X' xx X" be the induced closed immersion of the Cartesian products. Let M’ be a
quasi-coherent sheaf on X' and M" be a quasi-coherent sheaf on X". Then there is
a natural isomorphism

Z-!(M/ gk M//) ~ i/!M, @k i/l!MII
of quasi-coherent sheaves on Z' xy Z".

Proof. The assertion is essentially local in X" and X", so it reduces to affine schemes,
for which it means the following (cf. the computation in the proof of Lemma 6.2).
Let ¥ — S’ and R” — S” be two surjective homomorphisms of commutative
k-algebras (with finitely generated kernel ideals). Let M’ be an R'-module and M”
be an R”-module. Then there is a natural isomorphism of (S’ ®j S”)-modules

HOIIlR/®kR//(S/ QK S//, M’ QK M”) >~ HOH]R/(S/, MI> QK HOIDR//(SH, M”).

To obtain the latter isomorphism, one can notice firstly that Hompig, g/ (S’ @k R”,
M ®x M") ~ Hompg/(S', M' ® M") ~ Hompg (S, M') @ M" and similarly
HomR/@)kRu(R’ ®k S//, M/ ®]k M”) ~ M/ ®k HOmR//(S//, M//). |:|

Let M’* be a complex of quasi-coherent sheaves on X’ and M”® be a complex
of quasi-coherent sheaves on X”. Then the complex M’® K M”* of quasi-coherent
sheaves on X’ x; X" is constructed by totalizing the bicomplex of external tensor
products using infinite coproducts along the diagonals.

Lemma 6.7. (a) Let M’® be a complex of quasi-coherent sheaves on a scheme X' and
M be a complex of quasi-coherent sheaves on a scheme X" over k. Assume that
the complex M'* is acyclic (in X'—qcoh). Then the complex M'* Ry M"* is acyclic
(in (X' xx X")—qcoh).

(b) Let F'* be a complex of flat quasi-coherent sheaves on a scheme X' and F"'*
be a complex of flat quasi-coherent sheaves on a scheme X" over k. Assume that
the complex F'* is acyclic in X'—flat. Then the complex F'* Ry F"* is acyclic in
(X" xx X")lat.

Proof. Both the assertions (a) and (b) are local in X’ and X", so they reduce to the
case of affine schemes. Then part (a) follows from the fact that the tensor product of
an acyclic complex of k-vector spaces with an arbitrary complex of k-vector spaces
is an acyclic complex. Part (b) can be proved directly using the definition of the
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external tensor product of quasi-coherent sheaves as the tensor product of inverse
images with respect to the projection maps: the inverse image under any morphism
of schemes is exact as a functor between the exact categories of flat quasi-coherent
sheaves, and it remains to refer to Lemma 5.1(b). O

Let X be a scheme over k, and let M’ and M” be two quasi-coherent sheaves on X.
Then MKy, M” is a quasi-coherent sheaf on X x; X. Denote by Ax: X — X x; X
the diagonal morphism (defined by the property that its compositions with both the
projections X X X = X are the identity morphisms).

Lemma 6.8. For any two quasi-coherent sheaves M’ and M" on a scheme X over k,
there is a natural isomorphism

MI ®0X M// ~ A;{(MI ka M//)
of quasi-coherent sheaves on X.

Proof. The assertion is essentially local in X, so it reduces to the case of an affine
scheme, for which it means the following. Let R be a commutative k-algebra, and let
M" and M"” be two R-modules. Then there is a natural isomorphism of R-modules

M/ ®R M// ~ R ®R®kR (M/ ®]k ]\4//)7

where the diagonal ring homomorphism R ®x R — R endows R with an
(R ®k R)-module structure.

Alternatively, denoting by p’ and p”: X x, X — X the natural projections, one
computes

A;{(M/ ‘Z’]k M//) — A;{(p/*M/ ®(’)XX]kX p//*MI/)
~ A;{pl*MI ®(’)X A}p/l*MII ~ (p/AX)*M/ ®0X (pHAX)*MH ~ MI ®(’)X MII

using the fact that the tensor products of quasi-coherent sheaves are preserved by
the inverse images. 0

6.2. External tensor product of pro-sheaves. Let X’ and X” be ind-schemes
over k. Let P’ be a pro-quasi-coherent pro-sheaf on X’ and " be a pro-quasi-coherent
pro-sheaf on X”. For every pair of closed subschemes 7/ C X’ and Z” C X" put
Q2" — w2 R, P47 € (Z' x Z")—qcoh. Then it follows from Lemma 6.3 that
the collection of quasi-coherent sheaves Q¢ *2") on the closed subschemes 7' x Z" C
X' xy X" defines a pro-quasi-coherent pro-sheaf Q on the ind-scheme X’ x; X”.

Put P’ X, P” = Q. This construction defines the functor of external tensor product
of pro-quasi-coherent pro-sheaves

(19) Xy : X'—pro x X"—pro —— (X' x X")—pro.

It is clear from Lemma 6.1 that the external tensor product of two flat pro-quasi-
coherent pro-sheaves is a flat pro-quasi-coherent pro-sheaf,

(20) Xy : X'~flat x X"—flat —— (X' x X")-flat.
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Furthermore, it follows from Lemma 6.2 that the functor (19) preserves colimits in
each of its argument, while the functor (20) is exact (as a functor between exact
categories) and preserves direct limits in each of its arguments.

Let P’* be a complex of pro-quasi-coherent pro-sheaves on X’ and 3”* be a complex
of pro-quasi-coherent pro-sheaves on X”. Then the complex P’* Xy B”* of pro-quasi-
coherent pro-sheaves on X’ x X" is constructed by totalizing the bicomplex of external
tensor products using infinite coproducts along the diagonals.

Lemma 6.9. Let §'* be a complex of flat pro-quasi-coherent pro-sheaves on an ind-
scheme X' and §"* be a complex of flat pro-quasi-coherent pro-sheaves on an ind-
scheme X" over k. Assume that the complex §'* is acyclic in X'—flat. Then the
complex §F'* Xy §'* is acyclic in (X' xx X")—flat.

Proof. The result of Lemma 4.13 reduces the question to the case of schemes (rather
than ind-schemes), for which we have Lemma 6.7(b). O

It follows from Lemma 6.9 that the external tensor product is well-defined as a
functor between the derived categories of flat pro-quasi-coherent pro-sheaves,

(21) Xy : D(X'-flat) x D(X"—flat) —— D((X' xy X")-flat).
The next three lemmas do not depend on any flatness conditions.

Lemma 6.10. Let f': ) — X' and [f": Q" — X" be two morphisms of ind-
schemes over k, and let f = f' xy f": Q' xx" — X' x X" be the induced morphism
of the Cartesian products. Let B be a pro-quasi-coherent pro-sheaf on X' and P" be
a pro-quasi-coherent pro-sheaf on X". Then there is a natural isomorphism

f* (;B/ ng m//) ~ f/*m/ &k f//*ml/
of pro-quasi-coherent pro-sheaves on ) x 2)".

Proof. Follows immediately from the definition of the external tensor product of
pro-quasi-coherent pro-sheaves (above), the definition of the inverse image of pro-
quasi-coherent pro-sheaves (see Section 3.3), and Lemma 6.3. O

Lemma 6.11. Let f': Y — X' and f": Q" — X" be two affine morphisms of ind-
schemes over k, and let f = f' xy f": Q' %" — X' x X" be the induced morphism
of the Cartesian products. Let Q' be a pro-quasi-coherent pro-sheaf on %)’ and Q" be
a pro-quasi-coherent pro-sheaf on )”. Then there is a natural isomorphism

o )~ L o Y
of pro-quasi-coherent pro-sheaves on X' x; X".

Proof. Follows from the definition of the external tensor product of pro-quasi-coherent
pro-sheaves, the definition of the direct image of pro-quasi-coherent pro-sheaves (see
Section 3.3), and Lemma 6.4. O

Let X be an ind-scheme over k, and let ¢’ and P” be two pro-quasi-coherent
pro-sheaves on X. Then B’ X, B’ is a pro-quasi-coherent pro-sheaf on X xj X.

Let Ax: X — X xx X denote the diagonal morphism of ind-schemes (defined by the
79



property that its compositions with both the projections X x X = X are the identity
morphisms).

Lemma 6.12. For any two pro-quasi-coherent pro-sheaves B’ and B" on an ind-
scheme X over Kk, there is a natural isomorphism

(B/ ®3€ ;B// ~ A;(m/ &k qy/)
of pro-quasi-coherent pro-sheaves on X.

Proof. Follows from Lemma 6.8 and the definitions of the functors ®* (see Sec-
tion 3.1), A% (see Section 3.3), and K. O

6.3. External tensor product of torsion sheaves. Let X' = “hﬂ’;/er/ X!, and
X' = “hﬂ’;"erﬂ 7» be two reasonable ind-schemes over k, represented by inductive

systems of closed immersions of reasonable closed subschemes. Then X' x; X" =
“hglﬂ(y',w)erfxr” X!, i X7, is a representation of the ind-scheme X’ xx X” by an in-
ductive system of closed immersions of reasonable closed subschemes (by Lemma 6.5).

Let .#’ be a quasi-coherent torsion sheaf on X’ and .#"” be a quasi-coherent torsion
sheaf on X”. For every pair of reasonable closed subschemes Z’ C X’ and Z” C X" put
L2z = Mgy Qe Myny € (Z' < Z")~qcoh. Then it is clear from Lemma 6.6 that
the collection of quasi-coherent sheaves £z, z» on the reasonable closed subschemes
7' xy 7" C X' xi X" defines a quasi-coherent torsion sheaf .Z on X’ x; X”.

Put A4’ Xy A" = . This construction defines the functor of external tensor
product of quasi-coherent torsion sheaves

(22) Xy : X'~tors x X"—tors —— (X' x X")-tors.

Lemma 6.13. Let f': Q) — X' and f": " — X" be two affine morphisms of
reasonable ind-schemes over k, and let [ = f" X f": Y xx D" — X' xc X" be
the induced morphism of the Cartesian products. Let A" be a quasi-coherent torsion
sheaf on )" and A" be a quasi-coherent torsion sheaf on )"”. Then there is a natural
isomorphism
f*(JV/ 5, JV”) ~ f;JV/ X filf/V”
of quasi-coherent torsion sheaves on X' x, X".
Proof. Follows immediately from the definition of the external tensor product of

quasi-coherent torsion sheaves (above), the definition of the direct image of quasi-
coherent torsion sheaves (see Section 2.6), and Lemma 6.4. O

Similarly to the construction above, one defines the functor of external tensor

product of I'-systems

(23) Ry : (X', T)-syst x (X', T")-syst —— (X' x X", T" x I'")-syst
by setting (M By M")(yxqmy = M’(V,) X M’(’V » for any [M-system M’ on X', any
["-system M” on X", and any two indices 7' € I'", " € T'".
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Lemma 6.14. Let X' and X" be reasonable ind-schemes over k. Then

(a) the functor of external tensor product Ry : X'—tors x X"—tors — (X' x X")—tors
preserves direct limits (and in particular, coproducts) in each of the arguments;

(b) the functors of external tensor product of T'-systems (23) and of quasi-
coherent torsion sheaves (22) form a commutative square diagram with the functors
M) s M+ (X6) TE))syst —» X&) —tors, s=1, 2, and L —> L*: (X x; X",
IV x I'")-syst — (X’ xi X")-tors.

Proof. Part (a) follows from the description of direct limits of quasi-coherent torsion
sheaves in Section 2.5 together with Lemma 6.2. Part (b) holds because the func-
tors (—)T are constructed in terms of direct images (with respect to closed immersions
of reasonable closed subschemes into ind-schemes) and direct limits of quasi-coherent
torsion sheaves (see Section 2.7). The external tensor products commute with the
direct images by Lemma 6.13 and preserve direct limits by part (a). U

Lemma 6.15. For for any reasonable ind-schemes X' and X" over k, the functor of
external tensor product Xy : X'—tors x X"—tors — (X' xy X")-tors is exact in each of
1ts arguments.

Proof. Exactness of the functor of external tensor product of I'-systems (23) fol-
lows immediately from Lemma 6.2. To deduce exactness of the functor of external
tensor product of quasi-coherent torsion sheaves (22), it remains to recall that the
functors (—)* represent the abelian categories of quasi-coherent torsion sheaves as
quotient categories of the abelian categories of I'-systems by some Serre subcategories
(see the proof of Proposition 2.8) and use Lemma 6.14(b). O

Lemma 6.16. Let X' and X" be reasonable ind-schemes over k, and let f': Q) —
X and 79" — X" be morphisms of ind-schemes which are “representable by
schemes”. Let f = f" xx [": Y xxY" — X' X X" be the induced morphism of the
Cartesian products. Let A" be a quasi-coherent torsion sheaf on X' and A" be a
quasi-coherent torsion sheaf on X". Then there is a natural isomorphism

f*(%/ &k %//) ~ f/*%/ g]k f//*%//
of quasi-coherent torsion sheaves on )" x )" .

Proof. Follows from the definition of the inverse image of quasi-coherent torsion
sheaves (see Section 2.8) and Lemmas 6.4 and 6.14(b). O

Let us say that a closed immersion of ind-schemes i: 3 — X is reasonable if,
for any scheme 7" and a morphism of schemes 7" — X, the morphism of schemes
3 xx T — T is the closed immersion of a reasonable closed subscheme in T'. If
X = “ligl’;er X, is a representation of X by an inductive system of closed immersions
of schemes, then a closed immersion of ind-schemes i: 3 — X is reasonable if and
only if, for every v € I, the fibered product 3 xx X, is a reasonable closed subscheme
in X, (use Lemma 2.1(a)). It is clear from Lemma 6.5 that the Cartesian product of
reasonable closed immersions of ind-schemes over k is a reasonable closed immersion.
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Lemma 6.17. Leti': 3 — X' and i": 3" — X" be reasonable closed immersions
of reasonable ind-schemes over k, and let i =i’ X ": 3 x 3" — X' < X" be the
induced reasonable closed immersion of the Cartesian products. Let .4’ be a quasi-
coherent torsion sheaf on X' and A" be a quasi-coherent torsion sheaf on X". Then
there 1s a natural isomorphism

.1 Nl N7il
(MR M) = MR M
of quasi-coherent torsion sheaves on 3’ Xy 3".

Proof. Follows immediately from the definition of the external tensor product of
quasi-coherent torsion sheaves, the definition of the functor i' for a closed immersion
of ind-schemes ¢ (see Section 2.8), and Lemma 6.6. O

Let .#'* be a complex of quasi-coherent torsion sheaves on X’ and .Z"* be a
complex of quasi-coherent torsion sheaves on X”. Then the complex .Z'* Xy .#"* of
quasi-coherent torsion sheaves on X’ x; X" is constructed by totalizing the bicomplex
of external tensor products using infinite coproducts along the diagonals.

Lemma 6.18. Let .#'* be a complex of quasi-coherent torsion sheaves on a reason-
able ind-scheme X' and #"* be a complex of quasi-coherent torsion sheaves on a
reasonable ind-scheme X" over k. Assume that the complex A'* is coacyclic (as a
complex in X'—tors). Then the complex M'* Ky M"* is coacyclic (as a complex in
(X' xi X")—tors).

Proof. Follows from Lemmas 6.14(a) and 6.15. O

It is clear from Lemma 6.18 that the external tensor product is well-defined as a
functor between the coderived categories of quasi-coherent torsion sheaves,

(24) Xy : D°(X'~tors) x D®(X"tors) —— D<°((X’ x X")-tors).

6.4. Derived restriction with supports. Let X be an ind-Noetherian ind-scheme
and i: 3 — X be a closed immersion of ind-schemes (then 3 is also an ind-Noetherian
ind-scheme). The functor i': X-tors — 3-tors was defined in Section 2.8.

According to Corollary 4.18, the inclusion of the full subcategory of injective quasi-
coherent torsion sheaves X-tors;;; — X-tors induces a triangulated equivalence
K(X-tors;nj) > D°(X—tors). The right derived functor

Ri': D°(Xtors) —— D%(3tors)

is constructed by applying the functor i' to complexes of injective quasi-coherent
torsion sheaves on X.

Notice that the right derived functor Ri' preserves coproducts. Indeed, the
underived functor i': X-tors — 3-tors preserves coproducts for any reasonable
closed immersion of reasonable ind-schemes i: 3 — X; and coproducts of injective
quasi-coherent torsion sheaves are injective on an ind-Noetherian ind-scheme (by
Lemma 4.16 and Proposition 4.17).

Let X’ and X” be ind-schemes of ind-finite type over k (then X’ x X” is also an ind-
scheme of ind-finite type). Let i': 3’ — X" and i": 3" — X” be closed immersions
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of ind-schemes; denote by i = i’ x; i": 3’ x 3" — X’ X X” the induced closed
immersion of the Cartesian products. The aim of this Section 6.4 is to prove the
following proposition (for another comparable result, see Proposition 10.14 below).

Proposition 6.19. For any complexes of quasi-coherent torsion sheaves ' on X'
and A"* on X", there is a natural isomorphism

Ri!(%l. X %//.) ~ RZ‘/!(%/.) X Ri”!(%”')
in the coderived category D®((3' xy 3")-tors).

The proof of Proposition 6.19 requires some work because the external tensor
product of two injective quasi-coherent (torsion) sheaves is usually not an injective
quasi-coherent (torsion) sheaf. In fact, the assertion of the proposition follows almost
immediately from the next lemma (together with Lemma 6.17).

Lemma 6.20. Let #'* be a complex of injective quasi-coherent torsion sheaves on
X' and Z"* be a complex of injective quasi-coherent torsion sheaves on X". Let
r: JR " — JH* be a morphism of complexes of quasi-coherent torsion sheaves
on X' xx X" such that £ is a complex of injective quasi-coherent torsion sheaves and
the cone of r is a coacyclic complex of quasi-coherent torsion sheaves on X' x, X”.
Then the induced morphism of complexes of quasi-coherent torsion sheaves on 3’ X 3"

,L-!(r>: i!(//o ng j”.) N 7;!%.
has coacyclic cone.

The proof of Lemma 6.20 will be given below near the end of Section 6.4.

Lemma 6.21. Let R’ and R" be Noetherian commutative k-algebras, M’ be a finitely
generated R -module, M" be a finitely generated R"-module, N' be an R'-module, and
N" be an R"-module. Then for everyn > 0 there is a natural isomorphism of k-vector
spaces
Extyg, pr(M' @ M", N' @ N") = () Exctly (M, N') @ Extfy, (M, N").
p+q=n

In particular, for any injective R'-module J' and any injective R"-module J" one has
Extg, g (M' @ M", J' @y J") =0 for all n. > 0.

Proof. The assumption of commutativity of the rings R’ and R” is actually not
needed. One starts with the observation that, for any finitely generated projective
R’-module P’ and any finitely generated projective R”-module P” there is a natural
isomorphism of Hom spaces

HomR/®kRu(P' Rk P”, N/ Rk N//) >~ HOH]R/(P/, N/) QK HOIDR//<P”, NH>.

Now let P/ — M’ be a resolution of M’ by finitely generated projective R’-modules
and P/ — M" be a resolution of M" by finitely generated projective R’-modules.
Then the tensor product of two complexes P! ® P! is a resolution of M’ ®, M" by
(finitely generated) projective (R’ ®x R”)-modules. It remains to compute

HOHlR/®kRH<P./ R P.”, N, R N”) >~ HOIHR/(P./, N’) R HOIIIR//(P.H, N”)
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and recall that for any two complexes of k-vector spaces C’* and C”* one has
H”(C" Rk C//.) ~ @erq:n HP(C”) Rk HQ(C”'), 0

Lemma 6.22. Let X' and X" be schemes of finite type over k, and leti': 7/ — X'
andi”: Z" — X" be closed immersions of schemes. Denote byi: Z' x 72" — X' xy
X" the induced closed immersion of the Cartesian products. Let J' be an injective
quasi-coherent sheaf on X' and J" be an injective quasi-coherent sheaf on X". Let
J R J" — K* be an injective resolution of the quasi-coherent sheaf J' Ry J" on
the scheme X' x, X"”. Then one has

HOG'K®) ~ " T Ry " T" and H"(i'K*) =0 for n > 0.

Proof. To compute H°(i'KC*), it suffices to observe that the functor i' is left exact (as
a right adjoint), so H'(i'K*) ~ (7' K J") ~ i"J' Ky i"" 7" by Lemma 6.6. The
vanishing assertion in local in X’ and X" (notice that all the schemes involved are
Noetherian, so injectivity of a quasi-coherent sheaf is a local property), so it reduces
to the case of affine schemes, for which it means the following.

Let R — S’ and R” — S” be surjective homomorphisms of finitely generated
commutative k-algebras, and let J' and J” be injective modules over R’ and R’
respectively. Let K* be an injective resolution of the (R @y R”)-module J' @y J”.
Then the complex Homp/g, g (S’ @, S”, K*) has vanishing cohomology in the positive
cohomological degrees. This is a particular case of Lemma 6.21. 0

Lemma 6.23. Let X' and X" be ind-schemes of ind-finite type over k, and let Z/ C X'
and Z" C X" be closed subschemes with the closed immersion morphisms Z' — X’
and Z" — X". Denote by i: Z' x Z" — X' x X" the induced closed immersion of
the Cartesian products. Let Z' be an injective quasi-coherent torsion sheaf on X' and
F" be an injective quasi-coherent torsion sheaf on X". Let 'Ry 7" — J'° be an
injective resolution of the quasi-coherent torsion sheaf 7' Xy #" on the ind-scheme
X' % X". Then one has

HGi'o) ~i" ' & " 7" and H"(i' ) =0 for n>0.

Proof. The computation of HY is similar to the one in Lemma 6.22 (use Lemma 6.17).
To prove the higher cohomology vanishing, choose inductive systems of closed im-
mersions of schemes of finite type over k representing the ind-schemes X’ and X”,
and consider the related inductive system representing the ind-scheme X' x, X", as
in the beginning of Section 6.3. Put X = X’ x; X" and I' = IV x I'. For any biindex
v=(7,7") € T, put X, = X!, x X/,. We can always assume that there exist v, € I
and 75 € " such as 2’ = X7, C X" and 2" = X[, C X".

Our aim is to show that the exact sequence of quasi-coherent torsion sheaves 0 —
& 7" — H° — H' — H#*? — -+ on X remains exact after applying the
functor A —— M |r: X—tors — (X,I")-syst. Notice that, by the definitions of the
external tensor products, we have (_#' Ry Z")|r = Z'|r B 7" |rn.

Denote by M* the cokernel of the morphism of I-systems (7' _#7")|r — °|r.
Let v = (7/,7") < 0 = (§,0") be two biindices (where v/ < ¢ € IV and 7" < §” € T”).
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Denote the related transition maps in the inductive systems by z"W, : X;, — X and
7;{;//6//: X’/Y,N H X(IS///, and pllt 275 == 7;{)//6/ Xk if;//é//: X’Y H Xa

By Proposition 2.17(a), the quasi-coherent sheaves Ji/&a) on the scheme X are in-
jective for all n > 0. By Lemma 6.22, the short exact sequence 0 — (_7'®x _#")x;)
— «75/&5) — M%é) — 0 of quasi-coherent sheaves on Xy remains exact after ap-

plying the functor i!vé' Hence the structure map M%w) — i;(;I\\/JI%é) in the I'-system

M is an isomorphism (of quasi-coherent sheaves on X.).
As this holds for all v < § € T', we can conclude that the collection of quasi-
coherent sheaves ///(IXW) = M%ﬁf) defines a quasi-coherent torsion sheaf .#' on X.

So we have M!' = .Z'|r and .#' = M'T. In other words, this means that the
adjunction morphism M! — M!*|p is an isomorphism of I-systems. Notice that
the quasi-coherent torsion sheaf M!'* on X is, by the definition, the cokernel of the
monomorphism of quasi-coherent torsion sheaves ¢’y _#" — J#°. We have shown
that the short exact sequence of quasi-coherent torsion sheaves 0 — #'Xy _¢" —
K0 — M!'T — 0 on X remains exact after applying the functor .# — . |r.

Denote by M? the cokernel of the morphism of I-systems #°p — #|r; as
we have seen, this is the same thing as the cokernel of the morphism of I'-systems
M! — #'r. By Lemma 6.22, the exact sequence 0 — (7' Ky ") (x,) —
Ji/&&) — Ji/(}(&) — M%(;) — 0 of quasi-coherent sheaves on X5 remains exact after
applying the functor i{;. Hence the structure map M%) — i!w;M(QJ) in the I'-system
M? is an isomorphism. As this holds for all v < § € I, we can conclude that the
adjunction morphism M? — M?*|p is an isomorphism of I-systems.

Notice that the quasi-coherent torsion sheaf M?* on X is, by the definition, the
cokernel of the morphism of quasi-coherent torsion sheaves #° — #'. We have
shown that the exact sequence of quasi-coherent torsion sheaves 0 — #' X 7"
— X" — #1 — M?*T — 0 on X remains exact after applying the functor
M — M |r. Proceeding in this way, we prove the desired preservation of exactness
by induction in the cohomological degree. 0

Lemma 6.24. Let X' and X" be ind-schemes of ind-finite type over k, and let
i':3 — X and 1" 3" — X" be closed immersions of ind-schemes. Denote by
i: 3 xx 3" — X' %y X" the induced closed immersion of the Cartesian products.
Let 7' be an injective quasi-coherent torsion sheaf on X' and 7" be an injective
quasi-coherent torsion sheaf on X". Let 7'y 7" — J* be an injective resolution
of the quasi-coherent torsion sheaf 'Ry 7" on the ind-scheme X' x X". Then one
has
H(i'o*) ~i" 7' & " 7" and H"(i'#*)=0 for n>0.

Proof. The computation of H° is similar to the one in Lemmas 6.22 and 6.23. The
functor ' is left exact as a right adjoint, and it remains to use Lemma 6.17. To
prove the vanishing assertion, choose closed subschemes Z' C 3’ and Z” C 3" with
the closed immersion morphisms k': 2/ — 3" and k”: Z” — 3”. Denote by k =
K >y k": 7' xy 7" — 3 %, 3" the induced closed immersion of the Cartesian

85



products. Then by Lemma 6.23 we have H"(k'i'.#*) = 0 for n > 0, and it follows
that H™(i'¢*) = 0 for n > 0 as well. O

Lemma 6.25. In the notation of Lemma 6.24, let (_#y)oco be a family of injective
quasi-coherent torsion sheaves on X' and (_Z; )eco be a family of injective quasi-
coherent torsion sheaves on X", indexed by the same set ©. Let [[,ce Zo® Sy —
J* be an injective resolution of the coproduct of quasi-coherent torsion sheaves #,5y
A4 on the ind-scheme X' x X". Then one has

HO(i'\ ) ~ H9€® ' ZyRi" 7 and H"(i' ) =0 for n>0.

Proof. Essentially, the claim is that the right derived functor
Ri': D((X xy X")-tors) —— D((3' xy 3")tors)

preserves coproducts (as mentioned above in the beginning of Section 6.4). This
reduces the question to Lemma 6.24. 0]

Proof of Lemma 6.20. Given two complexes #'* and _#"*, a related complex .7
is defined uniquely up to a homotopy equivalence (by Proposition 4.15(a)); so it
suffices to prove the assertion of the lemma for one specific choice of the complex J#°°.
We will use the complex #* provided by the construction on which the proof of
Proposition 4.15(b) is based.

Let #"*Ry #"* — £%* be a monomorphism of complexes in (X x, X")-tors such
that #%* is a complex of injective quasi-coherent torsion sheaves. Denote by .#Z1* the
cokernel of this morphism of complexes, and let .Z%* — Z* be a monomorphism
of complexes in which #* is a complex of injectives. Proceeding in this way, we
construct a bounded below complex of complexes of injective quasi-coherent torsion
sheaves .Z** together with a quasi-isomorphism #'* X, #"* — £** of complexes
of complexes in (X’ X, X”)-tors. Let us emphasize that the notation #'* K, #"*
here stands for the total complex of the bicomplex of tensor products, while .Z**
is a bicomplex (not totalized yet). In every cohomological degree n, the complex
Z*" is an injective resolution of the quasi-coherent torsion sheaf (_#Z'* K, #"*)".
The complex £ * is then constructed by totalizing the bicomplex Z** using infinite
coproducts along the diagonals.

Recall that the functor i': (X x; X”)~tors — (3 Xy 3" )~tors preserves coproducts.
In every cohomological degree n, applying ' to the complex 0 — (_#Z"*Ky_#Z"*)" —
Lo — LIn s ... produces an acyclic complex in (3’ 3”)-tors by Lemma 6.25.
It remains to point out that the coproduct totalization of an acyclic bounded below
complex of complexes is a coacyclic complex [40, Lemma 2.1]. O

Proof of Proposition 6.19. 1t is relevant that the external tensor product is well-
defined as a functor between the coderived categories (by Lemma 6.18). Choose
a complex of injective quasi-coherent torsion sheaves #'* on X' and a complex
of injective quasi-coherent torsion sheaves #”° on X" together with morphisms
M — J'* and A" — _Z"* with coacyclic cones. Then it remains to ap-
ply Lemma 6.20 and take Lemma 6.17 into account. U
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6.5. Rigid dualizing complexes. The notion of a rigid dualizing complex was
introduced originally in [64, Definition 8.1] and studied in [66, 4] and many other
papers (see also [65] and [59]). Without going into details, we will formulate a simple
definition of a rigid dualizing complex on an ind-scheme of ind-finite type over a
field k in the form suitable for our purposes.

Lemma 6.26. Let X' and X" be ind-semi-separated ind-schemes of ind-finite type
over k. Let 2'* be a dualizing complex on X' and 2" be a dualizing complex on X".
Let &* be a complex of injective quasi-coherent torsion sheaves on X' xy X" endowed
with a morphism of complexes P'* Ry P"* — &* with coacyclic cone. Then &° is a
dualizing complex on X' xy X".

Proof. Proposition 6.19 (for closed subschemes 72’ C X' and Z” C X") reduces the
question to schemes, for which it is straightforward. 0]

Let X be an ind-scheme over k. Denote by A: X — X x X the diagonal morphism.
Then the ind-scheme X is ind-separated (as defined in Section 4.2) if and only if the
morphism A is a closed immersion of ind-schemes.

Let X be an ind-separated ind-scheme of ind-finite type over k. An object &°* €
D<°(X—tors) in the coderived category of quasi-coherent torsion sheaves on X is said
to be rigid if it is endowed with an isomorphism &* ~ RA'(&* Xy &*) (called the
rigidifying isomorphism) in the coderived category D°(X—tors). A dualizing complex
2°* € C(Xtorsiy;) on X is said to be rigid if it is rigid (i. e., has been endowed with
a rigidifying isomorphism) as an object of D®(X—tors).

Our aim is to explain how to produce a rigid dualizing complex on an Wg-ind-
scheme from rigid dualizing complexes on schemes, in the spirit of Example 4.7. For
this purpose, we need to start with some preliminary work.

Lemma 6.27. Let X = “lig” X, be an ind-Noetherian ind-scheme represented
vel

by an inductive system of closed immersions of (Noetherian) schemes. Denote by
iyt Xy — X the closed immersion morphisms. Let f: #* — N* be a mor-
phism in the coderived category D°(X—tors). Then the morphism f is an isomor-
phism if and only if the morphism ]Rzl/(f) Ri’v///' — Riifg/i/' 1s an isomorphism
in D°(X,—qcoh) for every v € T'.

Proof. Tt suffices to show that Ri\.Z* = 0 for £* € D®(X tors) and all v € T
implies .Z* = 0 in D*°(X—tors). Indeed, by Corollary 4.18, there exists a complex of
injective quasi-coherent torsion sheaves #°* € K(X-torsiyj) such that £* ~ #* in
D<(X—tors). Then it remains to apply Lemma 4.21. O

Proposition 6.28. Let X = “lig”(Xo — X1 = Xy — --+) be an ind-Noetherian
Ng-ind-scheme represented by an inductive system of closed immersions of (Noether-
ian) schemes indezed by the poset of nonnegative integers. Let i,: X,, — X, 11 and
kn: X, — X, n >0, denote the closed immersion morphisms. Let .#°* and N* €
Dee(X—tors) be two objects in the coderived category of quasi-coherent torsion sheaves.
Suppose that, for every n > 0, we are given a morphism f,: Rk, .#* — Rk, .N* in
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D (X,,—qcoh) such that, for every n > 0, the morphisms f,, and Ri' (f,i1) form a
commutative square diagram with the natural isomorphisms Rk, .#* ~ Ri, Rk}, IR/
and Rk, A* ~ Ri,Rk., ;.. Then

(a) there exists a morphism f: M* — A* in D®(X-tors) such that f,, = Rk (f)
for every n > 0;

(b) assuming additionally that Hompeo(x, qeon) (Rky, 4, Rk}, A *[—1]) = 0 for all

n > 0, the morphism f with these properties is also unique.
The proof of the proposition is based on the next lemma.

Lemma 6.29. In the assumptions and notation of the proposition, let £° €
K(X-tors) be a complex of quasi-coherent torsion sheaves and f* € K(X-torsyy;) be
a complex of injective quasi-coherent torsion sheaves on X. Suppose that, for every
n >0, we are given a morphism g,: k. £* — k'nj' in K(X,—qcoh) such that, for
every n > 0, the morphisms g, and i\ (gni1) form a commutative square diagram
with the natural isomorphisms k,.%* ~ Lk, 2% and k, 7* ~ ik, 7*. Then

(a) there exists a morphism g: £* — #°* in K(X-tors) such that g, = ki,(g) in
K(X,—qcoh) for every n > 0;

(b) assuming additionally that Homg x, —qeon) (kh-L*, kl, #°|—1]) = 0 for all n > 0,
the morphism g with these properties is also unique.

Proof. Let £* € C(X-tors) and ¢* € C(X-tors;y;) be our two complexes. The lemma
claims that, given a system of morphisms g,,: k.,-#* — k., _#* which is compatible
up to chain homotopy, one can replace every morphism g, by a homotopic morphism
fo: kL L — K, _#* in C(X,,—qcoh) such that the morphisms f,, are compatible with
each other in the strict sense, i. e., the square diagrams become commutative in the
abelian category of complexes C(X,,—qcoh).

Part (a): proceeding by induction in n > 0, suppose that we have constructed
chain homotopies hy,: k., £* — k!, #°*[—1] for all m < n such that the morphisms
fn = Gm + d(hp) satisfy f, =i (fmy1) in C(X,,—qcoh) for all m < n. For n = 0
(the induction base), it suffices to take hg = 0. Let us construct A, .

By assumption, we have f, = i.g,,1 in K(X,—qcoh); in other words, there ex-
ists a chain homotopy u,: k,-Z* — ki, #°*[—1] such that f, = i\ gn1 + d(u,) in
C(X,—qcoh). Consider the map ity : inky, L — in.kl,_#*[—1] and compose it
with the adjunction morphism i,.k}, #°[—1] = in.iLkl  Z°—1] — ki, 7°[-1].
The resulting map t,,: i,.k,.L* — kilJrl/‘[—l] is a morphism of graded objects in
Xn1-qeoh, where the target k., #°[—1] is a graded object in X, ;1—qcoh;.

| . In+1 | °
! !
by L ——— k1 I
So_h _

n+1




Now the adjunction morphism i,,.k},.Z* = i,y ki, L — ki, 1.2 is a monomor-
phism, so it makes i,,k’,.%* a graded subobject (in fact, a subcomplex) in k!, 1z
By injectivity of k!, 1. 7°, the map ¢, can be extended to a morphism of graded
objects hyy1: kiy L — khyy Z°[—1] in X, 41-qcoh, which provides the desired
chain homotopy for which the morphisms of complexes fr11 = gni1 + d(hpi1):
koL — ki 7 ° satisty f, =i, 11 in C(X,,—qcoh).

The proof part (b) is similar. Suppose that we are given a morphism ¢g: .£* —
Z* in K(X-tors) such that k,(g) = 0 in the homotopy category K(X,-qcoh) for
every n > 0. Then there exist chain homotopies h,: k,.Z* — ki _#°*[—1] such
that k.(g) = d(h,) in the category of complexes C(X,—qcoh). The difference h,, —
i () satisfies (i, — it (hos1)) = d(hn) — i,(d(hns1)) = K(g) — i4k, () = O
80 hy — i (hny1) is a morphism k}.#* — k! _#°[—1] in the category of complexes
C(X,—qcoh). By the assumption of part (b), this morphism must be homotopic to
zero. So the chain homotopies h,, “agree with each other up to a chain homotopy of
the next degree”.

Arguing as in part (a) and using the assumption that k., #* are complexes of
injective quasi-coherent sheaves on X1, one proceeds by induction in n, constructing
chain homotopies 7n41: ki, Z* — ki, 7 °[—2] such that the chain homotopies
Gni1 = hny1 + d(rpy1) satisfy ¢, = i%¢,11 in C(X,,—qcoh) for all n > 0. The point
is that the discrepancy between g, and 4’ h, 1 can be lifted from a chain homotopy
k.2 — k!, _#°*[—2] to a chain homotopy k., ,.Z* — ki, _#*[-2]. O

Proof of Proposition 6.28. Use Corollary 4.18 in order to find two complexes of in-
jective quasi-coherent torsion sheaves .Z* and #* on X together with a morphism
M — L* and N — _F* with coacyclic cones. Furthermore, notice that, for
any scheme X and any complexes £* € K(X-qcoh,;) and J* € K(X-qcoh,,), the
natural morphism of Hom groups Homg(x_qeon)(£*, J*) — Hompeo(x_qcon) (L, T*)
is an isomorphism. The latter assertion holds by Proposition 4.15(a) (a slightly more
precise version of Proposition 4.15(a), which is also valid in any abelian/exact cate-
gory with exact coproducts, tells that the same holds for any £* € K(X—qcoh); but we
still need #* € K(X—torsy) in order to have Rk!,Z* = k!, #*). These observations
reduce the assertions of the proposition to those of Lemma 6.29. 0

Examples 6.30. (0) We refer to Remark 5.3(3) for the discussion of the extraordi-
nary inverse image functors and the notation f*: D¥(X—qcoh) — DT (Y —qcoh) for
a morphism of finite type between Noetherian schemes f: Y — X.

The functor f* commutes with external tensor products. In particular, given a
morphism of finite type p: X — Speck, consider the morphism p xyp: X xx X —
Speck, and denote simply by k the quasi-coherent sheaf on Speck corresponding
to the k-vector space k. Then there is a natural isomorphism (p xj p)*(k) =~
pt(k) Ky pt(k) in DT ((X Xy X)—qcoh). In fact, p™ (k) is a complex of quasi-coherent
sheaves with bounded cohomology sheaves, which are coherent sheaves on X, and
the complex pT (k) also has finite injective dimension.
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Assume that the scheme X is separated, and choose a bounded complex D* €
Kb(qucohinj) of injective quasi-coherent sheaves on X quasi-isomorphic to p* (k).
Then D* is a dualizing complex on X. Moreover, D; is a rigid dualizing complex,
i. e., denoting the diagonal morphism by Ay: X — X X X, there is a natural
isomorphism D* ~ RAY (D* Ky D*) in D*(X—qcoh) C DT (X—qcoh) C D®(X—qcoh).

(1) Let X = “lig”(Xo — X; — Xy — --+) be an ind-separated Ny-ind-scheme
of ind-finite type over k, represented by an inductive system of closed immersions of
schemes indexed by the nonnegative integers. For every n > 0, denote by p,,: X,, —
Speck the structure morphism of the scheme X,, over k, and let D;, € Kb(anqcohinj)
denote a bounded complex of injective quasi-coherent sheaves on X,, quasi-isomorphic
to pf (k). Then D¢ is a rigid dualizing complex on X,.

In the above notation 7,,: X,, — X411 for the transition morphisms in the induc-
tive system of schemes, there are also natural isomorphisms p; (k) ~ Ri\pt, (k)
in DT(X,,—qcoh), which lead to natural homotopy equivalences D; ~ i, Ds ., in
Kb(Xn—qcohinj). Using the construction of Example 4.7, we produce a dualizing com-
plex 2* € K(X-torsp;) together with natural homotopy equivalences D =~ k! 2*
(where k,: X,, — X are the closed immersions).

(2) For every n > 0, choose a bounded complex of injective quasi-coherent sheaves
Er on X, xx X, quasi-isomorphic to (p, Xk p,)*(k). So &2 is a dualizing complex
on X,, X X,, naturally isomorphic to the complex D;, Ky D;, in the derived category
DP((X,, xx X,)-qcoh). We also have natural homotopy equivalences A! (£2) ~ D
in Kb(Xn—qcohinj) (where A,: X,, — X, xx X,, is the diagonal morphism) and
En 2 (i Xuin)'Enyy i KP((X Xk X;)—qcohy;).

Using the construction of Example 4.7, we can produce a dualizing complex &* €
K((X xx X)—torsiy;) together with natural homotopy equivalences €2 ~ (k, Xy k,)'&*.
Now Lemma 6.29(a) allows to extend these data to a morphism 2* — A'&* in
K(X-torsnj) (where A: X — X x X is the diagonal). Using the same lemma, we also
obtain a morphism 2° XKy 2° — &* in K((X X X)—tors). Moreover, Lemma 6.29(b)
combined with Lemma 4.12 show that the relevant morphisms in the homotopy cat-
egories of quasi-coherent torsion sheaves are uniquely defined.

Alternatively, one can use Proposition 6.28(a) together with Proposition 6.19. This
allows to avoid mentioning the specific complexes &, and &*, constructing directly
a morphism 2° — RA'(2°* Ky 2°) in the coderived category D®(X-tors) instead.
This morphism in the coderived category is uniquely defined by Proposition 6.28(b)
combined with Lemma 4.12.

By Lemma 6.27, both the morphisms 2* — A'€* and 2° K, 2* — &* are iso-
morphisms in the respective coderived categories D°(X—tors) and D<((X x X)—tors).
Thus 2° € K(X-tors;y;) is a rigid dualizing complex on X.

6.6. Covariant duality commutes with external tensor products. Let X be an
ind-Noetherian ind-scheme, and let .#Z* € C(X-tors) be a complex of quasi-coherent
torsion sheaves on X. For any complex of flat pro-quasi-coherent pro-sheaves §° on
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X, put

D e (F°) = M* 2xF° € C(Xtors).
According to formula (13) from Section 5.1, the functor ® 4 induces a well-defined
triangulated functor from the derived category of flat pro-quasi-coherent pro-sheaves
to the coderived category of quasi-coherent torsion sheaves,

® 4o D(X-flat) —— D“(Xtors).

Furthermore, any morphism .#Z* — 4"* in the coderived category D (X—tors)
induces a morphism of functors ® ¢ — ® e, and any isomorphism .#Z* ~ .4/* in
D<°(X—tors) induces an isomorphism of triangulated functors ® e ~ ® .

Lemma 6.31. Let X' and X" be reasonable ind-schemes over k. Let A" and .#" be
quasi-coherent torsion sheaves on X' and X", and let P’ and P" be pro-quasi-coherent
pro-sheaves on X' and X", respectively. Then there is a natural isomorphism

(A Ry M) R0 (B B B") = (M R P') Ry (A" @20 B")
of quasi-coherent torsion sheaves on X' x X".
/AN 7 / "« ” " 7 !
Proof. Let X' = hgyer/ X, and X" = hglw'/er" X7 be representations of X" and
X" by inductive systems of closed immersions of reasonable closed subschemes. Then
/ /AR ST / "o I : .
X' % X' = hg I X7 X X7, 1s a similar representation of the ind-scheme
X xx X" (see Section 6.3). To prove the lemma, one first observes that a similar
isomorphism obviously holds for I'-systems in place of quasi-coherent torsion sheaves.
Let M’ be a I'-system on X’ and M” be a ["’-system on X”. Then the external tensor

product M’ K, M"| as defined in Section 6.3, is a (I" x I'")-system on X’ x, X”. One
has a natural isomorphism of (I'" x I')-systems

(B B P) @xrxr (M B M) 2 (P’ @2 M) By (P @20 M),
In order to deduce the desired isomorphism of quasi-coherent torsion sheaves, it

remains to recall the definition of the functor ®z: X—pro x X-tors — X-tors in
Section 3.2 and use Lemma 6.14(b). O

Let X’ and X” be ind-schemes of ind-finite type over k, and let .Z’* and .Z"*
be complexes of quasi-coherent torsion sheaves on X' and X”. Then it follows from
Lemma 6.31 that, for any complexes flat pro-quasi-coherent pro-sheaves ’'* and PB”*
on X' and X", the natural isomorphism

®=////.|Xk//ﬂ/. (CB/. &k CBH.) ~ CI)////. (SB,.) &k @{/////o (%//.)
holds in the category of complexes of quasi-coherent torsion sheaves on X' x X”.

Corollary 6.32. Let X' and X" be ind-semi-separated ind-schemes of ind-finite type
over k. Let 2'* and 9"* be dualizing complexes on X' and X", respectively, and
let &° be the related dualizing complex on X' x X", as in Lemma 6.26. Then the
triangulated equivalences D(X'—flat) ~ D<(X"—tors), D(X"—flat) ~ D(X"-tors), and
D((X' xx X")flat) ~ D((X' xy X")-tors) from Theorem 4.23, induced by the dualizing
complexes ', 9", and &°, form a commutative square diagram with the external

tensor product functors Ry (21) and (24) from Sections 6.2-0.5.
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Proof. Follows immediately from the preceding discussion. O

6.7. The cotensor product as the !-tensor product. The definition of a reason-
able closed immersion of ind-schemes, which is used in the second assertion of the
following lemma, was given in Section 6.3.

Lemma 6.33. Let i: 3 — X be a closed immersion of reasonable ind-schemes. Let
$ be a pro-quasi-coherent pro-sheaf on X and .# be a quasi-coherent torsion sheaf
on X. Then there is a natural morphism of quasi-coherent torsion sheaves on 3

PFR3 i M — (FRx M),

which is an isomorphism whenever i is a reasonable closed immersion and § is a flat
pro-quasi-coherent pro-sheaf on X.

Proof. This is a generalization of Lemma 3.6 and Proposition 3.7. To construct the
desired morphism, let . be an arbitrary quasi-coherent torsion sheaf on 3, and let
¥ — i*F @3 i'.# be a morphism in 3-tors. Applying the direct image functor i,,
we produce a morphism i,.¥ — i,(i*F ®3 i'H) ~ F Rz i,i'. 4 in X—tors (where
the isomorphism holds by Lemma 8.2 below). Composing with the morphism §F ®x
ivi' M — F @y A induced by the adjunction morphism i,i'.# — .#, we obtain
a morphism i,.¥ — § ®x .# in X—tors, which corresponds by adjunction to a
morphism ¥ — i'(F @x .#) in 3—tors.

To prove isomorphism assertion, we let Z C 3 be a reasonable closed subscheme
with the closed immersion morphism k: Z — 3, and apply the functor &' to the
morphism in question. Notice that ik(Z) is a reasonable closed subscheme in X. By
Proposition 3.7 applied to the closed subscheme Z C 3, we have

k"(l*g ®3 Z'%) ~ k*@*& ®OZ k'Z'%
Using the same proposition applied to the closed subscheme ik(Z) C X, we compute
il (§ @x M) =~ (1K) (F @x M) ~ (ik)*F Qo, (ik) M ~ E'i*F @0, k'i' M,

so the functor k' transforms the morphism in question into an isomorphism. As this
holds for every reasonable closed subscheme Z C 3, the assertion follows. 0

Let f: ) — X be a morphism of ind-schemes. Then the inverse image functor
f*: X-flat — Y-flat is exact (see Section 3.4), so it induces a triangulated functor
between the derived categories

£ D(X-flat) — D(-flat).

Proposition 6.34. Let X be an ind-semi-separated ind-Noetherian scheme and
i:3 — X be a closed immersion of ind-schemes. Let 2° be a dualizing complex
on X; then i'P* is a dualizing complex on 3 (cf. Ezample 4.8(2)). Then the
triangulated equivalences D(X—flat) ~ D<(X—tors) and D(3—flat) ~ D<(3-tors)
from Theorem 4.23, induced by the dualizing complexes 2° and i'D*, transform the
inverse image functor

i*: D(X-flat) —— D(3-flat)
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into the right derived functor
Ri': D(X tors) — D(3tors)
from Section 6.4.

Proof. Follows from Lemma 6.33 together with the fact that 2° ®x §* is a complex
of injective quasi-coherent torsion sheaves on X for every complex §* € C(X-flat)
(which was explained in the proof of Theorem 4.23). 0

The following theorem is the main result of Section 6.

Theorem 6.35. Let X be an ind-separated ind-scheme of ind-finite type over K,
and let 2°* be a rigid dualizing complex on X (in the sense of Section 6.5). Let
A: X — X Xi X be the diagonal morphism. Then for any two complexes of quasi-
coherent torsion sheaves M and A* on X there is a natural isomorphism

(25) MO Oge N ~ RA (M Ry N*)
in the coderived category D% (X—tors).

Proof. Notice the natural isomorphism of complexes of (flat) pro-quasi-coherent pro-
sheaves §* ®@* &°* ~ A*(F* X, &*) for all complexes of (flat) pro-quasi-coherent
pro-sheaves §* and ®°* on X (see Lemma 6.12). By Corollary 6.32 (applied to the
ind-schemes X’ = X = X”) and Proposition 6.34 (applied to the closed immer-
sion A: X — X xi X), it follows that the triangulated equivalence D(X—flat) ~
D (X—tors) induced by Z°* transforms the tensor product functor (12) from Sec-
tion 5.1 into the !-tensor product in the right-hand side of (25). But this coincides
with the definition of the left-hand side of (25) given in Section 5.1 (see (14)). O

As a byproduct of Theorem 6.35, we see that a rigid dualizing complex Z* on X
is unique up to a natural isomorphism in the assumptions of the theorem (because it
can be recovered as the unit object of the tensor structure on D®°(X-tors) given by
the right-hand side of (25)).

7. X-FLAT PRO-QUASI-COHERENT PRO-SHEAVES ON %)

In this section we consider a flat affine morphism of ind-schemes 7: %) — X.
Eventually we will assume that X is ind-semi-separated, ind-Noetherian, and endowed
with a dualizing complex Z°.

7.1. Semiderived category of torsion sheaves. Let f: ) — X be a morphism of
ind-schemes which is “representable by schemes” in the sense of Section 1.3. Assume
that the ind-scheme X is reasonable; following the discussion in Section 2.1, the
ind-scheme ) is then reasonable as well.

Moreover, let X = “hﬂ’;er X, be a representation of X by an inductive system of
closed immersions of reasonable closed subschemes. Put Y, = X, x5 9); then Y., are
reasonable closed subschemes in ), and Q) = hﬂver Y,
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By Theorem 2.4, we have Grothendieck abelian categories of quasi-coherent tor-
sion sheaves )—-tors and X-tors. Furthermore, there is the direct image functor
fe: P—tors — X—tors constructed in Section 2.6. According to Lemma 2.10(b), the
functor f, has a left adjoint functor f*: X—tors — Q)—tors.

Furthermore, following the discussion in Section 2.8, there is also a pair of adjoint
functors of direct and inverse images of I'-systems on X and %), with the inverse
image functor f*: (X,T)-syst — (2),T')—syst left adjoint to the direct image functor
fe: (Y, )-syst — (X, I')-syst.

Lemma 7.1. Let f: Y — X be a morphism of reasonable ind-schemes which is
“representable by schemes”. Then

(a) the functor f.: YP-tors — X-tors preserves direct limits (and in particular,
coproducts);

(b) the functors of direct image of T'-systems f.: (,T')-syst — (X,T")—syst
and of quasi-coherent torsion sheaves f,.: )-tors — X—tors form a commutative
square diagram with the functors N — N*t: (), T)-syst — Q—tors and M —
M*: (X,T')-syst — X—tors.

Proof. Part (a) follows from the description of direct limits of quasi-coherent torsion
sheaves in Section 2.5 and the description of direct images in Section 2.6, together
with the fact that the direct image functors f,,: Y,~qcoh — X, —qcoh for the mor-
phisms of (concentrated) schemes f,: Y, — X, preserve direct limits. To prove
part (b), one observes that the functors (—)" are constructed in terms of the func-
tors of direct image (with respect to the closed immersions Y, — 2) and X, — X)
and direct limit in -tors and X-tors (see Section 2.7). Direct images obviously
commute with direct images, and they preserve direct limits by part (a). O

Lemma 7.2. For any affine morphism of reasonable ind-schemes f: ) — X, the
direct image functor f,: )-tors — X-tors is exact and faithful.

Proof. The faithfulness assertion follows immediately from the fact that the direct
image functors of quasi-coherent sheaves f,,: Y,~qcoh — X,—qcoh are faithful for
affine morphisms of schemes f,: Y, — X.,. To check exactness, notice that exactness
of the functor of direct image of I'-systems f.: (),I')-syst — (X,T")—syst follows
immediately from exactness of the functors f,, for affine morphisms of schemes f,.
To deduce exactness of the functor f,: Q-tors — X—tors, it remains to recall that
the functors (—)* represent the abelian categories of quasi-coherent torsion sheaves as
quotient categories of the abelian categories of I'-systems by some Serre subcategories
(see the proof of Proposition 2.8) and use Lemma 7.1(b). O

Lemma 7.3. For any flat morphism of reasonable ind-schemes f: %) — X, the
inverse 1mage functor f*: X—tors — )—tors is ezract.

Proof. The functor of inverse image of I'-systems f*: (X,I')-syst — (), I")—syst is
exact, because the functors of inverse image of quasi-coherent sheaves f7: X,—qcoh
— Y, —qcoh are exact for flat morphisms of schemes f,. Exactness of the functor
[ X-tors — -tors now follows from the construction of this functor in Sec-

tion 2.8, similarly to the proof of Lemma 7.2. 0
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Remark 7.4. The argument above is sufficient to prove Lemma 7.3, but in fact one
can say more. The functor f*: X—tors — 2)—tors was constructed in a relatively
complicated way, using I'-systems and the functors (—)*, in Section 2.8 in order to
include not necessarily flat morphisms f.

For a flat morphism of reasonable ind-schemes f: %) — X and a quasi-coherent
torsion sheaf .# on X, one can simply put ANy,) = fj.#x, € Y,-qcoh for all
v € I'. Then it follows from Lemma 4.24 that there are natural isomorphisms of
quasi-coherent sheaves k:!we/V(y&) = k;(;fg//(xé) ~ ;iiﬂ;//l(xé) ~ [3Mx,) = My, for
all v < 0 €I', where i,5: X, — X and k,5: Y, — Y; are the closed immersions.
So the collection of quasi-coherent sheaves (4(y.))-er defines a quasi-coherent torsion
sheaf .4 on 9). It is easy to see that A = f*.#.

Lemma 7.5. Let f: %)) — X be an affine morphism of reasonable ind-schemes. Let
A be a quasi-coherent torsion sheaf on X and LQ be a pro-quasi-coherent pro-sheaf
on . Then there is a natural isomorphism

M Dy [~ (M 2y Q)

of quasi-coherent torsion sheaves on X.

Proof. Similarly to Lemma 2.2, the natural morphism

is adjoint to the composition f*(A#Z ®x fQ) ~ f* M Ry [ [Q — [ M 9 Q
of the isomorphism f*(# ®x f.Q) ~ f*# @y f*f.Q provided by Lemma 3.4 and
the morphism f*.Z ®g f*f.Q — f*# @9 induced by the adjunction morphism
£ — Q. Similarly one constructs, for any I'-system M on X, a natural mor-
phism of I'-systems M®x f,Q — f.(f*M®yLQ), which is an isomorphism essentially
by Lemma 2.2.

To show that (26) is an isomorphism, one computes

M Qx [ = (M Qx [*Q)T ~ (f(f*(A|r) @9 Q)"
~ fu((f*(A|r) ®9 Q)7) = f((f*(Ar))" @9 Q)
~ [ ((A0)T) @y Q) > [.(f* M 29 Q)
using the definitions of the functors ®x: X—prox X—tors — X-tors and ®g : L)—pro x
2-tors — YP-tors, and also Lemmas 2.11 and 7.1(b). The point is that both the

direct and inverse image functors, as well as the tensor products in question, commute
with the functors (—)*. O

Let 7: ) — X be an affine morphism of reasonable ind-schemes. The
) /X -semiderived category (or more precisely, semicoderived category) D3 ()-tors) of
quasi-coherent torsion sheaves on ) is defined as the triangulated quotient category
of the homotopy category K()—tors) by the thick subcategory of all complexes of
quasi-coherent torsion sheaves .#° on ) such that the complex of quasi-coherent
torsion sheaves m..4° on X is coacyclic (in the sense of Section 4.4).
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Notice that the functor 7, : P-tors — X-tors takes coacyclic complexes to coa-
cyclic complexes (by Lemmas 7.1(a) and 7.2), and a complex . ° in P—tors is acyclic
if and only if the complex m..#° is acyclic in X-tors (also by Lemma 7.2). Hence
D3(Y-tors) is an intermediate Verdier quotient category between the derived cat-
egory D(2)—tors) and the coderived category D°()—tors), i. e., there are natural
Verdier quotient functors

D(Q)-tors) —» DI (Y-tors) — D(YP-tors).

Let us say that a quasi-coherent torsion sheaf J£ on ) is X-injective if the quasi-
coherent torsion sheaf 7, on X is injective. We will denote the full subcategory of
X-injective quasi-coherent torsion sheaves on 9) by )-torsy.inj C 2)—tors.

In particular, given an affine morphism of schemes f: Y — X, a quasi-coherent
sheaf IC on Y is said to be X-injective if the quasi-coherent sheaf f,IC on X is
injective. The full subcategory of X-injective quasi-coherent sheaves is denoted by
Y-—qcohy ;,; C Y—qcoh.

Lemma 7.6. (a) For any affine morphism of reasonable ind-schemes w: ) — X,
the full subcategory )—torsy.inj is closed under extensions and cokernels of monomor-
phisms in P-tors.

(b) If m: Y — X is a flat affine morphism of reasonable ind-schemes, then
any injective quasi-coherent torsion sheaf on ) is X-injective, that is P—torsiy C
@*tOfo_inj .

Proof. Part (a) holds because the functor m,: g)—-tors — X-tors is exact and the full
subcategory X-torsj,; C X-tors is closed under extensions and cokernels of monos.
Part (b) claims that the functor 7, preserves injectives; this is so because 7, is right
adjoint to the functor 7*, which is exact by Lemma 7.3. 0

The assertions of Lemma 7.6 can be expressed by saying that 9)-torsy.is is a
coresolving subcategory in F)—tors. In particular, being a full subcategory closed under
extensions, )-torsy.in; inherits an exact category structure from the abelian category
)-tors. So one can form the derived category D()-torsx.inj) (cf. [47, paragraphs
preceding Theorem 5.2] for a discussion).

Lemma 7.7. Let m:%) — X be an affine morphism of reasonable ind-schemes.
Then a complex H* € C(Y-torsx.in) is acyclic in P-torsyin if and only if the
complex m. K ° in X-torsyy is contractible, and if and only if the complex m,. XK "° is
coacyclic in X—tors.

Proof. The first assertion holds because the functor m,: )—-tors —» X—tors is exact
and faithful, and a complex of injective objects in X—tors is contractible if and only if
its cocycle objects are injective. Furthermore, a complex of injectives is contractible
if and only if it is coacyclic (by Proposition 4.15(a)). O

The next proposition is a generalization of Corollary 4.18. It should be also com-
pared to [47, Theorems 5.1(a) and 5.2(a)].
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Proposition 7.8. Let X be an ind-Noetherian ind-scheme and 7w:%) — X
be a flat affine morphism of ind-schemes. Then the inclusion of exact cate-
gories Y-torsxyin; — Y-tors induces an equivalence of triangulated categories

D()-torsx.in;) = DL(Y—tors).

Proof. 1t follows from Lemma 7.7 that the triangulated functor D(2)-torsx.n) —
D5(Y)-tors) induced by the inclusion )-torsyin; —> P-tors is well-defined. More-
over, by [41, Lemma 1.6(b)], in order to show that this triangulated functor is an
equivalence it suffices to check that for any complex .#° € C(2)—tors) there exists a
complex J* € C(-torsx.inj) together with a morphism of complexes A#°* — H*
whose cone becomes coacyclic after applying ..

In fact, one can even make the cone of #* — JH° coacyclic in P—tors. One only
needs to observe that, since the direct image functor m, preserves coproducts and the
class of injective objects in X—tors is closed under coproducts (as X is ind-Noetherian;
see Lemma 4.16 and Proposition 4.17), the full subcategory )-torsyi,; C X-tors is
closed under coproducts.

Besides, there are enough injective objects in a Grothendieck category )—tors and
all of them belong to 2)—torsy.in;; so any complex A ° € C(-tors) admits a termwise
monic morphism into a complex #** € C(2)-torsy.inj). The cokernel £*°/.#° in
turn, can be embedded into a complex /1’° € C(Y-torsy.inj), etc. Totalizing the
bicomplex _#** by taking countable coproducts along the diagonals, one produces
the desired complex J° together with a morphism #° — J°, whose cone is
coacyclic by [40, Lemma 2.1]. We refer to [41, proof of Theorem 3.7] or [44, proof of
Proposition A.3.1(b)] for further details of this argument. O

7.2. Pro-sheaves flat over the base. Let f: Y — X be an affine morphism of
schemes. A quasi-coherent sheaf G on Y is said to be X-flat (or flat over X) if the
quasi-coherent sheaf f,G on X is flat. We will denote the full subcategory of X-flat
quasi-coherent sheaves on Y by Y y—flat C Y—qcoh.

Lemma 7.9. Let f: Y — X be an affine morphism of schemes. Then, for any
flat quasi-coherent sheaf F on Y and any X-flat quasi-coherent sheaf G on Y, the
quasi-coherent sheaf F @0, G on'Y is X-flat.

Proof. The assertion is local in X, so it reduces to the case of affine schemes, for
which it means the following. Let R — S be a homomorphism of commutative
rings, let F' be a flat S-module, and let G be an R-flat S-module (i. e., an S-module
whose underlying R-module is flat). Then F' ®g G is an R-flat S-module. U

Clearly, the full subcategory Y x—flat is closed under extensions in the abelian
category Y—qcoh (since the functor f, is exact and the full subcategory X—flat C
X—qcoh is closed under extensions); so it inherits an exact category structure. The full
subcategory Y x—flat is closed under direct limits in Y—qcoh (because the functor f,
preserves direct limits). When the morphism f is (affine and) flat, any flat quasi-
coherent sheaf on Y is X-flat, as the functor f, takes flat quasi-coherent sheaves on
Y to flat quasi-coherent sheaves on X; so Y—flat C Y x—flat C Y—qcoh.
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For a flat affine morphism of schemes f: Y — X, the equivalence of categories
from Lemma 3.11 restricts to an equivalence between the category Y y—flat of X-flat
quasi-coherent sheaves on Y and the category of module objects over the algebra
object f,Oy in the tensor category X—flat. This is an equivalence of exact categories
(with the exact structure on the category of module objects over f,Oy in X—flat
coming from the exact structure on X—flat).

Lemma 7.10. Let f: Y — X be an affine morphism and h: Z — X be a mor-
phism of schemes. Consider the pullback diagram

ZxxY .y

Lo,ob

z7—M" X

and put W = Z xXx Y. Then

(a) for any X-flat quasi-coherent sheaf G on Y, the quasi-coherent sheaf k*G on
W is Z-flat;

(b) the functor k*: Y x—flat — W z—flat takes short exact sequences to short exact
sequences;

(c) assuming that h is a flat affine morphism, for any Z-flat quasi-coherent sheaf
H on W, the quasi-coherent sheaf k., H on Y is X-flat.

Proof. Parts (a—b): both the assertions are local in X and Z, so they reduce to
the case of affine schemes, for which they mean the following. Let R — S and
R — T be two morphisms of commutative rings. Let N be an S-module which
is flat over R; then the (T' ®g S)-module (T" ®x S) ®g N is flat over 7. Let 0 —
L— M — N — 0 be a short exact sequence of R-flat S-modules; then 0 —
(T@rS)®sL — (T®rS)®sM — (T'®rS)®s N — 0 is a short exact sequence
of T-flat (T ®g S)-modules. Alternatively, part (a) follows from Lemma 3.3(a) and
the fact that the functor h*: X—qcoh — Z—qcoh takes flat quasi-coherent sheaves
on X to flat quasi-coherent sheaves on Z. Part (c¢): the assertion follows from the
fact that the functor h,: Z—qcoh — X —qcoh takes flat quasi-coherent sheaves on Z
to flat quasi-coherent sheaves on X (for a flat affine morphism h). 0

Let m: %) — X be an affine morphism of ind-schemes. We refer to Section 3.3
for the construction of the functors of inverse and direct image of pro-quasi-coherent
pro-sheaves, 7*: X—pro — )—pro and m,: Z—-pro — X—pro.

A pro-quasi-coherent pro-sheaf & on g) is said to be X-flat if the pro-quasi-coherent
pro-sheaf 7,® on X is flat in the sense of Section 3.4, that is 7,& € X—flat C X—pro.
Explicitly, this means that, for every closed subscheme Z C X, denoting by 75 the
related morphism W = Z xx%) — Z, the quasi-coherent sheaf &W) on W is Z-flat.
Given a representatation X = “@’;EF X, of the ind-scheme X by an inductive system

of closed immersions (X, ) er, it suffices to check the latter condition for the closed
subschemes Z = X, (cf. Lemma 7.10(a)). We will denote the full subcategory of
X-flat pro-quasi-coherent pro-sheaves by ) »—flat C )—pro.
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Lemma 7.11. Let m: ) — X be an affine morphism of ind-schemes. Then, for any
flat pro-quasi-coherent pro-sheaf § on Y and any X-flat pro-quasi-coherent pro-sheaf
& on ), the pro-quasi-coherent pro-sheaf F @9 & on Q) is X-flat.

Proof. Follows from Lemma 7.9 and the construction of the tensor product functor
®% in Section 3.1. O

The full subcategory 2)y—flat is closed under direct limits (in particular, coprod-
ucts) in P—-pro. When the morphism 7 is affine and flat, the functor 7, : —-pro —
X—pro takes flat pro-quasi-coherent pro-sheaves on Q) to flat pro-quasi-coherent pro-
sheaves on X (see Section 3.4); so Y—flat C Y ,—flat C Y—pro.

Let 0 — §F — & — $H — 0 be a short sequence of X-flat pro-quasi-coherent
pro-sheaves on ). We say that this is an (admissible) short ezact sequence in
) flat if, for every closed subscheme Z C X and the related closed subscheme
W = 7 xx) C 9, the sequence of quasi-coherent sheaves 0 — WV —
W 5 §MW) 4 0 is exact in the abelian category W—qcoh. It suffices to
check this condition for the closed subschemes Z = X, C X, v € I', belonging any
fixed representation X = “hén’;er X, of the ind-scheme X by an inductive system of

closed immersions of schemes.

Proposition 7.12. For any affine morphism of ind-schemes w: %)) — X, the cate-
gory Y r—flat of X-flat pro-quasi-coherent pro-sheaves on ), endowed with the class
of admissible short exact sequences as defined above, is an exact category.

Proof. The argument is similar to the proof of Proposition 3.5 and based on
Lemma 7.10(a—b). It is helpful to notice that a pro-quasi-coherent pro-sheaf 8 on
Y) can be defined as a collection of quasi-coherent sheaves ‘B(W) € W-—qcoh on
the closed subschemes W C ) of the form W = Z x5 Q) (where Z ranges over
the closed subschemes in X), endowed with the (iso)morphisms and satisfying the
compatibilies listed in items (i-iv) of Section 3.1. O

Given an affine morphism of ind-schemes 7: ) — X, where the ind-scheme
X = “hﬂl’;er X, is represented by an inductive system of closed immersions (X )er),

we put Y, = X, xx ). Then ) = “li_ng’;er Y, is a representation of %) by an
inductive system of closed immersions.

Lemma 7.13. A complex of X-flat pro-quasi-coherent pro-sheaves &°* on ) is
acyclic (as a complex in Yx—flat) if and only if, for every v € T, the complex of
X, -flat quasi-coherent sheaves &**) on'Y, is acyclic (as a complex in (Y,)x,—flat).

Proof. This is a generalization of Lemma 4.13, provable in the same way. The “only
if” assertion is obvious. To prove the “if”, one needs to observe that the functor
assigning to an acyclic complex of quasi-coherent sheaves its sheaves of cocycles can
be expressed as a kind of cokernel in the category of quasi-coherent sheaves, and
as such, commutes with inverse images (whenever the latter preserve acyclicity of a
given complex). Then one needs also to use Lemma 7.10(a—b). O
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For any affine morphism of ind-schemes 7: ) — X, the direct image functor
Tt P-pro — X-pro takes the full subcategory ) ,—flat C P-pro into the full
subcategory X—flat C X—pro. The resulting direct image functor

Ty YPy—flat —— XHlat

is an exact functor between exact categories (i. e, it takes short exact sequences
to short exact sequences). This follows immediately from the observation that the
direct image functor 7z, : W —flat — Z—flat for the affine morphism 7;: W — 7
is exact (which is true because the functor 7z,: W—qcoh — Z—qcoh is exact).

For a flat affine morphism of ind-schemes 7: %) — X, the inclusion functor
Y-flat — Py—flat is exact; in fact, a short sequence in —flat is exact if and
only if it is exact in ) y—flat. Furthermore, there is an exact inverse image functor

7w X-flat —— P-flat C Y,flat,
which is left adoint to ..

Lemma 7.14. Let 7: ) — X be an affine morphism of ind-schemes. Then a
compler &°* € C(Y—flat) is acyclic in Y y—flat if and only if the compler 7, &* is
acyclic in X—flat.

Proof. Follows from Lemmas 4.13 and 7.13 together with the fact that, for an affine
morphism of schemes f: Y — X, a complex G* in Y x—flat is acyclic if and only if
the complex f,G* is acyclic in X—flat. The latter assertion holds because the functor
f«: Y—qcoh — X —qcoh is exact and faithful. O

For a flat affine morphism of ind-schemes 7: ) — X, the equivalence of categories
from Proposition 3.13(a) restricts to an equivalence between the category ) y—flat of
X-flat pro-quasi-coherent pro-sheaves on ) and the category of module objects over
the algebra object 7,04 in the tensor category X—flat. This is an equivalence of exact
categories (with the exact structure on the category of module objects over 7,0y in
X—flat coming from the exact structure on X—flat).

7.3. The triangulated equivalence. The following theorem, generalizing Theo-
rem 4.23, is the main result of Section 7.

Theorem 7.15. Let X be an ind-semi-separated ind-Noetherian ind-scheme with
a dualizing compler 2°, and let 7: %) — X be a flat affine morphism of ind-
schemes. Then there is a natural equivalence of triangulated categories DS ()—tors) ~
D( xflat), provided by mutually inverse triangulated functors HHomgy oo(7* 2, —):
D(@—tOFSx_inj) — D(Q)%—flat) and T P* ®g — D(@%—flat) — D(g)—tOl’Sx_inD.

The notation $Homgy o.(—,—) will be explained below, and the proof of Theo-
rem 7.15 will be given below in this Section 7.3. The next two lemmas are not
needed for this proof and are included here mostly for completeness of the exposi-
tion and to help the reader feel more comfortable (they will be useful, however, in
Section 9.8). The subsequent three lemmas play a more important role, and among
them Lemma 7.20 is essential.
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Lemma 7.16. Let f: Y — X be a flat affine morphism of schemes and Z C X
be a reasonable closed subscheme with the closed immersion morphism i: 27 — X.
Consider the pullback diagram

ZxxY sy
]
Z—1 X
and put W = Z xx Y. Let M be a quasi-coherent sheaf on X and G be an X-flat

quasi-coherent sheaf on Y; put N' = f*M € Y—qcoh. Then the natural morphism
of quasi-coherent sheaves on W

kG @0y kN —— k(G ®0, N)
from Lemma 3.6 is an isomorphism.

Proof. The assertion is local in X, so it reduces to the case of affine schemes, for
which it means the following. Let R — S be a homomorphism of commutative
rings such that S is a flat R-module and R — T' be a surjective homomorphism of
commutative rings with a finitely generated kernel ideal. Let M be an R-module and
G be an R-flat S-module. Then the natural homomorphism of (7" ®pg S)-modules

(T'®rS) ®s G) @rg,s) Homg(T'®r S, S®@r M)
= G@s HOHls(T ®R S, S ®R M) = G@s HOH’IR(T, S ®R M)
—— Hompg(T, G ®gr M) = Homg(T ®r S, G ®s (S ®r M))

is an isomorphism, because both the maps

G Xs HOIHR(T, S KRR M) +— G Xs (S Xpr HOHIR(T, M))
=G KR HomR(T, M) — HOIDR(T, G KR M)
are isomorphisms (cf. Lemma 4.24 for the first arrow). O
Lemma 7.17. Let 7: %)) — X be a flat affine morphism of reasonable ind-schemes
and Z C X be a reasonable closed subscheme with the closed immersion morphism
1: Z — X. Put W = Z X3 and denote by k: W — Q) the natural closed
immersion. Let # be a quasi-coherent torsion sheaf on X and & be an X-flat pro-

quasi-coherent pro-sheaf on ); put N = 7*.H € Y—tors. Then there is a natural
isomorphism k'(® Qg N) ~ k*S Qoy, k' A = s&W) Row A (w) in W-qcoh.

Proof. The argument is similar to the proof of Proposition 3.7 and uses Lemma 7.16.
O

Lemma 7.18. Let f: Y — X be a flat affine morphism of semi-separated schemes
and Z C X be a reasonable closed subscheme with the closed immersion morphism
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1: Z — X. Consider the pullback diagram
ZxxY L5y

(27) |s |
Z—1 X
and put W = ZxxY. Let M be a quasi-coherent sheaf on X and IC be an X -injective

quasi-coherent sheaf on Y; put N' = f*M € Y—qcoh. Then the natural morphism
of quasi-coherent sheaves on W

k* Homy g (N, IC) — ’Homw_qc(k:!./\f, k:!K:)
from Lemma 4.25 is an isomorphism.
Proof. Since the direct image functor g,: W—qcoh — Z—qcoh is exact and faithful,
it suffices to check that the morphism in question becomes an isomorphism after
applying g,. We have
guk™ Homy oo (f*M, ) 3" fu Homy o (f* M, KK) > i* Hom x_qe(M, f.IC)
by Lemmas 3.3(a) and 4.2. On the other hand,

G« Homw_qc(k!f*/\/l, EIC) ~ g, Homw_qc(g*i!/\/l, E'IC)
~ Homzqo(i' M, g.K'K) ~ Hom z.q(i'M, 3" f.IC)

by Lemmas 4.24, 4.2, and 2.3(a). The assertion now follows from Lemma 4.25, as
the quasi-coherent sheaf f,/KC on X is injective by assumption. O

Lemma 7.19. Let f: Y — X be an affine morphism of semi-separated schemes
and Z C X be a reasonable closed subscheme with the closed immersion morphism
i: Z — X. Consider the pullback diagram (27) with W = Z xx Y. Let (Q¢)eecz be
a family of quasi-coherent sheaves on Y such that the quasi-coherent sheaves f,Q on
X are flat cotorsion. Then the natural morphism of quasi-coherent sheaves on W

K nga Q — ngak s
from Lemma 4.26 is an isomorphism.

Proof. As in the previous proof, it suffices to show that the morphism in question
becomes an isomorphism after applying g.. Since the direct image functors f, and g,
being right adjoints, preserve infinite products of quasi-coherent sheaves, and g,k* ~
i* f by Lemma 3.3(a), the desired assertion follows from Lemma 4.26. O

Lemma 7.20. Let f: Y — X be an affine morphism of semi-separated schemes
and Z C X be a reasonable closed subscheme with the closed immersion morphism
i Z — X. Consider the pullback diagram (27) with W = Z xx Y. Let M* be a
complex of quasi-coherent sheaves on X and IC* be a complex of X -injective quasi-
coherent sheaves on Y ; put N°* = f*M* € C(Y—qcoh). Then the natural morphism
of complexes of quasi-coherent sheaves on W
E* Homy-qo(N*, K*) —— Homw.q (KN, E'IKC?)
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from Lemma 4.27 is an isomorphism.

Proof. This is provable similarly to Lemma 7.18, using Lemma 4.3 in order to reduce
the assertion to Lemma 4.27. Alternatively, a direct proof, similar to the proof
of Lemma 4.27 and based on the result of Lemma 7.18, is possible; in particular,
assuming additionally that X is Noetherian and M?* is a complex of injective quas-
coherent sheaves on X, one can use Lemma 7.19. (For this purpose, one observes
that f. Homy_qo(f*MP,K?) =~ Homx_o.(MP, f,IC?) are flat cotorsion quasi-coherent
sheaves on X by Lemmas 4.4(d) and 4.9(a).) O

Let m: ) — X be a flat affine morphism of reasonable ind-semi-separated ind-
schemes. Let &°* € C(X-tors) be a complex of quasi-coherent torsion sheaves on
X, and let " € C(Ytorsx.inj) be a complex of X-injective quasi-coherent torsion
sheaves on ). Then the complex HHomg o(7*E*, H ") € C(Y-pro) of pro-quasi-
coherent pro-sheaves on g) is constructed as follows.

For every reasonable closed subscheme Z C X, consider the pullback diagram

ZxxY s

T

Z—x
so W = 7 xx %) is a reasonable closed subscheme in ). Put

Homgyo(7°E*, H VWY = Homwpw o (k' E* K )
~ Homw.qo(Tyi' & k' H ) = Homw.qo(776 7y, K (),
where the middle isomorphism holds by Remark 7.4. According to Lemma 7.20,
for every pair of reasonable closed subschemes Z' C Z” C X and the related closed
subschemes W/ € W” € %), W® = Z(5) x4 9) with the natural closed immersion
kwrwr: W' — W” we have
Homgy (76, H )YV~ Eiwn Homgy (778, )W)

as required for the construction of a pro-quasi-coherent pro-sheaf. This explains the

meaning of the notation in Theorem 7.15.

Lemma 7.21. Let 7: %) — X be a flat affine morphism of reasonable ind-semi-
separated ind-schemes. Let &° be a complex of quasi-coherent torsion sheaves on X,
and let J° be a complex of X-injective quasi-coherent torsion sheaves on ). Then
there 1s a natural isomorphism

T oMy o (1T7E*, H*) >~ Homy oo (E°, T, H°)

of complezes of pro-quasi-coherent pro-sheaves on X (where the functor Homy.q in
the right-hand side was defined before the proof of Theorem 4.23 in Section 4.5).

103



Proof. In the notation above, we have
T 7« ﬁom@_qc(ﬂ*é", %.)(W) >~ Tz HOmw_qC(WZi!g., ]{!f.)
~ HOmz_qC(’i!éa., WZ*]C!%.) = ’Homz_qc(i!@@', Z'!ﬂ'*:)g.) = Sﬁﬁmx_qc(é“, W*%.)(Z),

where the second isomorphism is provided by Lemma 4.3, while the isomorphism
Tkt ~ i'm, holds by the construction of the functor m,: )-tors — X-tors in
Section 2.6. Having this computation done, it remains to recall the construction of
the functor m,: )—-pro — X—pro from Section 3.3. O

Proof of Theorem 7.15. The argument follows the idea of the proof of [47, Theo-
rem 5.6], which is a module version.

The equivalence DS (2)-tors) ~ D()—torsx.in;) is provided by Proposition 7.8.

The tensor product functor ®gy: Y-tors x FP-pro — P-tors was constructed in
Section 3.2. Here we restrict it to the full subcategory of X-flat pro-quasi-coherent
pro-sheaves ) y—flat C P-pro, obtaining a functor ®g: YP-tors x YPy-flat —
Y—tors. This functor is extended to complexes similarly to the construction in (the
proof of) Theorem 4.23, using the coproduct totalization of bicomplexes. Given a
complex of quasi-coherent torsion sheaves &° on %), we obtain the functor

E* g — : C(Yy—flat) —— C(Y-tors),

which obviously descends to a triangulated functor between the homotopy categories
E° Ry — : K(Pyflat) — K(Y-tors).

Now let us assume that &° = 7*&*, where &* € C(X-torsy) is a complex of
injective quasi-coherent torsion sheaves on X. Let &°® be a complex of X-flat pro-
quasi-coherent pro-sheaves on ). By Lemma 7.5, we have

W*(W*g. ®C~D 6.) ~ &° ®x 7T*Q5.
(recall that the functor m, preserves coproducts by Lemma 7.1(a)). Following the
proof of Theorem 4.23, &°* ®x 7, ®"* is a complex of injective quasi-coherent torsion
sheaves on X (since m,&"* is a complex of flat pro-quasi-coherent pro-sheaves on X).

So T*&* Ry B° is a complex of X-injective quasi-coherent torsion sheaves on ). We
have constructed a triangulated functor

(28) & ®Q) — K(Q«Jx*ﬂat) —_— K(f;)*tOl’Sgg_inj).
Let us check that the latter functor induces a well-defined triangulated functor
(29) & ®gy - D(Q,;)%—ﬂat) —_— D(g)—tOI’Sx_inj).

We need to show that the complex 7*&* ®g) &* is acyclic with respect to 2)—torsx.in;
whenever a complex &° is acyclic with respect to Q) »—flat. By Lemma 7.7, it suffices
to check that the complex 7, (7*&™* R G°) ~ & Rx .G in X-torsj, is contractible.
By Lemma 7.14, the complex m,&* is acyclic in X—flat. Now the functor (29) is
well-defined because the functor (5) from (the proof of) Theorem 4.23 is well-defined.

104



On the other hand, for any complex &* € C(X—tors), the construction before this

proof provides a functor

Homy o (778, =) C(Y-torsxinj) —— C(Y-pro),
which obviously descends to a triangulated functor between the homotopy categories
Jﬁom@_qc (’N*éa., —) : K(m*tOI’Sf_inj) — K(éyfpro).

Assume that &° is a complex of injective quasi-coherent torsion sheaves on X,
and let J£° be a complex of X-injective quasi-coherent torsion sheaves on g). Then,
according to the proof of Theorem 4.23, $Homy oo(&*, m.H°) is a complex of flat pro-
quasi-coherent pro-sheaves on X. By Lemma 7.21, it follows that HHomgy . (7*&*, H )
is a complex of X-flat pro-quasi-coherent pro-sheaves on ). We have constructed a
triangulated functor

(30) ﬁom@_qc(w*@@', —) : K(m*tOFSx_;m‘) —_— K(fyx*ﬂat)
Let us check that the latter functor induces a well-defined triangulated functor
(31) fJOmg)_qC(T(*éa., —) : D(m—tOFSx_;nj) —_— D(ng—ﬂat)

We need to show that the complex $Homg o (7*&*, H ") is acyclic with respect
to Py—flat whenever a complex J° is acyclic with respect to )-torsyin;. By
Lemma 7.14, it suffices to check that the complex m, $Homy. oo(7*E°, H*) ~
Homy oo (E°, T H ) is acyclic in X-flat. By Lemma 7.7, the complex m..%"° is
contractible in X-torsjy;, and the assertion follows.

It is straightforward to see that the functor (30) is right adjoint to the functor (28).
Hence the functor (31) is right adjoint to the functor (29). It remains to show that
the functors (29) and (31) are mutually inverse equivalences when &°* = 2° is a
dualizing complex on X. For this purpose, it suffices to check that the adjunction
morphisms are isomorphisms.

Now, similarly to the proof of [47, Theorem 5.6], we consider the direct image
(“forgetful”) functors

7,: DS(Y-tors) —— D®(Xtors),
Tt D(Y—torszin;) —— K(X-torsy;),
and
7o : D(Y) p—flat) —— D(X—Aflat),
which are well-defined, and moreover, conservative (by the definition of the semide-
rived category or) by Lemmas 7.7 and 7.14.
As we have already seen in the above discussion, by Lemmas 7.5 and 7.21, the

direct image functors transform the functors (29) and (31) into the functors (5)
and (7) from (the proof of) Theorem 4.23. In other words, there are commutative
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diagrams of triangulated functors

™ D* R —

D(y flat) ————— D(Y-torsx.in;) == D5(Y-tors)

ml Jm lm

D(X-flat) ————— K(Xtors;y;) === D°(Xtors)

D*Qx—

and
f)omg-qc (7‘—* Z .1_)

Ds(Y)-tors) D(2)-torsx.inj) D(Y flat)

ml ml Jm

De°(X—tors) K(X-tors;yj) D(X-flat)

Homz_qc(2°,-)

The direct image functors also transform the adjunction morphisms for the pair of
adjoint functors 7 Z° ®g) — and $Homy .. (7*Z°, —) into the adjunction morphisms for
the pair of adjoint functors Z° ®@x — and Homx_.(Z°, —). Since the latter pair of ad-
junction morphisms are isomorphisms in the respective derived /homotopy categories
by Theorem 4.23, and the direct image functors are conservative, the former pair of
adjunction morphisms are isomorphisms in the derived categories of the respective
exact categories, too. 0

8. THE SEMITENSOR PRODUCT

The aim of this section is to construct the semitensor product operation
Opege: DL (Y -tors) x DS (Y-tors) —— D3 (Y-tors)

on the g)/X-semiderived category of quasi-coherent torsion sheaves on %), making
D5 () -tors) a tensor triangulated category. The inverse image 7*2°* on Q) of the
dualizing complex Z° on X is the unit object of this tensor structure.

We follow the approach of [47, Section 6], with suitable modifications. We also
explain how to correct a small mistake in the exposition in [47, Section 6].

8.1. Underived tensor products in the relative context. We start with a se-
quence of lemmas extending Lemma 5.2 to the relative situation.

Lemma 8.1. Let 7: ) — X be an affine morphism of ind-schemes. Let §°* €
C(Xflat) be a complex of flat pro-quasi-coherent pro-sheaves on X and &° be a
complex of X-flat pro-quasi-coherent pro-sheaves on ) which is acyclic as a complex
in Y —flat. Then the complex mF* @Y &° of X-flat pro-quasi-coherent pro-sheaves
on % is also acyclic as a complex in P r—flat.

Proof. First of all, 7*F* is a complex of flat pro-quasi-coherent pro-sheaves on %)
according to the discussion in Section 3.4, hence T*F*®¥P &* is a complex of X-flat pro-
quasi-coherent pro-sheaves on ) by Lemma 7.11. (Notice that the full subcategory of
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X-flat pro-quasi-coherent pro-sheaves is closed under direct limits, and in particular,
under coproducts in g)—pro, as one can see from the discussion in Section 3.5.)

By Lemma 7.14, in order to show that the complex 7*F* ®¥ &° is acyclic in
) —flat, it suffices to check that the complex 7, (7*F* @ &°) is acyclic in X—flat. By
the projection formula (2) from Section 3.3, we have 7, (7*F* @? &°) ~ F* @* 1,8°.
Again by Lemma 7.14, the complex 7, ®* is acyclic in X—flat. It remains to refer to
Lemma 5.2(a). O

Similarly one can prove that the complex 7*F*®? &* is acyclic in ) y—flat whenever
a complex F* is acyclic in X—flat and &°* € C() y—flat) is an arbitrary complex.

The next lemma is another version of projection formula for the action of pro-
quasi-coherent pro-sheaves in quasi-coherent torsion sheaves (cf. Lemma 7.5).

Lemma 8.2. Let f: Y — X be an affine morphism of reasonable ind-schemes. Let
B be a pro-quasi-coherent pro-sheaf on X and N be a quasi-coherent torsion sheaf
on ). Then there is a natural isomorphism

P @x filN ~ f (B ®3.JN>

of quasi-coherent torsion sheaves on X.

Proof. The argument is similar to (but simpler than) the proof of Lemma 7.5. The
natural morphism

(32) P ox N — [ PoyN)

is adjoint to the composition f*(PRzx filN) =~ [*PRy f* fN — [*PRyN of the iso-
morphism f*(PRx fLN) = [*PBRgy f* f.N provided by Lemma 3.4 and the morphism
B Ry [*f N — f*B @y N induced by the adjunction morphism f*f N — N.

In the notation of Section 7.1, we consider I'-systems of quasi-coherent sheaves
on X and on ¥). Similarly to the above one constructs, for any I'-system N on %), a
natural morphism of I'-systems PRy fN — f.(f*P®gyN), which is an isomorphism
essentially by Lemma 2.2.

To show that (32) is an isomorphism, it remains to compute

P @x N =P @z f(N]r)") =P @x (fN]r)"
~ (P @z fulN|r) " = (LB @y Nr)" = f((f*B @y Nr)T)
~ [(["PB @y (ND)T) = L ([P @y N),
using the definitions of the functors ®x: X—prox X—tors — X-tors and ®g : Z)—pro x

P-tors — Y—tors, and also Lemma 7.1(b). The point is that the direct image and
tensor product functors in question commute with the functors (—)*. O

Lemma 8.3. Let m: ) — X be an affine morphism of reasonable ind-schemes. Let
§* € C(Xflat) be a complex of flat pro-quasi-coherent pro-sheaves on X and A° be
a complex of quasi-coherent torsion sheaves on Y) such that the complex of quasi-
coherent torsion sheaves m, AN° on X is coacyclic. Then the complexr T*F* R N
of quasi-coherent torsion sheaves on ) also has the property that its direct image

T (T F* Qg A°) is a coacyclic complex of quasi-coherent torsion sheaves on X.
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Proof. By Lemma 8.2, we have 7 (1*§* ®g A°) ~ §° ®g m A" (recall that the
direct image functor 7, : g)-tors — X-tors preserves coproducts by Lemma 7.1(a)).
So it remains to refer to Lemma 5.2(b). O

Similarly one can prove, assuming that X is an ind-Noetherian ind-scheme and
using Lemma 5.2(c), that 7. (7*F* ®g A°) is a coacyclic complex of quasi-coherent
torsion sheaves on X whenever §* is an acyclic complex in X—flat and A4”* € C()—tors)
is an arbitrary complex.

Lemma 8.4. Let X be an ind-Noetherian ind-scheme, and let 7: ) — X be an
affine morphism of ind-schemes. Let #* € C(X—tors) be a complez of quasi-coherent
torsion sheaves on X and &° be a complex of X-flat pro-quasi-coherent pro-sheaves on
) which is acyclic as a complex in Y y—flat. Then the compler &° @y A * of quasi-
coherent torsion sheaves on ) has the property that its direct image 7, (&° Qg * A *)
is a coacyclic complex of quasi-coherent torsion sheaves on X.

Proof. By Lemma 7.5, we have 7,(8° Qg m*4°) ~ m,6° ®x A*, so it remains to
refer to Lemma 5.2(c). O
Similarly one can prove, using Lemma 5.2(b), that 7.(&* ®q 7*.#*) is a coacyclic
complex of quasi-coherent torsion sheaves on X whenever .#Z* is a coacyclic complex
in X-tors and &°* € C(P,flat) is an arbitrary complex.
Let m: %) — X be an affine morphism of ind-schemes. Consider the functor of
tensor product composed with inverse image

(=) @Y — : C(X-flat) x C(Y,flat) —— C(Yyflat).
It follows from Lemma 8.1 and the subsequent discussion that this functor descends
to a triangulated functor of two arguments
(33) (=) @Y — : D(X-flat) x D(Yyflat) —— D(Y 4 flat).

Let X be an ind-Noetherian ind-scheme, and let ) — X be an affine morphism of
schemes. Consider the two functors of tensor product composed with inverse image
(=) ®gy — : C(X-flat) x C(Y-tors) —— C(Y-tors),

— @y 7 (—): C(Pyflat) x C(X-tors) —— C(Ytors).

It follows from Lemmas 8.3-8.4 and the discussion that these functors descend to
triangulated functors of two arguments

(34) T (—) ®g — : D(X-flat) x D (Y-tors) —— DI (Y-tors),

(35) — ®g 7 (—): D(Yyflat) x DP(X-tors) — DI (Y-tors).

8.2. Relatively homotopy flat resolutions. Let 7: ) — X be an affine mor-
phism of reasonable ind-schemes. Recall once again that, for any flat pro-quasi-
coherent pro-sheaf & on ) and any X-flat pro-quasi-coherent pro-sheaf £ on ), the
pro-quasi-coherent pro-sheaf § ®¥ 9 on ) is X-flat (see Lemma 7.11).

We will say that a complex §* € C(2)—flat) of flat pro-quasi-coherent pro-sheaves
on ) is relatively homotopy flat if the following two conditions hold:
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(i) for any complex £Q°* € C(),—flat) which is acyclic in ) ,—flat, the complex
T @9 Q° is acyclic in ) —flat;

(ii) for any complex A°* € C(—tors) such that the complex m..4* is coacyclic
in X-tors, the complex 7, (F* ®g A*) is coacyclic in X-tors.

Lemma 8.5. Let 7: ) — X be an affine morphism of reasonable ind-schemes.
Then

(a) the relatively homotopy flat complezes form a full triangulated subcategory
closed under coproducts in K(P—flat);

(b) for any complex B* € C(X—flat) of flat pro-quasi-coherent pro-sheaves on X, the
complexr B € C(P—flat) of flat pro-quasi-coherent pro-sheaves on ) is relatively
homotopy flat.

Proof. Part (a): clearly, any complex in g)—flat which is homotopy equivalent to a
relatively homotopy flat complex is also relatively homotopy flat. Furthermore, for
any complex Q° € K(Y,flat), the functor — @¥ 0Q°: K(P-flat) — K(Q) yflat)
is a triangulated functor preserving coproducts (see Section 3.5), and the class of
all short exact sequences (hence the class of all acyclic complexes) in ) ,—flat is
closed under coproducts. Similarly, for any complex A4°* € K(2)—tors), the functor
— Ry A" K(Yflat) — K(Y-tors) is a triangulated functor preserving coproducts,
and the class all complexes in Z)—tors whose direct images are coacyclic in X-tors is
closed under coproducts (by Lemma 7.1(a)). Therefore, the class of all relatively
homotopy flat complexes is closed under shifts, cones, and coproducts in K(2)—flat).

Part (b) follows immediately from Lemmas 8.1 and 8.3. O

The next two abstract category-theoretic lemmas are well-known.

Lemma 8.6. Let B be an additive category with countable coproducts, and let - - - —
B — By — B§ — 0 be a bounded above complex of complexes in B. Let T be
the total complex of the bicomplex B? constructed by taking infinite coproducts along
the diagonals. Then the complex T* € K(B) is homotopy equivalent to a complex
which can be obtained from the complexes By, n > 0, using the operations of shift,
cone, and countable coproduct.

Proof. Denote by C? the total complex of the finite complex of complexes B, —
B | — -+ — B} — B{. Then there is a natural termwise split monomorphism
of complexes C* — T for every n > 0, and the complex 7T is the direct limit of
the sequence of its termwise split subcomplexes C;. Hence the telescope sequence
0 —11,50Cn — 1,50 Crn — T° — 0 is a termwise split short exact sequence of
complexes in B. It follows that the complex 7 is homotopy equivalent to the cone of
the morphism of complexes [[, -, Cn — [[,,50 Cn. It remains to observe that every
complex C* can be obtained from the complexes Bg, ..., B using the operations of
shift and cone finitely many times. O

Lemma 8.7. Let A and B be additive categories, F': A — B be a functor, and
G: B — A be a functor right adjoint to F. Denote the adjunction morphisms by
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w: FG — Idg and n: Ida — GF. Then, for any object B € B, there is a “bar-
complex” in B

oo — B, = (FG)"""(B) — -+ — FGFG(B) — FG(B) — B — 0
whose differential d,,: B,, — B, _1 s the alternating sum of n + 1 morphisms
dy=7 (-1 (FG)u(FG)"(B): (FG)""(B) — (FG)"(B).

Applying the functor G to the above complex produces a contractible complex in A
with the contracting homotopy h, = n(GF)"G(B): (GF)"G(B) — (GF)""'G(B).

Proof. The proof is a straightforward computation using the identity (Gu) o (nG) =
idgpg. L]

Proposition 8.8. Let 7: ) — X be a flat affine morphism of reasonable ind-
schemes. Then for any complex PB* € C(Yy—flat) of X-flat pro-quasi-coherent pro-
sheaves on ) there exists a relatively homotopy flat compler §° of flat pro-quasi-
coherent pro-sheaves on ) together with a morphism of compleres F° — B* whose
cone is acyclic in P r—flat.

Proof. Notice first of all that Y—flat C P y—flat, since the morphism 7 assumed to
be flat. In the context of Lemma 8.7, put A = C(X-flat), B = C(Yyflat), F =
7w C(X—flat) — C(P—flat) C C(Yy—flat), and G = 7,: C(Yy—flat) — C(Xflat).
Applying the construction of the lemma to the object B = PB* € C(Y—flat) = B,
we obtain a bicomplex

e ()" PR — - — TR — TP — P — 0

in P,—flat. The differentials are the alternating sums of the maps induced by the
adjunction morphism 7*m, — Id.

Let §° be the total complex of the truncated bicomplex --- — m*m, 7" 7, B* —
TSP — 0, constructed by taking infinite coproducts along the diagonals. By
the last assertion of Lemma 8.7, the cone $° of the morphism §° — PB* is a com-
plex in ) ,—flat which becomes contractible after applying the direct image functor
e Py—flat — X—flat. By Lemma 7.14, it follows that the complex $° is acyclic in
) . —flat, as desired.

On the other hand, by Lemma 8.6, the complex §° can be obtained from the com-
plexes (7*m,)" ™ (P*), n > 0, using the operations of shift, cone, countable coprod-
uct, and the passage to a homotopy equivalent complex. The complex 7, (7*m,)" (P*)
is a complex of flat pro-quasi-coherent pro-sheaves on X; hence, by Lemma 8.5(b),
the complex (7*m, )" 1(P*) is a relatively homotopy flat complex of flat pro-quasi-
coherent pro-sheaves on ). According to Lemma 8.5(a), it follows that the complex
§° is relatively homotopy flat. 0

Now we have to work out the torsion sheaf side of the story. We will say that
a complex ¥° € C(2)-tors) of quasi-coherent torsion sheaves on ) is homotopy

) /X-flat if, for any complex P* € C(Yy—flat) which is acyclic in ) ,—flat, the
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complex P* @y ¥* of quasi-coherent torsion sheaves on ) has the property that its
direct image 7, (P* @y ¥°) is coacyclic in X-tors.

Lemma 8.9. Let X be an ind-Noetherian ind-scheme, and let m: Y — X be an
affine morphism of ind-schemes. Then

(a) the homotopy Y /X-flat complexes form a full triangulated subcategory closed
under coproducts in K()—tors);

(b) for any complex #* € C(X—tors) of quasi-coherent torsion sheaves on X, the
complex 7 #* € C(P—tors) of quasi-coherent torsion sheaves on ) is homotopy

) /X-flat.

Proof. Part (a): clearly, any complex in )—tors which is homotopy equivalent to
a homotopy ) /X-flat compex is also homotopy 2)/X-flat. Furthermore, for any
complex P* € K(Yyflat), the functor P* ®g — : K(Y-tors) — K(Y-tors) is a
triangulated functor preserving coproducts, and the class of all complexes in )—tors
whose direct images are coacyclic in X—tors is closed under coproducts. Therefore, the
class of all homotopy ) /X-flat complexes is closed under shifts, cones, and coproducts
in K(—tors). These arguments do not need the assumption that X is ind-Noetherian
yet. Part (b) follows immediately from Lemma 8.4 (which depends on the ind-
Noetherianity assumption). O

Proposition 8.10. Let X be an ind-Noetherian ind-scheme, and let 7: %) — X
be an affine morphism of ind-schemes. Then for any complex A° € C(Z)—tors)
of quasi-coherent torsion sheaves on ) there exists a homotopy Y /X-flat complex
9* of quasi-coherent torsion sheaves on ) together with a morphism of complezes
G* — N° whose cone has the property that its direct image is coacyclic in X—tors.

Proof. In the context of Lemma 8.7, put A = C(X-tors), B = C(P-tors), F =
7w C(X—tors) — C(Y—tors), and G = m,: C(Y-tors) — C(X—tors). Applying the
construction of the lemma to the object B = A* € C(2)-tors) = B, we obtain a
bicomplex

s ()T A ) — - T AT A — TN — A — 0

in -tors. The differentials are the alternating sums of the maps induced by the
adjunction morphism 7*7, — Id.

Let 4° be the total complex of the truncated bicomplex - -+ — T T, 7 T N °* —
T meN " — 0, constructed by taking infinite coproducts along the diagonals. By the
last assertion of Lemma 8.7, the cone of the morphism ¢°* — A° is a complex in
$Y)—tors which becomes contractible (hence coacyclic) after applying the direct image
functor 7, : Y-tors — X-tors.

On the other hand, by Lemma 8.6, the complex ¢° can be obtained from the
complexes (7*m,)" ™ (A*), n > 0, using the operations of shift, cone, countable co-
product, and the passage to a homotopy equivalent complex. By Lemma 8.9(b),
the complex (7*m,)" ™ (A*) is a homotopy ) /X-flat complex of quasi-coherent tor-
sion sheaves on ). According to Lemma 8.9(a), it follows that the complex ¢° is
homotopy ) /X-flat. O
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8.3. Left derived tensor products for pro-sheaves flat over a base. Let
m: Y —> X be a flat affine morphism of reasonable ind-schemes. The left derived
functor of tensor product of X-flat pro-quasi-coherent pro-sheaves on %)

(36) YL D(Yyflat) x D(Yyflat) —— D( ,flat)

is constructed in the following way.

Let P* and 9Q° € C(Yyflat) be two complexes of X-flat pro-quasi-coherent
pro-sheaves on ). Using Proposition 8.8, choose two morphisms of complexes of
X-flat pro-quasi-coherent pro-sheaves §° — P°* and &° — £Q° such that the
cones of both morphisms are acyclic in ),—flat, and both the complexes §F° and
&* € C(Y-flat) are relatively homotopy flat complexes of flat pro-quasi-coherent
pro-sheaves on ). Then, by condition (i) in the definition of a relatively homotopy
flat complex, both the induced morphisms

5}3. ®2) 6. 30 ®fy 60 go ®2) Qo
have cones acyclic in ) ,—flat. So we put
P RV =F V6 2P VS ~F Y0 € DY, flat).

Using the definition of a relatively homotopy flat complex again, the complex
P @Y &° is acyclic in P y—flat whenever the complex P* is acyclic in ) ,—flat,
and the complex F* ®? 0Q° is acyclic in %) ;flat whenever the complex £Q° is. So
the derived functor @¥* is well-defined. We refer to [40, Lemma 2.7] for an abstract

formulation of this kind of construction of balanced derived functors of two arguments
(which is applicable in a much more general context of two-sided derived functors).

Remark 8.11. If one is only interested in the derived functor ®¥'* defined above
(and not in the derived functor ®H§), which we will define immediately below), then
one can harmlessly drop condition (ii) from the definition of a relatively homotopy
flat complex. Then the assumption that the ind-schemes X and ) are reasonable is
not needed in the above construction.

Remark 8.12. Let us emphasize that the underived tensor product P ®@¥ £ of two
X-flat pro-quasi-coherent pro-sheaves P and £ on ) need not be X-flat. It is only
the derived tensor product B* ®@? 0Q° of two complexes of X-flat pro-quasi-coherent
pro-sheaves P* and 0Q° that is well-defined as an object of the derived category of
X-flat pro-quasi-coherent pro-sheaves D(2) y—flat). This is the reason why we had to
assume our relatively homotopy flat complexes to be complexes of flat (and not just
X-flat) pro-quasi-coherent pro-sheaves in the definition given in Section 8.2.

This subtlety was overlooked in the exposition in [47, Section 6]. In the context
of [47], a commutative ring homomorphism A — R was considered, with the as-
sumption that R is a flat A-module. Then the tensor product of two A-flat R-modules,
taken over R, need not be A-flat. It is only the tensor product of an R-flat R-module
and an A-flat R-module that is always A-flat. To correct the mistake, one needs to
include the assumption of termwise flatness over R into the definition of a “relatively
homotopy R-flat complex” in the proof of [47, Proposition 6.3] and the formulation

of [47, Lemma 6.4].
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Let X be an ind-Noetherian ind-scheme, and let 7: ) — X be a flat affine
morphism of ind-schemes. The left derived functor of tensor product of X-flat pro-
quasi-coherent pro-sheaves and quasi-coherent torsion sheaves on )

(37) @y D(Yx—flat) x DF(Y-tors) —— D (Y—tors)
is constructed in the following way.

Let PB* € C(Y—flat) be a complex of X-flat pro-quasi-coherent pro-sheaves and
A € C(Y-tors) be a complex of quasi-coherent torsion sheaves on ). Using
Proposition 8.8, choose a morphism of complexes of X-flat pro-quasi-coherent pro-
sheaves §* — P°* whose cone is acyclic in Q) ,—flat, while F* € C(Y-flat) is a
relatively homotopy flat complex of flat pro-quasi-coherent pro-sheaves on ). Using
Proposition 8.10, choose a morphism of complexes of quasi-coherent torsion sheaves
4° — N° whose cone has the property that its direct image is coacyclic in X—tors,
while 4° € C()—tors) is a homotopy ) /X-flat complex of quasi-coherent torsion
sheaves on g). Then, by condition (ii) in the definition of a relatively homotopy flat
complex, and by the definition of a homotopy ) /X-flat complex, both the induced
morphisms

P99 +— F9¥Y — F A
have cones whose direct images are coacyclic in X-tors. So we put
B ®% N =F QY 2P RyY* ~F Qy AN € DF(Ytors).

Using the definition of a homotopy ) /X-flat complex again, the complex 7, (P* @y
¥°*) is coacyclic in X—flat whenever the complex B°* is acyclic in Y),—flat. Using
condition (ii) from the definition of a relatively homotopy flat complex, the complex
T (§F* Ry A°) is coacyclic in X-flat whenever the complex 7,4 is coacyclic in
X—flat. Thus the derived functor ®H2‘) is well-defined. This construction of a derived
functor of two arguments is also a particular case of [40, Lemma 2.7].

The derived functor @ (36) defines an (associative, commutative, and unital)
tensor triangulated category structure on the derived category D(2)y—flat) of the
exact category of X-flat pro-quasi-coherent pro-sheaves on ). The “pro-structure
pro-sheaf” Oy € P-flat C Yyflat C D(Yflat) is the unit object. (Notice that
the one-term complex Og is a relatively homotopy flat complex of flat pro-quasi-
coherent pro-sheaves on 2).)

The derived functor ®H§) (37) defines a structure of triangulated module category
over the tensor triangulated category D()y—flat) on the ) /X-semiderived category
D5 (Y)-tors) of quasi-coherent torsion sheaves on ).

8.4. Construction of semitensor product. In this section, X is an ind-semi-
separated ind-Noetherian ind-scheme with a dualizing complex 2°, and 7: ) — X
is a flat affine morphism of ind-schemes.

The following lemma may help the reader feel more comfortable.

Lemma 8.13. (a) In the assumptions above, condition (ii) from the definition of a
relatively homotopy flat complex of flat pro-quasi-coherent pro-sheaves in Section 8.2
implies condition (i).
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(b) In the same assumptions, let §F be a relatively homotopy flat complex of
flat pro-quasi-coherent pro-sheaves on ). Then the complex ™™ P* Ry & of quasi-
coherent torsion sheaves on ) is homotopy ) /X-flat.

Proof. Both the assertions are based on the associativity property of the action of
the tensor category C(2)—pro) in its module category C()—tors).

Part (a): let &° € C(2)—flat) be a complex of flat pro-quasi-coherent pro-sheaves
on ) satisfying (ii), and let PB* € C(Y,—flat) be a complex of X-flat pro-quasi-
coherent pro-sheaves on ) which is acyclic in 2),—flat. Then, according to the
proof of Theorem 7.15 in Section 7.3, the complex of quasi-coherent torsion sheaves
T*P* Qg P* has the property that its direct image 7, (1" 2°* ®g P°) is coacyclic (in
fact, contractible) in X—tors. By condition (ii), it follows that the complex

(T*2° 29 P°*) Ry G° =~ 7°D° Ry (P* @Y &°)
has the same property, i. e., the compex 7.(7* 2°* Q9 P* @Y &°) is coacyclic in X-tors.
Now the assertion of Theorem 7.15 implies that the complex * ®@% &* is acyclic in
) flat, since the corresponding object vanishes in D5 ()-tors).

Part (b): let Q° € C(Y)y—flat) a complex of X-flat pro-quasi-coherent pro-sheaves
on Q) which is acyclic in )y—flat. Then we have

(ﬂ'*@. ®2) g.) ®2) Qo ~ ﬂ_*@o ®§y (s. ®9_—) Qo)
in C(-tors). By condition (i), the complex F* ®@¥ 0Q° is acyclic in Y —flat. Accord-

ing to the proof of Theorem 7.15, it follows that the complex m,(7*2° @9 F* @9 Q°)
is coacyclic in X—tors, as desired. O

The triangulated equivalence 7 2°* Qg — : D(Yy—flat) — DS (Y-tors) is an equiv-
alence of module categories over the tensor category D(2)y—flat). Indeed, let PB°
and Q° be two complexes of X-flat pro-quasi-coherent pro-sheaves on %), and let
F — P* and 8° — Q° be two morphisms of complexes with the cones acyclic in
) . —flat and relatively homotopy flat complexes of flat pro-quasi-coherent pro-sheaves
§° and &° on ). Then the desired natural isomorphism

(;}po ®@,]L Qo) ®QJ 7_(*9. ~ ;430 ®Hgb (Qo ®2§) W*9.>
in the semiderived category DS ()—tors) is represented by any one of the associativity
isomorphisms

(3" ®Q_) Q.) ®@ ﬂ_*@o ~ 8«. ®2) (Qo ®m 7_{_*@-)7

(;Bo ®93 6.> ®93 7'('*@. ~ ;Bo ®9) (6. ®@ 7_‘_*9.)’
or

(84 ®g) 6.) ®2) W*@. ~ So ®2) (6. ®2) 7_[_*@.)
in the category of complexes C()-tors). Notice that the complex &* ®g 1 2° is
homotopy ) /X-flat by Lemma 8.13(Db).

Using the triangulated equivalence D(Q)y—flat) ~ Dgé(g)ftors), we transfer the
tensor structrue of the category D(2)—flat) to the category D${(X-tors). The resulting
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functor
(38) Onege: DL(Ytors) x DI (Y-tors) —— DI (Y-tors),
defining a tensor triangulated category structure on the semiderived category
D3 (Y-tors), is called the semitensor product of complexes of quasi-coherent torsion
sheaves on ) over the inverse image 7*Z* of the dualizing complex Z°. The object
™ 9* € D3 (Y -tors) is the unit object of the tensor structure { «ge on DI (Y-tors),
since ™ 92* corresponds to the unit object Og € D(Yyflat) under the equivalence
of categories D()yflat) ~ D§(Q)-tors).

Explicitly, let #° and A™° € K(2)-tors) be two complexes endowed with mor-
phisms A°* — K * and #° — _£° into complexes H* and _£° € K(2)torsx.inj)
with cones whose direct images are coacyclic in X—tors. Then one has

M Qe N =T D Rgy (Homagy oo(T°D°, ) @V Homy (77 D°, £°))
~ HoMy.qo (7D, H*) Qg N * ~ Homy.qo(7° D", F*) 5, M.
Let F* — M° and ¥° — A° be two morphisms in K(2)-tors) whose cones’
direct images are coacyclic in X-tors, while #° and ¢° are homotopy 9g)/X-flat

complexes of quasi-coherent torsion sheaves on ). Then the semiderived category
object M* Qp-ge A ° € DE(Y—tors) is represented by any one of the two complexes

Homy oo TP, H ) @9 Y* or F° Ry Homy. (17D, £°)
of quasi-coherent torsion sheaves on ).

8.5. The ind-Artinian base example. In this section we discuss flat affine mor-
phisms of ind-schemes 7: ) — X, where X is an ind-Artinian ind-scheme of ind-
finite type over a field (as in Examples 5.4).

(1) Let € be a coassociative coalgebra over a field k. A (semiassociative, semiuni-
tal) semialgebra & over € is defined as an associative, unital algebra object in the
(associative, unital, noncommutative) tensor category of €-%-bicomodules.

Let & be a semialgebra over €. A left semimodule over . is defined as a module
object in the module category of left ¥-comodules over the algebra object .# in the
tensor category of €-%-bicomodules. Right semimodules are defined similarly [40,
Sections 0.3.2 and 1.3.1], [45, Section 2.6].

The category of left #-semimodules, which we will denote by #-simod, is
abelian whenever & is an injective right %-comodule. In this case, #—simod is a
Grothendieck abelian category. The category of right .#-semimodules is denoted by
simod—.%.

(2) We are interested in semicommutative semialgebras, which are a particular case
of (1). Let € be a cocommutative coalgebra over k. Then, following Example 5.4(2),
the category of €-comodules ¥—comod is an associative, commutative, and unital
tensor category with respect to the cotensor product operation Oy . In fact, ¥—comod
is a tensor subcategory in the tensor category of €-%-bicomodules (consisting of those
bicomodules in which the left and right %@-coactions agree).
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A semicommutative semialgebra & over € is defined as a commutative (associative,
and unital) algebra object in the tensor category ¢—comod. In other words, % is an
¢-comodule endowed with a semiunit map € — & and a semimultiplication map
& Uy & — &. Both the maps must be €-comodule morphisms, and the usual
associativity, commutativity, and unitality equations should be satisfied.

Over a semicommutative semialgebra ., there is no difference between left and
right semimodules.

(3) More specifically, we are interested in % -injective semicommutative semialge-
bras . over . So the underlying %-comodule of % is assumed to be injective.
Injective €-comodules form a tensor subcategory in 4 —comod.

For a cocommutative coalgebra €', the category of €-contramodules is also natu-
rally an (associative, commutative, and unital) tensor category with respect to the
operation of contramodule tensor product ®% = ®%" [43, Section 1.6]. The free
¢ -contramodule with one generator € is the unit object. The full subcategory of
projective ¢-contramodules ¢ —contraye; C 6 —contra is a tensor subcategory.

The equivalence between the additive categories of injective %-comodules and
projective €-contramodules ¢ ~comod;y; >~ € —contra,,; (see formula (16) in Exam-
ple 5.4(6)) is an equivalence of tensor categories.

(4) Let X = Spi €™ be the ind-Artinian ind-scheme corresponding to the coalgebra
%, as in Examples 1.5(2), 4.1(2), and 5.4(5). According to Example 5.4(6), there is
an equivalence of additive categories X—flat ~ ¢ —contray.;. Moreover, similarly to
Example 3.8(4) (cf. Example 5.9), this is an equivalence of tensor categories.

We are interested in transformations of commutative algebra objects under the
equivalences of tensor categories above. Let & be a %-injective semicommutative
semialgebra over %, let & be the corresponding commutative algebra object in the
tensor category % —contray,j, and let 21 be the corresponding commutative algebra
object in the tensor category X—flat. Then the anti-equivalence of categories from
Proposition 3.12 assigns to 2 an ind-scheme ) = Spiy A together with a flat affine
morphism of ind-schemes 7: ) — X. Let us describe the ind-scheme Q) and the
morphism 7 more explicitly.

For any algebra object & in the tensor category é—contra, precomposing the mul-
tiplication morphism & ®%" & — & with the natural map & ¢ & — G R¢ &
allows to define the underlying ¢ *-algebra structure on &. Moreover, any projective
% -contramodule § has a natural underlying structure of a complete, separated topo-
logical module over a topological ring €*; for a free @-contramodule § = Homy (%, V)
spanned by a k-vector space V', this is the usual topology on the Hom space of
infinite-dimensional vector spaces. For an algebra object & in the tensor category
¢ —contray, this topology makes & a complete, separated topological ring with a
base of neighborhoods of zero formed by open (two-sided) ideals. The unit morphism
of & provides a continuous ring homomorphism ¢* — &.

In the situation at hand, & = Homg(%,#) = Homy«(%¢,.#) is the k-vector
space of €-comodule (or equivalently, €*-module) homomorphisms ¢ — &. The
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topology on & is the finite topology of the Hom module: the annihilators of finite-
dimensional subspaces (equivalently, finite-dimensional subcoalgebras) in ¢ form a
base of neighborhoods of zero in Homg(%,.#). The semiunit map ¢ — & in-
duces the unit map ¢* ~ Homy(%,%4) — Home(%,#), which is a continuous
ring homomorphism ¢* — &. Then one has ) = Spi & in the notation of Exam-
ple 1.6(1); the flat affine morphism 7: ) — X corresponds to the homomorphism
of topological rings ¢* — &.

For any cocommutative coalgebra & over k and the corresponding ind-Artinian
ind-scheme X = Spi ¢*, we have constructed a natural anti-equivalence between the
category of @-injective semicommutative semalgebras . over ¢ and the category of
ind-schemes ) endowed with a flat affine morphism ) — X.

(5) We keep the notation of (4). According to Proposition 3.13(b), the abelian
category )—tors is equivalent to the category of module objects in the module cat-
egory X-tors over the algebra object 2( in the tensor category X-flat. Following
Section 2.4(4), we have an equivalence of categories X—tors ~ %—comod. Hence
the category 2)—tors is equivalent to the category of module objects in the module
category € —comod over the algebra object & in the tensor category @ —contrap;.
Here the action of € —contraye in 6—comod is given by the contratensor product
functor ®¢ (see the last paragraph of Example 5.4(6)).

The equivalence of tensor categories ¢ —comodi,; ~ % —contra,,; transforms the
action of €-comod;,; in €-comod (by the cotensor product) into the action of
% —contraye in ¢—comod (by the contratensor product). This is clear from the
associativity isomorphism connecting the cotensor and contratensor products [40,
Proposition 5.2.1], [45, Proposition 3.1.1], which was already mentioned in Ex-
ample 5.4(8). Taken together, the constructions above combine into a natural
equivalence between the abelian category of quasi-coherent torsion sheaves on )
and the abelian category of #-semimodules, ¥)—tors ~ #—simod.

A quasi-coherent torsion sheaf on ) is X-injective if and only if the corresponding
& -semimodule is injective as a € -comodule. We will denote the full subcategory of
semimodules whose underlying comodules are injective by #~simody.inj C &#~simod.
So the equivalence of abelian categories )—tors ~ .#—simod restricts to an equivalence
of full subcategories )-torsyinj =~ F-simody. ;. The latter one is obviously an
equivalence of exact categories (with the exact category structures inherited from the
ambient abelian categories).

(6) According to Proposition 3.13(a) and the discussion in Section 7.2, the exact
category 2),—flat of X-flat pro-quasi-coherent pro-sheaves on ) is equivalent to the
exact category of module objects over the algebra object 2( in the tensor category
X-flat. As the tensor category X—flat is equivalent to the tensor category & —contrap;
by (4), it follows that the exact category ) y—flat is equivalent to the exact category
of module objects over the algebra object & in the tensor category ¢ —contray.;. Here
the exact structure on X—flat >~ € —contra,; is split, but the exact structure on the
category of module objects is not; rather, a short sequence of module objects is exact
if and only if it becomes split exact after the module structures are forgotten.
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One can see that specifying a module structure over & on a given projective
% -contramodule § is equivalent to specifying a .&Z-semicontramodule structure on
§ (see [40, Sections 0.3.5 and 3.3.1] or [45, Section 2.6] for the definition). So
the exact category 2)y—flat is equivalent to the exact category of €-projective
&-semicontramodules. Semicontramodules over an % -injective semialgebra .# form
an abelian category #—sicntr; we will denote the full subcategory of @-injective semi-
contramodules by &-sicntry_pro; C & —sicntr. The exact structure on &—sicntry_po;
is inherited from the abelian category #—sicntr. So we have an equivalence of exact
categories )y flat > S —sicntry_pp;.-

(7) Tt is explained in [54, Section 10.3] that the datum of an #-semicontramodule
structure on a given vector space (or @-contramodule) is equivalent to the datum of
a contramodule structure over the topological ring &, that is #—sicntr ~ S—contra.
It follows that the exact category 2),—flat is equivalent to the exact category of
&-contramodules which are projective as contramodules over the topological ring €™,
i. e., Py flat ~ S-contrag- ;. The latter equivalence restricts to an equivalence
between the category of flat pro-quasi-coherent pro-sheaves on %) and the category
of flat &-contramodules (in the sense of [52, Section 2]), P—flat ~ Sflat.

Furthermore, the datum of an .¥-semimodule structure on a given vector space
(or €-comodule) is equivalent to the datum of a discrete &-module structure,
& —simod ~ &S—discr [54, Remark 10.9]. Consequently, we have a natural equiva-
lence of abelian categories )—tors ~ S—discr.

The equivalences of categories 2)-flat ~ &-flat and )y flat ~ S—contrag«_pro
from (7) transform the tensor product functor @¥: P)—flat x P,—flat — ) ,—flat
into the contramodule tensor product functor ®®: &-contra x &-contra —
S-contra (as defined in [43, Section 1.6]), restricted to the full subcategories
S-flat C &-contrag«_pe; C S-contra. The equivalences of categories Q) y—flat ~
S-—contrag«pro; and P-tors ~ S-discr from (7) transform the tensor product
functor ®g: Yy flat x P-tors — P -tors into the contratensor product functor
Oe: &-contra x &-discr — S-discr restricted to &—contrag«_p; C S—contra (see
the discussion and references in Example 3.8(3)).

The equivalences of categories ) y—flat >~ S —sicntry o and P-tors ~ F—simod
from (6) and (5) transform the tensor product functor ®g): Y y—flat x P-tors —
Y)-tors into the functor of contratensor product of semimodules and semicontramod-
ules ®g: S —sicntr x #-simod — #-simod (constructed in [40, Sections 0.3.7
and 6.1]), restricted to the full subcategory .#—sicntrg_p; C & —sicntr.

(8) As explained in Example 5.4(5), the ¥-comodule € corresponds to a one-
term dualizing complex of injective quasi-coherent torsion sheaves 2°* = % on the
ind-Artinian ind-scheme X = Spi ™.

Following the proof of Theorem 7.15 specialized to the particular case of a one-
term dualizing complex of injectives 2° = % on X, one can see that there is an
equivalence between the exact categories of X-injective quasi-coherent torsion sheaves
and X-flat pro-quasi-coherent pro-sheaves on %), provided by the mutually inverse
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functors Homy (7€, —) and 1€ ®g —,
(39) Homgy oo(77C, —): P—torsxin; ~ Vy—flat :77C Rq) —.
The equivalence of exact categories )-torsyin; =~ & simody.in; and )y flat ~

S —sicntry oo from items (5) and (6) form a commutative square diagram with the
equivalence (39) and the equivalence of exact categories

(40) Homg (&L, —): F—simody.in; = F-sicntry proj 1 O —,

which was constructed in [40, Sections 0.3.7 and 6.2] and discussed in [45, Section 3.5].
Here Homgy = Homg gmoq denoted the vector space of morphisms in the abelian
category of &-semimodules, while ©g is the contratensor product functor men-
tioned in (7) above. Notice that the quasi-coherent torsion sheaf 7*¢ = 7*Z*
on ) corresponds to the #-semimodule . under the equivalence of categories
) -tors > #—simod (or )-torsx inj = L —simodyin;)-

(9) Given a semiassociative semialgebra . over a coassociative coalgebra %, the
semitensor product M o N of a right #-semimodule A4 and a left .#-semimodule
A is the k-vector space constructed as the cokernel of the difference of the natural
pair of maps

MOy, S O N = MOy N
Here one map is induced by the right semiaction map . Oy . — # and the other
one by the left semiaction map & Oy A — A [40, Sections 0.3.2 and 1.4.1-2] (cf.
the definition of the cotensor product Oy in Example 5.4(1) above).

Let . be a semicommutative semialgebra over a cocommutative coalgebra %’;
assume that % is an injective ¥-comodule. Then the semitensor product 4 ¢
A of two #-semimodules A and A has a natural #-semimodule structure [40,
Section 1.4.4]. The semitensor product operation ¢ on the category #—simod is
commutative and unital; the #-semimodule . is the unit object.

However, one needs to impose some additional assumptions in order to make sure
that the semitensor product is associative. The semitensor product of any three
% -injective & -semimodules is associative [40, Proposition 1.4.4(a)], but the full sub-
category #—simody.inj C &—simod is not preserved by ¢, generally speaking. The
full subcategory of so-called semiflat .#-semimodules (defined in [40, Section 1.4.2]) is
a commutative, associative, and unital tensor category with respect to the semitensor
product over .&.

(10) For a semiassociative semialgebra & over a coassociative coalgebra %, the
double-sided derived functor of semitensor product
SemiTory : D¥(simod-—.#) x D¥(#-simod) —— D(k-vect)

is constructed in [40, Section 2.7]. Here DS(#—simod) = D$.(#—simod) is the semi-
derived (or the “semicoderived”) category of left #-semimodules relative to €, i. e.,
the triangulated quotient category of the homotopy category K(<&#—simod) by the
thick subcategory of complexes that are coacyclic as complexes of €-comodules. The
semiderived category D% (simod-.#) = D$(simod-.%) is defined similarly.
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A construction of the double-sided derived functor of semitensor product of bisemi-
modules, taking values in a semiderived category of bisemimodules, can be found
in [40, Section 2.9]. As one can use (strongly semiflat complexes of) semiflat bisemi-
modules in the construction of this derived functor, the double-sided derived functor
of semitensor product of bisemimodules is associative.

Similarly, for a semicommutative semialgebra . over a cocommutative coalgebra
%, one can construct the double-sided derived functor of semitensor product

(41) 0% : D¥(F~simod) x D*(F~simod) — D% (#-simod),

which defines a structure of associative, commutative, and unital tensor category on
the triangulated category DS(#—simod). The one-term complex of #-semimodules
& is the unit object.

The equivalence of abelian categories )—tors ~ #—simod from item (5) forms a
commutative square diagram with the equivalence of abelian categories X—tors ~
% —comod, the direct image functor 7, : )—tors — X—tors, and the forgetful functor
&—simod — %—comod. Therefore, a triangulated equivalence of the semiderived
categories D§(2)-tors) ~ D%(#—simod) is induced.

The result of [40, Corollary 6.6(b)] together with the discussion in items (7-8) above
shows that the triangulated equivalence DS ()-tors) ~ D% (#-simod) transforms the
semitensor product functor Q«ge (38) from Section 8.4 for the dualizing complex
2* = € on X into the double-sided derived functor %, (41).

9. FLAT AFFINE IND-SCHEMES OVER IND-SCHEMES OF IND-FINITE TYPE

In this section, as in Section 6, k denotes a fixed ground field. Let X be an ind-
separated ind-scheme of ind-finite type over k, and let 7: ) — X be a flat affine
morphism of schemes. Consider the diagonal morphism Ag: ) — 9 x; Q); the
morphism Ay, factorizes naturally into the composition

DY — Y i Y.
We denote the two morphisms involved by 6 = dy/x: Y — Y xx Y and n =
Ny/x: Y XxP — Y X DY.

Let 2° be a rigid dualizing complex on X (as defined in Section 6.5). The aim
of this section is to describe the semitensor product functor {,«ge: DS (Y)-tors) x
D5 (2)-tors) —» DS (Y -tors) as the composition of the left derived *-restriction and
the right derived !-restriction of the external tensor product on 2) X 2) to the closed
immersions dg/x and 7y /x, resprectively; that is

M Oego N = L5 R (M Ry N°)

for any two complexes of quasi-coherent torsion sheaves #° and A4°° on ).
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9.1. Derived inverse image of pro-sheaves. Suppose that we are given a com-
mutative square diagram of morphisms of ind-schemes

QHLQ)

(42) pl f lﬂ

33— X

Assume that the morphisms 7 and p are flat and affine, and the ind-scheme X is
ind-Noetherian. The aim of this Section 9.1 is to construct the left derived functor
of inverse image

(43) Lg*: D(),flat) — D(2W5-flat)

acting from the derived category of the exact category of X-flat pro-quasi-coherent
pro-sheaves on ) to the derived category of the exact category of 3-flat pro-quasi-
coherent pro-sheaves on 203.

Lemma 9.1. Let X be an ind-Noetherian ind-scheme, and let m: Y — X be a flat
affine morphism of ind-schemes. Let §° be a relatively homotopy flat complex of flat
pro-quasi-coherent pro-sheaves on ) (as defined in Section 8.2). Assume that the
complex §° is acyclic in the exact category Y —flat. Then, for any complex of quasi-
coherent torsion sheaves #M° on ), the complex of quasi-coherent torsion sheaves
T.(F* Qg A*) on X is coacyclic.

Proof. This assertion is implicit in the construction of the derived functor ®g, (37)
in Section 8.3. Explicitly, by Proposition 8.10 there exists a homotopy 2)/X-flat
complex ¢° of quasi-coherent torsion sheaves on %) together with a morphism of
complexes 4° — M * whose cone A * has the property that its direct image under 7
is coacyclic in X-tors. Then the complex 7,(F* @9 ¥°) is coacyclic in X-tors, since
the complex §* is acyclic in P y—flat and the complex ¥° is homotopy ) /X-flat.
Furthermore, the complex 7,(§° ®g A°°) is also coacyclic in X-tors, since §F* be a
relatively homotopy flat complex of flat pro-quasi-coherent pro-sheaves on ) and the
complex 7, (A*) is coacyclic in X-tors (see condition (ii) in Section 8.2). It follows
that the complex 7, (F* ®@g A *) is coacyclic in X-tors. O

Proposition 9.2. Let X be an ind-Noetherian ind-scheme, and let m: Y — X be
a flat affine morphism of ind-schemes. Let §° be a relatively homotopy flat complex
of flat pro-quasi-coherent pro-sheaves on %Y). Assume that the compler §° is acyclic
in the exact category Y r—flat of X-flat pro-quasi-coherent pro-sheaves on ). Then
the complex §° s also acyclic in the exact category )—flat of flat pro-quasi-coherent
pro-sheaves on %Y.

Proof. Let X C X be a closed subscheme with the closed immersion morphism
10 X — X. Put Y = X xx %), and denote by k: Y — ) the natural closed
immersion. In view of Lemma 4.13, it suffices to show that the complex k*§* is
acyclic in Y—flat. For this purpose, we will show that the complex of quasi-coherent
sheaves k*F* ®o, N on Y is acyclic for any quasi-coherent sheaf A on Y.
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Since Y is a scheme, we can consider N as a quasi-coherent torsion sheaf on Y;
then k*§° ®oy N = k% @y N is viewed as a complex of quasi-coherent torsion
sheaves on Y. As the functor k,: Y—-qcoh — )—tors is exact and faithful (see
Lemma 2.16(a)), acyclicity of this complex is equivalent to acyclicity of the complex
k. (k*F° @y N) in Y-tors. By Lemma 8.2, we have an isomorphism in C()—tors)

k(K F @y N) ~ F° @y kN.

By Lemma 9.1, the complex m.(F* @y k. N) is coacyclic, hence acyclic, in X-tors.
As the functor 7, : F)—-tors —> X—tors is exact and faithful by Lemma 7.2, it follows
that the complex F° ®g kN is acyclic in Y)-tors. 0

The following corollary plays the key role.

Corollary 9.3. In the context of diagram (42), let F° be a relatively homotopy flat
complex of flat pro-quasi-coherent pro-sheaves on ). Assume that the complexr §*
is acyclic in the exact category P y—flat. Then the complex g*F* of flat pro-quasi-
coherent pro-sheaves on 28 is acyclic in the exact category 2W5—flat.

Proof. By Proposition 9.2, the complex §*° is acyclic in g)—flat. As the direct image
functor ¢g*: P—flat — W3—flat is exact, it follows immediately that the complex ¢g*§*
is acyclic in 28 —flat, hence also in 285flat. O

Using Proposition 8.8 and Corollary 9.3, the left derived functor (43) can be
constructed following the general approach of a “derived functor in the sense of
Deligne” [11, 1.2.1-2], [40, Lemma 6.5.2].

Let *B* be a complex of X-flat pro-quasi-coherent pro-sheaves on ). By Propo-
sition 8.8, there exists a relatively homotopy flat complex of flat pro-quasi-coherent
pro-sheaves §* on ) together with a morphism of complexes F° — P* whose cone
is acyclic in ) y—flat. Put

Lg"(PB*) = 9"(3*) € D(W5-flat).
Notice that ¢*(F°) is a complex of flat pro-quasi-coherent pro-sheaves on 28 (see
Section 3.4); hence it is also a complex of 3-flat pro-quasi-coherent pro-sheaves on
23, as the morphism p is flat and affine by assumption (as per the discussion in
Section 7.2).

Let a: PB°* — 0Q° be a morphism of complexes of X-flat pro-quasi-coherent pro-
sheaves on ), and let §° — P* and &* — 0° be two morphisms in C(Y),—flat)
with the cones acyclic in )y—flat such that both the complexes §F° and &° are
relatively homotopy flat complexes of flat pro-quasi-coherent pro-sheaves on Q). In
order to construct the induced morphism

Lg*(a): ¢"(§") — ¢"(&")
in D(2835-flat), choose a complex R*® in Y y—flat together with morphisms R* — F°
and R* — &* in C(Yyflat) such that the diagram R* — F°* — P* — Q°

and R* — &°* — 0Q° is commutative in K(Q)—flat) and the cone of the morphism
R* — F° is acyclic in ) ,—flat. Using Proposition 8.8, choose a relatively homotopy
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flat complex of flat pro-quasi-coherent pro-sheaves $° on ) together with a morphism
of complexes $* — R* whose cone is acyclic in ) —flat.

Then the cone &* of the composition s: $H°* — R* — F* is a relatively ho-
motopy flat complex of flat pro-quasi-coherent pro-sheaves on ) which is acyclic in
Y y—flat. By Corollary 9.3, the complex ¢*(&°*) is acyclic in 285—flat. Denote by b
the composition $H°* — R* — &°. Now the fraction formed by the morphism
g (b): g*($9°) — ¢*(®°*) and the isomorphism ¢*(s): ¢*($°*) — ¢*(F*) represents
the desired morphism Lg*(a): ¢*(§F°) —— ¢*(&°) in D(2035-flat).

9.2. Derived inverse image of torsion sheaves. Suppose that we are given a
commutative triangle diagram of morphisms of ind-schemes

44
(44) x /
X
Assume that the morphisms 7w and p are flat and affine, and the ind-scheme X is

ind-Noetherian. The aim of Section 9.2 is to construct the left derived functor of
inverse image

(45) Lg*: DE(-tors) —— DS (2B -tors)

acting from the 2)/X-semiderived category of quasi-coherent torsion sheaves on )
to the 203 /X-semiderived category of quasi-coherent torsion sheaves on 203.

Lemma 9.4. Let X be an ind-Noetherian ind-scheme, and let m: ) — X be a flat
affine morphism of ind-schemes. Let 4° be a homotopy ) /X-flat complex of quasi-
coherent torsion sheaves on ) (as defined in Section 8.2). Assume that the complex
7(94°) of quasi-coherent torsion sheaves on X is coacyclic. Then, for any complex
of Y /X-flat pro-quasi-coherent pro-sheaves SP* on Y, the complex of quasi-coherent
torsion sheaves T, (P* @9 Y*) on X is coacyclic.

Proof. Similarly to Lemma 9.1, this assertion is implicit in the construction of the
derived functor @% (37) in Section 8.3. Explicitly, by Proposition 8.8 there exists
a relatively homotopy flat complex of flat pro-quasi-coherent pro-sheaves §* on Q)
together with a morphism of complexes §° — PB° whose cone Q° is acyclic in
), flat. Then the complex 7. (F° Rg ¥°) is coacyclic in X-tors, since F* is a rel-
atively homotopy flat complex of flat pro-quasi-coherent pro-sheaves on ) and the
complex 7,(%°) is coacyclic in X-tors. Furthermore, the complex m,(Q°® ®g ¥°) is
coacyclic in X—tors, since the complex £Q° is acyclic in ) ,—flat and ¢° is a homo-
topy ) /X-flat complex of quasi-coherent torsion sheaves on ). It follows that the
complex 7, (P* Ry ¥°) is coacyclic in X-tors. O

The next proposition is the key technical assertion.

Proposition 9.5. In the context of the diagram (44), let F* be a homotopy ) /X-flat
complex of quasi-coherent torsion sheaves on ). Assume that the complex m.(F*)
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of quasi-coherent torsion sheaves on X is coacyclic. Then the complex p.g*(ZF°) of
quasi-coherent torsion sheaves on X 1s coacyclic, too.

Proof. Let us show that the morphism of ind-schemes g: 20 — 2) is affine (when-
ever the morphisms 7 and p = 7g are). First of all, the morphism g is “representable
by schemes” (since the morphisms 7 and p = 7wg are). Indeed, let X C X be
a closed subscheme. Then Y = X Xz %) is a closed subscheme in ) (and any
closed subscheme in g) is contained in a closed subscheme of this form). Therefore,
W =Y x99 23 = X xx 20 is a closed subscheme in 203.

We know that the morphisms of schemes Y — X and W — X are affine, and
we have to show that the morphism W — Y is. Let X =, U, be an affine open
covering of X. Then Y = |J,(U, xx Y) is an affine open covering of Y; and the
schemes (U, xx Y) xy W = U, xx W are affine (cf. [20, Tag 01SG]).

Now we have p.g*(ZF°*) ~ m.g.9"(ZF°), since p = mg. Furthermore, ¢*F* ~
Doy Rep ¢ F°, where Doy € 23—flat is the “pro-structure pro-sheaf” on 23. By
Lemma 7.5,

9:9"(F*) = g.(Dap @ap §"F ") = g.(Oap) @ F*.
Notice that the pro-quasi-coherent pro-sheaf ¢.(Ogy) on ) is X-flat, because
Tuls (Do) =~ pe(Ogp) and the morphism of ind-schemes p: W — X is flat by
assumption, hence the direct image functor p,: 2B—pro — X-—pro takes flat pro-
quasi-coherent pro-sheaves on 23 to flat pro-quasi-coherent pro-sheaves on X.
Applying Lemma 9.4, we conclude that the complex p,g*(F*) >~ m.(g+(Oap) Ry F*)
is coacyclic in X-tors. 0

Similarly to Section 9.1, we use Propositions 8.10 and 9.5 in order to construct
the left derived functor (45) following the general approach of [11, 1.2.1-2] and [40,
Lemma 6.5.2].

Let A *° be a complex of quasi-coherent torsion sheaves on 2). By Proposition 8.10,
there exists a homotopy ) /X-flat complex of quasi-coherent torsion sheaves & ° on
) together with a morphism of complexes #* — #* whose cone has the property
that its direct image is coacyclic in X—tors. Put

Lg*(#*) = g*(F"*) € D§(Wtors).
The action of the functor Lg* on morphisms in D§()-tors) is constructed in the
same way as in Section 9.1 (we omit the obvious details).

9.3. Derived restriction with supports in the relative context. Suppose that
we are given a pullback diagram of morphisms of ind-schemes (so 28 =3 xx Q)

W9
1
3%

Assume that the morphism 7 (hence also the morphism p) is flat and affine, the
morphism ¢ (hence also the morphism k) is a closed immersion, and the ind-scheme
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X (hence also the ind-scheme 3) is ind-Noetherian. The aim of Section 9.3 is to
construct the right derived functor

(47) Rk': D3 (Y-tors) —— D3 (2W-tors)

acting from the ) /X-semiderived category of quasi-coherent torsion sheaves on )
to the 203/3-semiderived category of quasi-coherent torsion sheaves on 253.

Lemma 9.6. In the context of the diagram (46), there is a natural isomorphism
i'm. ~ pok' of functors )—tors — 3-tors.

Proof. Weaker assumptions than stated above are sufficient for the validity of this
lemma, which is an ind-scheme version of Lemma 2.3(a). It suffices to assume that
2 = 3 xXx Y, the morphism 7 (hence also p) is “representable by schemes”, and 4
(hence also k) is a reasonable closed immersion.

Indeed, let A be a quasi-coherent torsion sheaf on %), and let Z C 3 be a reason-
able closed subscheme. Put W = Z x5 28; so W is a reasonable closed subscheme
in 283. The scheme Z can be also viewed as a reasonable closed subscheme in X, em-
bedded via i; and the scheme W can be viewed as a reasonable closed subscheme in
5Y), embedded via k. Denote by pz: W — Z the natural morphism. In order to ob-
tain the desired isomorphism i'm, A" ~ p, k' in 3-tors, one constructs a compatible
system of isomorphisms in Z—qcoh

(@ mh )2) = (1A )(2) = pzu (N W) = pze (KN )ow)) = (k' A ) 2)

for all the reasonable closed subschemes Z C 3. (See the definition of the direct
image functor for quasi-coherent torsion sheaves in Section 2.6.) U

By Proposition 7.8, we have natural equivalences of triangulated categories
DS (Ytors) ~ D(YP—torsx.in;) and DS (W—tors) ~ D(W—torss.in;). We will use these
triangulated equivalences in order to construct the right derived functor (47).

Lemma 9.7. In the context of the diagram (46), the functor k': ¥)—tors — 1—tors
restricts to an exact functor between exact categories L)—torsy.inj — 2LB—torss.in;.

Proof. The functor i': X tors — 3-tors, being right adjoint to an exact func-
tor 7,: 3—tors — X-tors, takes injective objects to injective objects. In view of
Lemma 9.6, it follows that the functor k': )-tors — 2¥-tors takes X-injective
quasi-coherent torsion sheaves to 3-injective ones.

Let 0 — & — M — N — 0 be a short exact sequence of X-injective quasi-
coherent torsion sheaves on 2). Then 0 — 7,2 — 7m..# — N —> 0 is a split
short exact sequence of quasi-coherent torsion sheaves on X. Hence 0 — i'7*.% —
i*n.M — i'T. AN — 0 is a split short exact sequence of quasi-coherent torsion
sheaves on 3. As p,.k' ~ i'm,, it follows that 0 — k' — K'M — K'AN — 0 is
a short exact sequence of 3-injective quasi-coherent torsion sheaves on 283 (because
the functor p,: W—tors — 3-tors is exact and faithful by Lemma 7.2). O
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In view of Lemma 9.7, the functor k': D) -torsx.inj — AW—torssin; induces a well-
defined triangulated functor between the derived categories of the two exact cate-
gories,

k!I D(?,)*tOFS;g_inj) — D(Qﬁ*tOI’S?)_inj).
Using the triangulated equivalences D$(2)-tors) ~ D(2)-torsy.inj) and D§(2B-tors) ~
D(2B-torss.inj), we obtain the desired right derived functor (47). This construction is
also a particular case of the construction of [11, 1.2.1-2] or [40, Lemma 6.5.2], which
was used in Sections 9.1-9.2.

9.4. Composition of derived inverse images of pro-sheaves. Suppose that we
are given a composable pair of commutative square diagrams of morphisms of ind-
schemes

DL, ); JECANY, )
71,1
gtz .y

Assume that the morphisms 7, p, and ¢ are flat and affine, and the ind-schemes X
and 3 are ind-Noetherian. Consider the composition of left derived functors (43)
constructed in Section 9.1

D()yflat) —L D(2V5-flat) —5 D(Wyflat).

Proposition 9.8. There is a natural isomorphism Lh*olLg* ~ IL(gh)* of triangulated
functors D(Y y—flat) — D(W—flat).

Proof. The related underived isomorphism is obvious: clearly, one has h*g*PB*® ~
(gh)*PB* in C(W—pro) for any complex of pro-quasi-coherent pro-sheaves P* on Q).

The best possible argument for the proof of the composition of derived functors
being isomorphic to the derived functor of the composition would be to show that
the functor ¢g* takes complexes adjusted to Lg* and L(gh)* to complexes adjusted
to LA*. In our context, this would mean showing that, for any relatively homotopy
flat complex of flat pro-quasi-coherent pro-sheaves §* on ) (relative to the morphism
7m: %) — X), the complex of flat pro-quasi-coherent pro-sheaves g*(F*) on 20 is also
relatively homotopy flat (relative to the morphism p: 2 — 3).

However, we do not know how to prove this preservation of relative homotopy
flatness in full generality. Instead, we will show that, given a complex *B* in ) —flat,
a relatively homotopy flat complex §* endowed with a morphism §F° — *B* with
the cone acyclic in Y y—flat can be chosed in such a way that the complex of flat
pro-quasi-coherent pro-sheaves ¢*(F*) on 20 is a relatively homotopy flat complex.

Let us recall the construction of the relatively homotopy flat resolutions from
Proposition 8.8. All the complexes of flat pro-quasi-coherent pro-sheaves on ) which
can be obtained from the inverse images of complexes of flat pro-quasi-coherent pro-
sheaves on X using the operations of cone, infinite coproduct, and the passage to a
homotopy equivalent complex, are relatively homotopy flat (by Lemma 8.5); and any

complex P* € C(Y y—flat) admits a relatively homotopy flat resolution of this form.
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Assume that the complex §° is homotopy equivalent to a complex of flat pro-quasi-
coherent pro-sheaves on ) obtained from inverse images of complexes of flat pro-
quasi-coherent pro-sheaves on X using the operations of cone and infinite coproduct.
Then the complex ¢*(F°) is homotopy equivalent to a complex of flat pro-quasi-
coherent pro-sheaves on 213 similarly obtained from the inverse images of complexes of
flat pro-quasi-coherent pro-sheaves on 3. This follows from the natural isomorphism
g'm* ~ p*f* of functors X-flat — 20 -flat and the commutation of inverse images
of (flat) pro-quasi-coherent pro-sheaves with the coproducts. ([l

9.5. External tensor products in the relative context. Let X’ and X” be ind-
schemes over k, and let 7/: )’ — X’ and 7": )" — X” be affine morphisms of
schemes. Let m xp 7”: Q) % 9" — X’ x; X” be the induced morphism of the
Cartesian products. Clearly, 7’ x) 7" is an affine morphism of ind-schemes.

The functor of external tensor product of pro-quasi-coherent pro-sheaves (19)

Xy : '—pro x Y"—pro —— (' xi Y")—pro
was constructed in Section 6.2.
Lemma 9.9. Let Q' be a pro-quasi-coherent pro-sheaf on )" and Q" be a pro-quasi-
coherent pro-sheaf on )". Then there is a natural isomorphism
(7T, X 71_//)*(}3/ 5, Q”) ~ W;Ql %, W;’Q”

of pro-quasi-coherent pro-sheaves on X' x; X".
Proof. Follows from Lemma 6.4. 0
Lemma 9.10. (a) Let & be an X'-flat pro-quasi-coherent pro-sheaf on %)" and &"
be an X"-flat pro-quasi-coherent pro-sheaf on Y)". Then &K &" is an (X' <, X")-flat
pro-quasi-coherent pro-sheaf on )’ x, ).

(b) The external tensor product functor
(49) Ig[k: @&/*ﬂat X Ey;u*ﬂat — (2), Xk 2),/>(x/><kxu)*ﬂat
is exact (as a functor between exact categories) and preserves direct limits (in partic-

ular, coproducts).

Proof. Part (a) follows from Lemma 9.9 and formula (20). Part (b) follows directly
from the definitions of the exact structures involved and Lemma 6.2. O

Lemma 9.11. Let &'* be a complex of X'-flat pro-quasi-coherent pro-sheaves on %)’
and &"* be a complex of X"-flat pro-quasi-coherent pro-sheaves on )". Assume that
the complex &' is acyclic in Y% flat. Then the compler &'* Ky &"* is acyclic in
(2), Xk m,/)(%/xkxn)*ﬂat.

Proof. The results of Lemmas 7.14 and 9.9 reduce the question to Lemma 6.9.  [J

It follows from Lemma 9.11 that the external tensor product of pro-quasi-coherent
pro-sheaves which are flat over the base is well-defined as a functor between the
derived categories of the respective exact categories,

(50)  Xy: D(Yeflat) x D(Y%—flat) — D((Y' xx D")xrw,n-flat).
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Now assume additionally that the ind-schemes X’ and X" are reasonable (then so
are the ind-schemes 9)’ and 2)”). The functor of external tensor product of quasi-
coherent torsion sheaves (22)

Xy : '—tors X P"—tors —— (Y’ x; YP")-tors
was constructed in Section 6.3.

Lemma 9.12. Let A be a complex of quasi-coherent torsion sheaves on %)’ and
A" be a complex of quasi-coherent torsion sheaves on %)”. Assume that the complex
7 (A"*) of quasi-coherent torsion sheaves on X' is coacyclic. Then the complex
(7" X 7)o (A Ry ) of quasi-coherent torsion sheaves on X' xy X" is coacyclic,

too.
Proof. Follows immediately from Lemmas 6.13 and 6.18. 0J

It is clear from Lemma 9.12 that the external tensor product is well-defined as a
functor between the semiderived categories of quasi-coherent torsion sheaves,

(51) Ry : D3/ (Y'~tors) x D3y (Y "~tors) —— D, 2 (Y’ X1 Y")-tors).

We have not used the assumption of flatness of morphisms 7/ and #” in this Sec-
tion 9.5 yet, but it is worth noticing that the morphism of ind-schemes 7’ x; 7" is
flat whenever the morphisms 7’ and 7" are. This follows from the similar property
of morphisms of schemes over k.

9.6. Derived tensor product of pro-sheaves as derived restriction to the
diagonal. Let X be an ind-scheme of ind-finite type over k, and let 7: ) — X
be a flat affine morphism of ind-schemes. Then the following commutative square
diagram of morphisms of ind-schemes

Ay
Y ——D D

ﬂl J/TI‘Xkﬂ'
Ax

X— X xx X

is a particular case of the diagram (42) from Section 9.1.
Let B° and Q° be two complexes of X-flat pro-quasi-coherent pro-sheaves on ).
Our aim is to construct a natural isomorphism

(52) P VO ~ LA, (P Ry Q°)
in the derived category D()—flat). Here the derived functor of tensor product @¥:=

(36) was constructed in Section 8.3, the functor of external tensor product Xy was
discussed in Section 9.5, and the derived functor of inverse image LA, was defined
in Section 9.1. Recall that the isomorphism of underived functors PB* @9 Q° ~
AH (P Xy 9Q°) is provided by Lemma 6.12. The following proposition shows that
the derived functors agree.
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Proposition 9.13. For any two complexes P* and Q° € D(YPy—flat), a natural
isomorphism of left derived functors (52) holds in D()y—flat).

Proof. Let §° and &° be two relatively homotopy flat complexes of flat pro-quasi-
coherent pro-sheaves on ) endowed with two morphisms of complexes §°* — JP* and
&°* — 0Q° with the cones acyclic in ) y—flat. Then the external tensor product §F°Xy
&* is a complex of flat pro-quasi-coherent pro-sheaves on ) xj ) by formula (20)
from Section 6.2, and the cone of the morphism §* X &°* — P* X, 9Q° is acyclic in
the exact category () Xk 2))xx,x)—flat by Lemma 9.11.

A problem similar to the one in the proof of Proposition 9.8 arises here. The best
possible argument for a proof of the desired isomorphism would be to show that the
complex §* X &° is a relatively homotopy flat complex of flat pro-quasi-coherent
pro-sheaves on ) xi ) (relative to the morphism 7 X 7: ) X, P — X X X).
Then the isomorphism of the derived functors would follow immediately from (their
constructions and) the isomorphism of the underived ones. However, we do not know
how to prove this relative homotopy flatness in full generality. Instead, we will show
that the relatively homotopy flat resolutions §* and &° of any two given complexes
P and Q° can be chosen in such a way that the external tensor product F* X &*
is a relatively homotopy flat complex.

Once again we recall the construction of the relatively homotopy flat resolutions
from Proposition 8.8. All the complexes of flat pro-quasi-coherent pro-sheaves on %)
which can be obtained from the inverse images of complexes of flat pro-quasi-coherent
pro-sheaves on X using the operations of cone, infinite coproduct, and the passage
to a homotopy equivalent complex, are relatively homotopy flat; and any complex
PB* € C(Y,—flat) admits a relatively homotopy flat resolution of this form.

Now assume that both the complexes §* and &°* are homotopy equivalent to
complexes of flat pro-quasi-coherent pro-sheaves on ) obtained from the inverse
images of complexes of flat pro-quasi-coherent pro-sheaves on X using the operations
of cone and infinite coproduct. Then the complex §F° Xy &° is homotopy equivalent to
a complex of flat pro-quasi-coherent pro-sheaves on Q) xy ) similarly obtained from
the inverse images of complexes of flat pro-quasi-coherent pro-sheaves on X x; X. This
follows from the commutation of external tensor products with the inverse images
(Lemma 6.10), the commutation of external tensor products with the coproducts
(see Section 6.2 and Lemma 9.10(b)), and the preservation of flatness by the external
tensor products of pro-quasi-coherent pro-sheaves on X (formula (20)). O

9.7. Semiderived equivalence and change of fiber. Let us return to the set-
ting of the commutative triangle diagram of morphisms of ind-schemes (44) from
Section 9.2

Qﬂ—)ﬁ)

N
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where the morphisms 7 and p are flat and affine, and the ind-scheme X is ind-
Noetherian. Assume further that X is ind-semi-separated and endowed with a dual-
izing complex Z°. Then Theorem 7.15 provides triangulated equivalences

TP Ry — : D(PYy—flat) ~ Di@)ftors) ‘R $Homy (772", —)
and _
P D Qo — : D(Wx—flat) ~ DI(AW—tors) :R Homegy o (p*2°, —).
Here the notation R $Hom stands for the fact that the functors $Hom should be applied

to complexes of X-injective quasi-coherent torsion sheaves (while the functors ®g) and
®aqp are applied to arbitrary complexes of X-flat pro-quasi-coherent pro-sheaves).

Proposition 9.14. In the context above, the triangulated equivalences D(2)y—flat) ~
D (Y-tors) and D(Wx—flat) ~ DS (W—tors) from Theorem 7.15 transform the left
derived functor Lg*: D(2)y—flat) — D(2Bx—flat) (43) from Section 9.1 into the left
derived functor Lg*: DS (Y)—tors) — D (W—tors) (45) from Section 9.2.

Proof. Let P* be a complex of X-flat pro-quasi-coherent pro-sheaves on ). We have
to construct a natural isomorphism

p*-@. ®QU Lg*(mo) ~ Lg*(ﬁ*_@. ®2) ;Bo)
in the semiderived category D3 (20-tors). Notice first of all that the related isomor-
phism for underived functors
holds because p*Z* ~ g*n*P* (since p = wg) and by Lemma 3.4. (It was explained in
the proof of Proposition 9.5 that the morphism ¢ is “representable by schemes”—in
fact, affine.)

To prove the desired isomorphism for derived functors, replace the complex J3°
with a relatively homotopy flat complex of flat pro-quasi-coherent pro-sheaves §°
on ) endowed with a morphism of complexes F° — P* with the cone acyclic in
) xflat. Then it remains to recall that the complex 7*%°® ®g §° of quasi-coherent
torsion sheaves on %) is homotopy ) /X-flat by Lemma 8.13(b). So we have

p*.@° ®Qﬂ Lg*(wo) _ p*@o ®Qﬂ g*<3o> ~ g*(ﬂ'*.@. ®2§) S;o) _ ]Lg*(ﬂ'*.@. ®2) m-)
in D§(20-tors). Here the rightmost equality holds because the morphism of com-
plexes of quasi-coherent torsion sheaves 7 %7° ®g §° — 7'Y° Qg P* on Y has a
cone whose direct image under 7 is coacyclic in X—tors. Indeed, the functor 7*Z°*®g) —
takes complexes acyclic in ) y—flat to complexes with the direct image coacyclic in

X-tors, according to the proof of Theorem 7.15. The notation p*Z° ®ep Lg*(P*)
with a derived category object Lg*(3*) is well-defined for the same reason. O
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9.8. Semiderived equivalence and base change. Now we return to the setting
of a pullback diagram of morphisms of ind-schemes similar to (46) from Section 9.3

(so W =3 xx9).
D) LI, )
I
35X
We start with an ind-scheme version of Lemma 4.24.

Lemma 9.15. In the diagram above, assume that i is a reasonable closed immer-
sion of reasonable ind-schemes and 7 is a flat morphism. Then there is a natural
isomorphism p*i' ~ k'm* of functors X—tors — 3 -tors.

Proof. The (essentially obvious) argument is based on Remark 7.4 (which, in turn, is
based on Lemma 4.24). We use the notation similar to the proof of Lemma 9.6. Let
Z C 3 be a reasonable closed subscheme; then Z can be also viewed as a reasonable
closed subscheme in X, embedded via i. Put W = Z x5 23; then W is a reasonable
closed subscheme in 283, and the scheme W can be also viewed as a reasonable
closed subscheme in ), embedded via k. Denote by pz: W — Z the natural
morphism. For any quasi-coherent torsion sheaf .#Z on X, the desired isomorphism of
quasi-coherent torsion sheaves p*i'.# ~ k'n*.# on 2B is provided by the compatible
system of isomorphisms

(01l ) wy = Py (0 M ) (2)) = Py (M) = (7" ) owy = (K7 M) (),
of quasi-coherent sheaves on W. Here the first and third isomorphisms hold by
Remark 7.4, while the second and third ones are the definition of ' and k'. O

The next lemma is a generalization of Lemma 7.17.

Lemma 9.16. In the diagram above, assume that i is a reasonable closed immersion
of reasonable ind-schemes and w is a flat affine morphism. Let M be a quasi-coherent
torsion sheaf on X and & be an X-flat pro-quasi-coherent pro-sheaf on ) ; put N =
7 M € P-tors. Then there is a natural isomorphism

(S @y N) = kG Qap k' AN
of quasi-coherent torsion sheaves on 203.

Proof. In the notation Z C 3, W = Z x328 C 208, and pz: W — Z from the
proofs of Lemmas 9.6 and 9.15, we compute
(k"(® ®m JV))(W) ~ (6 ®@ JV)(W) ~ ®(W) ®(’)w'/V(W) ~ (k*QS)(W) ROw (HJV)(V\Q

using Lemma 7.17 for the middle isomorphism. Hence the collection of quasi-coherent
sheaves (k*®)W) @0y, (k' )w) on the reasonable closed subschemes W C 20
defines a quasi-coherent torsion sheaf on 28, and it follows easily that this quasi-
coherent torsion sheaf is naturally isomorphic to the tensor product k*&®qgk' A . O
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Now we assume, in the diagram above, that 7 is a flat affine morphism, i is a
closed immersion, and the ind-scheme X is ind-semi-separated, ind-Noetherian, and
endowed with a dualizing complex 2°*. Then i'2* is a dualizing complex on 3 (cf.
Example 4.8(2)). So Theorem 7.15 provides triangulated equivalences

T*D* Rg — : D(Yyflat) ~ DI(Y-tors) :R Homg (75 2°, —)

and
p*i'D* Reg — : D(W3-flat) ~ DI (Wtors) :R Homay o (p*i' 2°, —).

Proposition 9.17. In the context above, the triangulated equivalences D(2)—flat) ~
DS (Y -tors) and D(2W3-flat) ~ DI (2W-tors) from Theorem 7.15 transform the left
derived functor Lk*: D( y—flat) — D(Wx—flat) (43) from Section 9.1 into the
right derived functor Rk': DS (2)—tors) — D3 (2B—tors) (47) from Section 9.3.

Proof. Let P* be a complex of X-flat pro-quasi-coherent pro-sheaves on ). We have
to construct a natural isomorphism

p*i!.@. Qeon Lk*(qso) ~ Rk’!(ﬂ'*.@. ®23 mo)
in the semiderived category D§(28-tors). The related isomorphism for underived
functors
p*i!.@. Qay k*(mo) ~ ]{?!71'*_@. Qay k*<q3.> ~ l{?!(’ﬂ'*.@. ®2) "B.)
holds by Lemmas 9.15 and 9.16.

To prove the desired isomorphism for derived functors, replace the complex J3°
with a relatively homotopy flat complex of flat pro-quasi-coherent pro-sheaves §*
endowed with a morphism of complexes §° — J°* which is an isomorphism in
D(2)x—flat). Then it remains to recall that, according to the proof of Theorem 7.15,

the complex 7*2°* ®y §° (as well as the complex 7*Z° ®g PB°) is a complex of
X-injective quasi-coherent torsion sheaves on %). 0

9.9. Semiderived equivalence and external tensor product. This Section 9.9
is a relative version of Section 6.6. Let X be an ind-Noetherian ind-scheme and
7m: %) — X be an affine morphism of schemes. Let .#Z* € C(X-tors) be a complex
of quasi-coherent torsion sheaves on X. For any complex of X-flat pro-quasi-coherent
pro-sheaves &° on %), put

D e (B°) =77 (M*) Ry B € C(Ytors).

According to formula (35) from Section 8.1, the functor ® 4« induces a well-defined
triangulated triangulated functor

® o: D(Y, flat) — DS (Y tors).

Furthermore, any morphism .Z* — .4"* in the coderived category D (X-tors)
induces a morphism of triangulated functors ® e« — ® s, which is an isomorphism
of functors whenever the morphism .#Z* — .4 is an isomorphism in D®(X-tors).
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Proposition 9.18. Let X' and X" be ind-semi-separated ind-schemes of ind-finite
type over k, and let ©': )" — X' and 7": Q" — X" be flat affine morphisms of
ind-schemes. Consider the induced morphism of the Cartesian products m = w' X, 7"

V' %, Y — X' xx X". Let 2'* and 2"* be dualizing complezes on X' and X", re-
spectively, and let &* be the related dualizing complex on X' x X", as in Lemma 6.26.
Then the triangulated equivalences

9" @gy —: D(Y%flat) ~ DL (Y'tors),
79" Qg — : D(Y’y—flat) ~ DI (Y"tors),
and

W*g. ®(Q)/><k2)”) — D((f.yl Xk @,/)(xlxkx//)*ﬂat) ~ D(X’ka”)((g'), Xk @”)ftors)
from Theorem 7.15 form a commutative square diagram with the external tensor
product functors By (50) and (51) from Section 9.5.

Proof. Let .#'* and .#"* be complexes of quasi-coherent torsion sheaves on X’
and X”. Then it follows from Lemmas 6.16 and 6.31 that, for any complex of X’-flat
pro-quasi-coherent pro-sheaves £’ on 92)’ and any complex of X”-flat pro-quasi-
coherent pro-sheaves £Q”* on 2)”, there is a natural isomorphism

@(%l.gk(%ﬂc (Q/. IZ]k QH.) ~ @ﬁ/o (Ql.) IEH{ @(%H. (Q”.)
in the category of complexes of quasi-coherent torsion sheaves on ) x; 9”. It
remains to take .Z'* = 2'* and #"* = 2", and observe that the isomorphism

D' Ry P"* — &* in the coderived category D°((X’ xx X")—tors) induces an isomor-
phism of triangulated functors ®grex, g —> Pge, as per the discussion above. [

9.10. The semitensor product computed. Let us recall the setting and notation
from the introductory paragraphs of Section 9. Let X be an ind-separated ind-scheme
of ind-finite type over a field k, and let 7: ) — X be a flat affine morphism of
schemes. Then the diagonal morphism Ag: Q) — ) X Y decomposes as

Ny /x

Oy /x
Y — Y xxY — D xD.
Both 0 = dg)/x and ) = 1y /x are closed immersions of ind-schemes (see [20, Tags 0157,

01KU(1), 01KR] for scheme versions of these assertions).
In fact, there is a commutative square diagram (a particular case of (42))

Ay

D)) D xx Y

(5 \ [

X—X x X
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which is composed of a commutative triangle diagram (a particular case of (44))

Oy /x
Y—DxxD
(54) \ J/Tr)(}jﬂ'
X
and a pullback diagram (a particular case of (46))

Ny /x

DxxY ———Y P

(55) lwxxﬂ J/ﬂ'xkﬂ'
Ax

X X x X

The morphism Ay is a closed immersion of ind-schemes. The morphisms of ind-
schemes 7 X m and 7 Xy 7 are flat and affine.

Theorem 9.19. In the context above, let P° be a rigid dualizing complex on the
ind-scheme X (in the sense of Section 6. 5). Then, for any two complexes of quasi-
coherent torsion sheaves M°* and N° € D3 (Y —tors), there is a natural isomorphism

(56) M oo N~ L5 Ry (M Ry N°)

in the Y /X-semiderived category DS(-tors) of quasi-coherent torsion sheaves
on Y. Here the semitensor product functor Qp«ge was defined in formula (38) in
Section 8.4. The external tensor product functor Ry was defined in formula (51) in
Section 9.5, the right derived functor Rn' was defined in Section 9.3, and the left
derived functor IL6* was defined in Section 9.2.

Proof. Let #* and _#° be two complexes of X-injective quasi-coherent tor-
sion sheaves on ) endowed with morphisms of complexes #° — J#° and
N — _Z° with the cones whose direct images under 7 are coacyclic in X-tors.
Then §F* = Homg (o (7*Z°, X ") and &° = Homy ((7*2°, £°) are two complexes
in Y ,—flat corresponding to * and A°°, respectively, under the equivalence of
categories D()yflat) ~ D (Y-tors) from Theorem 7.15; so natural isomorphisms
TP 9T — K — M and T D Ry B — _F°* +— N exist in DE(Y-tors).
By the definition, we have
M Qrige N =TT Ry (F° V" &°).

Let &* be a (dualizing) complex of injective quasi-coherent torsion sheaves on
X X X endowed with a morphism of complexes Z° KX, ¥* — &* with the cone
coacyclic in (X xy X)—tors. Since Z° is assumed to be a rigid dualizing complex, we
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have a homotopy equivalence 2* ~ AY&* of complexes in X—tors;,;. Now we compute

9 ®2) (30 ®@,]L 6.) 9é3 9 ®QJ LA% (3. Xy 60)
928 71'*.@. ®2) Lé* Ln*(%’ &k 6.) 9é4 L5*<(7T Xx W)*(.@.) ®(Q)><xﬁ)) LU*(S. &k 6.))

9.17

~ L& Rn!((w X ) (E*) @) (§° Ky Qi'))

LS Ry (7 2° 0y F°) By (77" 0y 6°)) = LS Ry (M Ry N,
where the numbers over the isomorphism signs indicate the relevant propositions and
lemma where the natural isomorphisms are established. 0

10. INVARIANCE UNDER POSTCOMPOSITION WITH A SMOOTH MORPHISM

Let X be an ind-semi-separated ind-Noetherian ind-scheme, and let 7: X' — X be
a smooth affine morphism of finite type. Let 7’: ) — X’ be a flat affine morphism,
and let 7: P — X denote the composition 7 = 77’. Let Z° be a dualizing complex
on X; then 2'* = 7*9%° is a dualizing complex on X'.

The aim of this section is to show that the constructions of Sections 7-8, including
the semiderived category of quasi-coherent torsion sheaves on ) and the semitensor
product operation on it, are preserved by the passage from the flat affine morphism
7' — X’ to the flat affine morphism 7: P — X.

10.1. Weakly smooth morphisms. We refer to [20, Tag 01V4] for a discussion of
smooth morphisms of schemes. For the purposes of this section, a slightly weaker
condition is suffient; we call it weak smoothness. Essentially, a morphism of schemes
is said to be weakly smooth if it is flat with regular fibers of bounded Krull dimension.

Let X be a scheme and x € X be a point. Denote by kx(z) the residue field of the
point x on X. Abusing notation, we will denote simply by x the one-point scheme
Spec kx (). Then we have a natural morphism of schemes r — X.

Let f: Y — X be a morphism of schemes and x € X be a point. Then the scheme
Y, =x xXx Y is called the fiber of f over x. Given an integer d > 0, we will say that
the morphism f is weakly smooth of relative dimension < d if f is flat and for every
point x € X the fiber Y, is a regular Noetherian scheme of Krull dimension < d.

By [20, Tags 01VB and 00TT], any smooth morphism of schemes is weakly smooth.
According to [20, Tag 01V8], any weakly smooth morphism of finite type between
Noetherian schemes over a field of characteristic 0 is smooth. This is not true in finite
characteristic because of nonseparability issues (an inseparable finite field extension
is the simplest example of a nonsmooth flat morphism with regular fibers).

Notice that weak smoothness is not preserved by base change, generally speaking
(e. g., base changes of inseparable finite field extensions can have nilpotent elements
in the fibers). However, some base changes do preserve it. Let us say that a morphism
of schemes Z — X does not extend the residue fields if for every point z € Z and
its image x € X the induced field extension kx(x) — kz(z) is an isomorphism.
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In particular, locally closed immersions of schemes do not extend the residue fields.
Clearly, if a morphism Y — X is weakly smooth of relative dimension < d and a
morphism Z — X does not extend the residue fields, then the morphism Z x x Y —
Z is also weakly smooth of relative dimension < d.

Any closed immersion of schemes is injective as a map of the underlying sets of
points. So any strict ind-scheme X, represented by an inductive system of closed
immersions of schemes X = “@’;EF X, gives rise to an inductive system of injective

maps of the underlying sets. The inductive limit of this inductive system of sets
is called the underlying set of points of X. Given a point x € X, the residue field
k = kx(x) is well-defined, because the closed immersions X, — X;, v < § € T,
do not extend the residue fields (so one can take any v € I' such that z € X, C X
and put kx(x) = kx, (r)). Denoting the scheme Spec kx(x) simply by z, we have a
morphism of ind-schemes v — X.

Let f: ) — X be a morphism of ind-schemes with is “representable by schemes”.
Then, for every point x € X, the fiber x xx%) is a scheme. As above, we will say that
the morphism f is weakly smooth of relative dimension < d if f is flat and for every
point € X the scheme x X ) is Noetherian and regular of Krull dimension < d.
Clearly, the morphism of ind-schemes f is weakly smooth of relative dimension < d
if and only if, for every v € I', the morphism of schemes f,: Y, = X, xx 9 — X,
is weakly smooth of relative dimension < d.

Let X be an ind-Noetherian ind-scheme and f: %) — X be a morphism of ind-
schemes. One says that f is a morphism of finite type if for every Noetherian scheme
T and every morphism of ind-schemes T — X the fibered product T xx %) is a
scheme and the morphism of schemes T xx Q) — T is of finite type. It suffices
to check these conditions for the closed subschemes 7' = X, appearing in a given
representation of X by an inductive system of closed immersions of schemes.

10.2. Flat and injective dimension under weakly smooth morphisms. Let
M be a quasi-coherent sheaf on a scheme X, and d > 0 be an integer. One says that
the injective dimension of M does not exceed d if there exists an exact sequence 0 —
M— T — J'.. — J% — 0 of quasi-coherent sheaves on X with injective
quasi-coherent sheaves J°. On a (locally) Noetherian scheme X, injectivity of quasi-
coherent sheaves is a local property [19, Proposition 11.7.17 and Theorem I1.7.18],
hence so is the injective dimension: the injective dimension of M is equal to the
supremum of the injective dimensions of the Ox(U,)-modules M(U,), where X =
U, Ua is any given affine open covering of the scheme X.

Let M be a quasi-coherent sheaf on a quasi-compact, semi-separated scheme X.
According to [30, Section 2.4] or [12, Lemma A.1], every quasi-coherent sheaf on X
is a quotient sheaf of a flat quasi-coherent sheaf. One says that the flat dimension
of M does not exceed d if there exists an exact sequence 0 — F; — Fy1 —

- — Fg — M — 0 of quasi-coherent sheaves on X with flat quasi-coherent
sheaves JF;. Since flatness of quasi-coherent sheaves is a local property, so is the flat
dimension: in the same notation as above, the flat dimension of M is equal to the
supremum of the flat dimensions of the Ox (U, )-modules M(U,,).
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The following relative form of Hilbert’s syzygy theorem is essentially well-known.

Proposition 10.1. Let R be an associative ring and S = R|xy,...,xz4] be the ring
of polynomials in d variables with the coefficients in R. Then, for any S-module N :

(a) the flat dimension of N as an S-module does not exceed d plus the flat dimension
of N as an R-module;

(b) the projective dimension of N as an S-module does not exceed d plus the pro-
jective dimension of N as an R-module;

(c) the injective dimension of N as an S-module does not exceed d plus the injective
dimension of N as an R-module.

Proof. Parts (b) and (c) follow directly from [13, spectral sequence (I) in Section 2
and Theorem 6 in Section 4. Parts (a) and (b) are provable by straightforward
induction in d using [29, Proposition 7.5.2]. O

The aim of this Section 10.2 is to prove the following partial generalization of
Proposition 10.1(a,c).

Proposition 10.2. Let X be a Noetherian scheme and f:Y — X be an affine
morphism of schemes. Assume that the morphism f is weakly smooth of relative
dimension < d. Then, for any quasi-coherent sheaf N on'Y :

(a) assuming that the scheme X is semi-separated, the flat dimension of N does
not exceed d plus the flat dimension of the quasi-coherent sheaf f N on X ;

(b) assuming that f is a morphism of finite type, the injective dimension of N
does not exceed d plus the injective dimension of the quasi-coherent sheaf f.N on X.

For any commutative ring R, an element ¢ € R, and an R-module M, we denote
by oM = ker(M —%+ M) the submodule of all elements annihilated by a in M. So
«M is a module over the ring R/aR.

Lemma 10.3. Let R be a commutative ring and a € R be an element. Then
(a) for every flat R-module F, the R/aR-module F'/aF is flat;
(b) for every injective R-module J, the R/aR-module ,J is injective.

Proof. For any ring homomorphism R — 7', the functor F' — T' ®p F' takes flat
R-modules to flat T-modules, and the functor J —— Hompg(T, J) takes injective
R-modules to injective T-modules. It remains to apply these observations to the ring
homomorphism R — R/aR = T in order to deduce the assertions of the lemma. [

Lemma 10.4. Let R — S be a homomorphism of commutative rings such that S
is a flat R-module. Let a € R be an element. Then

(a) for any flat resolution F, of an R-flat S-module G, the complex F,/aF, is a
flat resolution of an (R/aR-flat) S/aS-module G/aG;

(b) for any injective resolution J* of an R-injective S-module K, the complex ,J*
is an injective resolution of an (R/aR-injective) S/aS-module ,K .

Proof. Let us prove part (b). Since S is a flat R-module, the underlying R-module
of any injective S-module is injective. So, viewed as a complex of R-modules,
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J* is an injective resolution of an injective R-module K. Hence the complex
«J* = Homg(R/aR, J*) is exact, i. e., it is a resolution of the R-module ,K. The
R/aR-module ,K is injective by Lemma 10.3(b), and the terms of the complex ,J*
are injective S/aS-modules by the same lemma. OJ

Lemma 10.5. Let S be a commutative ring and a € S be a nonzero-dividing (reqular)
element.

(a) Let M and N be two S-modules for which the maps M — M and N - N
are injective. Then there is a distinguished triangle

M &g N —5 M ®sN — M/aM ®%,5 NJaN — M @ N[1]
in the derived category of S-modules.

(b) Let M and K be two S-modules such that the map M — M s injective and
the map K — K is surjective. Then there is a distinguished triangle

R Homg(M, K)[—1] —— RHomg/,s(M/aM, ,K)
—— RHomg(M, K) — RHomg(M, K)
in the derived category of S-modules.

Proof. Let us prove part (b). Firstly, there is a distinguished triangle M —+ M —
M/aM — M][1] in D(S—mod). Applying R Homg(—, K'), we obtain

R Homg(M, K)[—1] —— RHomg(M/aM, K)
—— RHomg(M, K) —*+ RHomg(M, K).
It remains to construct an isomorphism
R Homg(M/aM, K) ~ RHomg/qs(M/aM, K)

in D(S—mod). For this purpose, choose an injective resolution J* of the S-module K.
Notice that, for any injective S-module J, the map J —= .J is surjective, because
it can be obtained by applying the functor Homg(—,.J) to an injective S-module
morphism S -2+ S. So J* is a resolution of an a-divisible S-module K by a-divisible
S-modules. It follows that the complex ,J* is exact, i. e., it is a resolution
of the S-module ,K. By Lemma 10.3(b), ,J* is an injective resolution of the
S/aS-module ,K. Finally, we use the isomorphism of complexes of S-modules (in
fact, S/aS-modules) Homg(M/aM, J*) ~ Homg/,s(M/aM, ,J*). O

Proof of Proposition 10.2(a). A result bearing some similarity with, but still quite
different from our assertion can be found in [3, Lemma 2.7].

The question is local in X, so it reduces to affine schemes, for which it means
the following. Let R — S be a homomorphism of commutative rings such that
the ring R is Noetherian, the R-module S is flat, and for every prime ideal p C R,
the fiber ring kr(p) ®g S is Noetherian and regular of Krull dimension < d. Here
kr(p) = Ry/Ryp denotes the residue field of the prime ideal p in R. Then, for any
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S-module N, the flat dimension of the S-module N does not exceed d plus the flat
dimension of the R-module N.

Since S is a flat R-module, all flat S-modules are also flat as R-modules. Let F,
be a flat resolution of the S-module N; for every n > 0, denote by "N the cokernel
of the S-module morphism F,,,; — F, (so, in particular, Q°N = N). Suppose that
the flat dimension e of the R-module N is finite. Then G = Q°N is a flat R-module.
It remains to show that the flat dimension of the S-module G does not exceed d;
then it will follow that QG = Q9T°N is a flat S-module, so the flat dimension of the
S-module N does not exceed d 4 e. Thus, in order to prove the desired assertion, it
suffices to consider the case of an R-flat S-module G.

The argument proceeds by Noetherian induction in the ring R. So we assume that
the desired assertion holds of all the quotient rings of R by nonzero ideals. Let G be
an R-flat S-module. We consider two cases separately.

Case 1. Suppose that R has zero-divisors. Let a and b € R be a pair of nonzero
elements for which ab = 0.

By Lemma 10.3(a), G/aG is an R/aR-flat S/aS-module and G/bG is an R/bR-flat
S/bS-module. Furthermore, the ring S/aS is a flat R/aR-module, and it is clear
that the fiber rings of the ring homomorphism R/aR — S/aS are regular of Krull
dimension < d (and similarly for R/bR — S/bS). By the assumption of Noetherian
induction, the flat dimensions of the S/aS-module G/aG and the S/bS-module G/bG
do not exceed d.

We have to show that Torj (M, G) = 0 for all S-modules M. Consider the short
exact sequence of S-modules 0 — aM — M — M/aM — 0. The R-module
aM is annihilated by b and the R-module M /aM is annihilated by a. So the problem
reduces to R-modules M for which either aM = 0 or bM = 0.

Suppose that aM = 0. Let F, be a flat resolution of the S-module G; then,
by Lemma 10.4(a), F,/aF, is a flat resolution of the S/aS-module G/aG. Hence
Tor? (M, G) ~ Tor;’** (M, G /aG) = 0 for i > d, as desired.

Case II. Suppose that R is an integral domain, and denote by () the field of fractions
of R. For any S-module M, we have Q@ Tor? (M, G) ~ Tor?®**(Q@r M, Q@ rG) for
all 7 > 0. By assumption, ) ®g S is a regular Noetherian ring of Krull dimension < d,
so the global dimension of Q ®g S does not exceed d. Hence Q @g Tor? (M, G) = 0
for all i > d, and it follows that Tor{(M,G) is a torsion R-module.

Let a € R be a nonzero element. In order to show that Tory (M, G) = 0 for i > d, it
suffices to prove that there are no nonzero elements annihilated by a in Tor? (M, G).

Let 0 — QM — F — M — 0 be a short exact sequence of S-modules with
a flat S-module F. If d > 1, then we have Tor, (M, G) ~ Torj(QM,G). When
d = 0, the S-module Tor? (M, G) is the kernel of the morphism QM ®5G — F®sG.
Since F'is a flat S-module and G is a flat R-module, the R-module F ®g¢ G is flat; in
particular, it contains no nonzero elements annihilated by a. So the submodules of
elements annihilated by @ in the S-modules Tor{ (M, G) and QM ®g G are naturally
isomorphic. In both cases, it remains to show that there are no nonzero elements
annihilated by a in Tor(QM, G).
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Both the R-modules QM and G contain no nonzero elements annihilated by a (since
QM is a submodule in a flat R-module F'). The same applies to the R-module S.
By Lemma 10.5(a), we have a distinguished triangle in D(S—mod)

QM @5 G —= QM ®5 G —— (QAM/aQM) @5/, G/aG — QM &5 G[1].
It follows from the related long exact sequence of cohomology modules that
Torgfls(QM JaQdM, G /aG) # 0 whenever there are any nonzero elements annihilated
by a in Tor(QM, G).

Finally, similarly to Case I, G/aG is an R/aR-flat S/aS-module, the ring S/aS
is a flat R/aR-module, and the fiber rings of the ring homomorphism R/aR —

S/aS are regular of Krull dimension < d. By the assumption of Noetherian in-
duction, the flat dimension of the S/aS-module G/aG does not exceed d, hence

TorCSlJ/ralS(QM/aQM, G/aG) =0 and we are done. O

For any element a in a ring R, we denote by R[a™!] the localization of the ring
R at the multiplicative subset {1,a,a? a3 ...} C R. For any R-module E, we put
Ela™']=Rla™'|®r E.

Lemma 10.6 (Grothendieck’s generic freeness). Let R be a Noetherian commutative
integral domain, S be a finitely generated commutative R-algebra, and M be a finitely

generated S-module. Then there exists a nonzero element a € R such that M[a™] is
a free R[a™!]-module.

Proof. This is [17, Lemme 6.9.2] or [28, Theorem 24.1]. O

Lemma 10.7. Let S be a commutative ring and a € S be an element. Let M and K
be S-modules such that Extg(S[a™'], K) = 0. Then for everyi > 0 there is a natural
surjective S-module map

Ethg[a—l}(M[a_l], Homg(S[a!], K)) —— Homg(S[a™'], Extlsy(M, K)).
Proof. The key observation is that the projective dimension of the S-module S[a™!]
cannot exceed 1 (see [49, proof of Lemma 2.1] or [50, Lemma 1.9]). Therefore, our

assumption implies that R Homg(S[a™'], K) = Homg(S[a"!], K). Furthermore, one
clearly has

R Homg,-1(M[a™'], RHomg(S[a '], K)) ~ RHomg(S[a"'], R Homg (M, K)).

Finally, since R Homg(S[a™!], —) is a derived functor of homological dimension < 1,
for any complex of S-modules C'* and integer ¢ € Z there is a natural short exact
sequence of S-modules

0 — Extg(S[a™'], H(C*))
—— H'RHomg(S[a™'],C*) —— Homg(S[a™ '], H(C*®)) — 0.
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Taking C* = RHomg(M, K) and combining these observations, we obtain, in the
situation at hand, a natural short exact sequence of S-modules

0 — Extg(S[a™"], Exty (M, K)) — BExtyy, - (M[a™"], Homg(S[a™ "], K))
—— Homg(S[a '], Exty(M, K)) — 0.
O

Lemma 10.8. Let S be a commutative ring, a € S be an element, and E be
an S-module. Suppose that the map a: E — FE is surjective. Then the map
Homg(S[a™Y], E) — E induced by the localization map S — S[a™!] is surjective.
In particular, if Homg(S[a™'], E) =0, then E = 0.

Proof. Given an element e € E, put eg = e, and for every n > 1 choose an element
e, € FE such that ae, = e,_;. Then the sequence of elements ey, €1, €3, ... € E
defines the desired S-module morphism S[a™'] — E. O

Proof of Proposition 10.2(b). The question is local in X, so it reduces to affine
schemes, for which it means the following. Let R — S be a homomorphism of
Noetherian commutative rings such that S is a finitely generated R-algebra, the
R-module S is flat, and and for every prime ideal p C R, the fiber ring kg(p) ®r S is
regular of Krull dimension < d. Then for any S-module N, the injective dimension of
the S-module N does not exceed d plus the injective dimension of the R-module N.

Since S is a flat R-module, all injective S-modules are also injective as R-modules.
Arguing similarly to the proof of part (a) above, one reduces the question to the case
of an R-injective S-module K, for which one has to prove that its injective dimension
as an S-module does not exceed d.

As in part (a), the argument proceeds by Noetherian induction in R (so we assume
that the desired assertion holds for all the quotient rings of R by nonzero ideals).

Case 1. Suppose that R has zero-divisors. Let a and b € R be a pair of nonzero el-
ements for which ab = 0. By Lemma 10.3(b), K is an R/aR-injective S/aS-module
and ,K is an R/bR-injective S/bS-module. By the assumption of Noetherian induc-
tion, the flat dimensions of the S/aS-module ,K and the S/bS-module ,K do not
exceed d.

We have to show that Ext&t (M, K) = 0 for all S-modules M. Using the short
exact sequence of S-modules 0 — aM — M — M/aM — 0, the question is
reduced to R-modules M for which either aM = 0 or bM = 0.

Suppose that aM = 0. Let J* be an injective resolution of the S-module K; then,
by Lemma 10.4(b), ,J* is an injective resolution of the S/aS-module ,K. Hence
Ext(M, K) ~ Extfg/aS(M, oK) =0 for i > d, as desired.

Case II. Suppose that R is an integral domain. It suffices to show that
Ext&™(M,K) = 0 for all finitely generated S-modules M. By Lemma 10.6,
there exists a nonzero element a € R such that the R[a"!]-module M[a™'] is
free. According to the assertion of part (a), it follows that the flat dimension of
the S[a~']-module M[a~'] does not exceed d. Since S[a~'] is a Noetherian ring

and Ma~'] is a finitely generated S[a~']-module, the projective dimension of the
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Sla~!]-module M[a~!] is equal to its flat dimension (as all finitely presented flat
modules are projective). Thus the projective dimension also does not exceed d.

We have shown that Extfg[a,l] (M[a™'], L) = 0 for all S[a~']-modules L and all i > d.
Let us apply this observation to the S[a™']-module L = Homg(S[a"'], K'). Notice
that Exts(S[a™!], K) ~ Extp(Rla™'],K) = 0, since K is an injective R-module.
Using Lemma 10.7, we can conclude from Extl, 1 (M[a™"], Homg(S[a™"], K)) = 0
that Homg(S[a™"], Ext%(M, K)) = 0 for i > d.

In view of Lemma 10.8, it now suffices to show that the map a: Ext&t (M, K) —
Ext&t (M, K) is surjective, i. e., the S-module Ext%™ (M, K) is a-divisible. From
this point on, the argument again proceeds similarly (or rather, dually) to the proof
of part (a).

Let 0 — QM — P — M — 0 be a short exact sequence of S-modules with a
projective S-module P. If d > 1, then the we have Ext%™ (M, K) ~ Ext%(QM, K).
When d = 0, the S-module Extg(M,K) is the cokernel of the morphism
Homg(P, K) — Homg(Q2M, K). Since P is a projective S-module and K is
an injective R-module, the R-module Homg (P, K) is injective; in particular, it is
a-divisible (as a is a nonzero-divisor in R). So the quotient modules of Extg(M, K)
and Homg(Q2M, K) by the action of a are naturally isomorphic; in particular, the
S-module Extg(M, K) is a-divisible if and only if the S-module Homg(QM, K)
is. Thus, in both cases d > 1 or d = 0, it remains to show that the S-module
Ext%(QM, K) is a-divisible.

Both the R-modules S and €M contain no nonzero elements annihilated by a
(since S is a flat R-module and M is a submodule of a projective S-module), while
the R-module K is a-divisible (since it is injective). By Lemma 10.5(b), we have a
distinguished triangle in D(S—mod)

R Homg(QM, K)[—1] —— RHomg/,s(QM/a2M, K)
—— RHomg(QM, K) ——+ R Homg(QM, K).

It follows from the related long exact sequence of cohomology modules that
Ext?/rals(QM/aQM, oK) # 0 whenever the map a: Ext(QM, K) — Ext&(QM, K)
is not surjective.

Finally, similarly to the proof of part (a), the assumption of Noetherian induction
is applicable to the ring homomorphism R/aR — S/aS and the S/aS-module K,
which is R/aR-injective by Lemma 10.3(b). Hence Ext‘éﬁS(QM/aQM, «K) =0 and
we are done. 0J

10.3. Preservation of the derived category of pro-sheaves. Let E be an exact
category. Assume that the additive category E is weakly idempotent complete, i. e.,
it contains the kernels of its split epimorphisms, or equivalently, the cokernels of its
split monomorphisms. A full subcategory F C E is said to be resolving if the following
conditions are satisfied:

(i) F is closed under extensions in E, i. e., for any admissible short exact sequence
00— F —F—FE'"— 0in E with E/, E” € F one has F € F;
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(ii) F is closed under the kernels of admissible epimorphisms in E, i. e., for any
admissible short exact sequence 0 — E' — E — E” — 0 in E with F,
E” € F one has £ € F,;

(iii) for any object E € E there exists an object I’ € F together with an admissible
epimorphism F' — E in E.

Let F C E be a resolving subcategory and d > 0 be an integer. One says that the
F-resolution dimension of an object E € E does not exceed d if there exists an exact
sequence 0 — F; — Fy 1 — -+ — Fy — E — 0in E with F; € F. According
to [61, Proposition 2.3(1)] or [44, Corollary A.5.2], the F-resolution dimension of an
object E € E does not depend on the choice of a resolution.

Since a resolving subcategory F C E is closed under extensions by (i), it inherits
an exact category structure from the ambient exact category F.

Proposition 10.9. Let E be a weakly idempotent-complete exact category and F C E
be a resolving subcategory such that, for a certain finite integer d > 0, the F-resolution
dimensions of all the objects in E do not exceed d. Then the triangulated functor
between the derived categories D(F) — D(E) induced by the exact inclusion of exact
categories F — E is an equivalence of triangulated categories.

Proof. This is a part of [44, Proposition A.5.6]. O

Let 7: X’ — X and n’: Q) — X’ be flat affine morphisms of ind-semi-separated
ind-schemes. Put 7 = 77’: ¥ — X. Recall the notation )y—flat for the exact
category of X-flat pro-quasi-coherent pro-sheaves on ) (as defined in Section 7.2).

Lemma 10.10. (a) The exact category )y —flat is a resolving full subcategory in the
exact category Y x—flat. The exact category structure of Yy —flat is inherited from
the exact category structure of P r—flat.

(b) Assume additionally that the ind-scheme X is ind-Noetherian and the morphism
7: X' — X is weakly smooth of relative dimension < d (in the sense of Section 10.1)
for some finite integer d. Then the resolution dimension of any object of the exact
category ) y—flat with respect to the resolving subcategory )y, —flat does not exceed d
(in other words, the X'-flat dimension of any X-flat pro-quasi-coherent pro-sheaf on

D) does not exceed d).

Proof. Part (a): let & be an X'-flat pro-quasi-coherent pro-sheaf on ); so 7.& is a
flat pro-quasi-coherent pro-sheaf on X’. Since 7: X’ — X is a flat affine morphism,
the functor 7,: X'—pro — X-—pro takes flat pro-quasi-coherent pro-sheaves on X’ to
flat pro-quasi-coherent pro-sheaves on X. Hence 7, = 7,7, & is a flat pro-quasi-
coherent pro-sheaf on X; so the pro-quasi-coherent pro-sheaf & on g) is X-flat. This
proves the inclusion )y —flat C P ,—flat.

Let X = “ligl”ver X, be a representation of X by an inductive system of closed

immersions of ind-schemes. Put X! = X, xx X’ and Y, = X, xx 9); then X’ =
(134 2 / 14 M 7 : : : !

l1gr176F X and Q) = hﬂ%er Y., are similar representations of X" and ). We have
flat affine morphisms of schemes Y., — X/ — X,,.
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A pro-quasi-coherent pro-sheaf & on g) is X-flat (resp., X'-flat) if and only if
the quasi-coherent sheaf &) on Y, is X,-flat (resp., X!-flat) for every v € T.
Furthermore, a short sequence 0 — § — & — $ — 0is exact in Yy flat (resp.,
in )y q.0) if and only if the short sequence 0 — F¥) — &Y — 9 0
is exact in (Y,)x,~flat (resp., in (Y,)x; —flat) for every v € I'.

The full subcategory (Y, )x;—flat C (Y, )x,flat is closed under extensions and the
kernels of admissible epimorphisms, because the full subcategory Xéfflat C X;choh
is. It follows that the full subcategory ) —flat C 2),flat is closed under extensions
and the kernels of admissible epimorphisms, too. The exact category structure on
(Y,)x;~flat is inherited from that on (Y)x,~flat (since both are inherited from the
abelian category Y—qcoh). It follows that the exact category structure of ), —flat is
inherited from 2),—flat.

We still have not used the assumption that the morphism 7’ (hence also ) is flat;
now we need to use it in order to construct an admissible epimorphism onto any X-flat
pro-quasi-coherent pro-sheaf on ) from an X’-flat one. Indeed, let & be an X-flat
pro-quasi-coherent pro-sheaf on ). Then the adjunction morphism 7*7, & — & is
an admissible epimorphism in 9)y—flat (cf. Lemma 8.7), and the pro-quasi-coherent
pro-sheaf 7*7,& on g) is even flat, hence X'-flat.

Part (b): let & be an X-flat pro-quasi-coherent pro-sheaf on g), and let 0 —
Se — a1 — -+ — Fo — & — 0 be an exact sequence in ) ,—flat with
Si € Yyflat for all 0 < 7 < d. We need to show that F; € Dy —flat. In the
notation above, it suffices to check that Sl(iY”) € (Y,) X;—flat. We know that SEY”) €
(Y,)x;flat for 0 < i < d and &) € (Y,)y flat.

Introduce the notation 7,: X! — X, «/:Y, — X/, and 7,: Y, — X, for
the relevant affine morphisms of schemes. We need to show that ng*sg‘“) € X! flat.

Put F; = ;*SEYW) and G = WL/*QS(YV) € X/—qcoh. Then we have an exact sequence
0 — Fqg—> Fa1 —> -+ —> Fog —> G — 0 of quasi-coherent sheaves on X'. We
know that F; € X/ ~flat for 0 < i < d and 7,.G = 7,7, &) = 1, ¥ € X Alat.

Applying Proposition 10.2(a) to the quasi-coherent sheaf G on X! and the mor-
phism of schemes 7,: X! — X, which is affine and weakly smooth of relative di-
mension < d by assumptions, while the scheme X, is Noetherian and semi-separated,
we conclude that Fy € ngflat. O

Corollary 10.11. Let X be an ind-semi-separated ind-Noetherian ind-scheme,
7: X' — X be an affine morphism which is weakly smooth of relative dimen-
sion < d, and 7':Y — X' be a flat affine morphism of ind-schemes. Put
m = 7n'. Then the exact inclusion of exact categories ) —flat — P —flat induces
a triangulated equivalence between the derived categories D(2)w—flat) ~ D() y—flat).

Proof. Follows from Lemma 10.10 and Proposition 10.9. OJ

10.4. Preservation of the semiderived category of torsion sheaves. Let X be
an ind-Noetherian ind-scheme, and let 7: X’ — X be an affine morphism of ind-

schemes. Assume that the morphism 7 is of finite type and weakly smooth of relative
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dimension < d (in the sense of Section 10.1) for some finite integer d. Consider the
direct image functor 7,: X'~tors — X—tors.

Proposition 10.12. A complex of quasi-coherent torsion sheaves .#* on X' is coa-
cyclic if and only if the complex of quasi-coherent torsion sheaves T,.#°* on X is
coacyclic.

Proof. 1t is clear from Lemmas 7.1(a) and 7.2 that the functor 7, (for any affine mor-
phism of reasonable ind-schemes 7) takes coacyclic complexes to coacyclic complexes.

To prove the converse, assume that the complex 7,.#* is coacyclic in X—tors. The
ind-scheme X’ is ind-Noetherian, so Corollary 4.18 is applicable and there exists
a complex of injective quasi-coherent torsion sheaves #° on X' together with a
morphism of complexes .#* — _#* with a coacyclic cone. Then the cone of the
morphism 7,.#° — 7, _#* is also coacyclic, as we have already seen. Hence the
complex 7, _#* is coacyclic in X—tors, and it remains to show that the complex ¢
is coacyclic in X'—tors.

Furthermore, for a flat morphism of reasonable ind-schemes 7: X' — X the func-
tor 7,: X'~tors — X—tors takes injectives to injectives, since its left adjoint functor
7" X-tors — X'~tors is exact (by Lemma 7.3). So 7, _#* is a coacyclic complex of
injectives in X-tors, and it follows that 7._¢* is a contractible complex.

Therefore, for any closed subscheme Z C X, the complex (7._#°*)z) of quasi-
coherent sheaves on Z is a contractible complex of injectives, too. Put Z/ = Z xx X’
and denote by 77: Z' — Z the natural morphism; then we have (7. _#°)z) =
Ty /('Z,). Now /('Z,) is a complex of injective quasi-coherent sheaves on Z’. Since
the complex 77, 7, ) is acyclic and the functor 74, : Z’—~qcoh — Z—qcoh is exact and

faithful (the morphism 7, being affine), it follows that /(‘Z,) is an acyclic complex.

Denote by #™ € Z'—qcoh the quasi-coherent sheaves of cocycles of the acyclic
complex /(‘Z,). Then 74, ™ € Z—qcoh are the quasi-coherent sheaves of cocycles of
the contractible complex of injective quasi-coherent sheaves 7., /(‘Z/) on Z. Hence
the quasi-coherent sheaves 77,2 on Z are injective.

By assumptions, the morphism of schemes 7, : Z' — Z is affine, weakly smooth of
relative dimension < d, and of finite type, while Z is a Noetherian scheme. Applying
Proposition 10.2(b) to the morphism 7 and each of the quasi-coherent sheaves 2™
on 7', we see that they have finite injective dimensions in Z’—qcoh. As these are the
objects of cocycles of an acyclic complex of injectives j(’z,), we can conclude that
the quasi-coherent sheaves #™ are injective and the complex /('Z/) is contractible.

Finally, Lemma 4.21 tells that the complex of injective quasi-coherent torsion
sheaves #* on X' is contractible. 0

Corollary 10.13. Let X be an ind-Noetherian ind-scheme, 7: X' — X be an
affine morphism of finite type which is weakly smooth of relative dimension < d,
and 'Y — X' be a flat affine morphism of ind-schemes. Put w = 1tn'. Then the
Y /X' -semiderived category of quasi-coherent torsion sheaves on ) coincides with the

) /X -semiderived category, D3, (P—tors) = DIL(YP—tors).
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Proof. Let A4°° be a complex of quasi-coherent torsion sheaves on g). Then we have
an isomorphism of complexes m, A ~ 7,7 A° in X-tors. By Proposition 10.12,
it follows that the complex 7. A"* is coacyclic in X'-tors if and only if the complex
N * is coacyclic in X-tors. O

10.5. Derived restriction with supports commutes with flat pulback. Let
f:9 — X be a flat morphism of ind-Noetherian ind-schemes, and let i: 3 — X be
a closed immersion of ind-schemes. Consider the pullback diagram (so 20 = 3 xx Q)

W9

|l

3—L=Xx
Since the morphisms i and k are closed immersions, the ind-schemes 3 and 20 are
also ind-Noetherian.

The right derived functor Ri': D®(X-tors) — D(3-tors) was defined in Sec-
tion 6.4, and similarly there is the right derived functor Rk': D®(Q)-tors) —
De°(20—tors).

The morphisms of ind-schemes f and g are flat, so the inverse image functors
f*: X—tors — —tors and g*: 3—tors — W-tors are exact by Lemma 7.3. The
functors f* and g* are also left adjoints by Lemma 2.10(b), so they preserve coprod-
ucts. Hence the functors f* and ¢g* take coacyclic complexes to coacyclic complexes,
and consequently induce well-defined inverse image functors between the coderived
categories,

f*: D®(X-tors) —— D“(Y-tors)
and similarly g*: D°(3—tors) — D°(Q)—tors).

The aim of this Section 10.5 is to prove the following proposition (which is to be
compared with Proposition 6.19).

Proposition 10.14. There is a natural isomorphism g*oRi' ~ Rk'o f* of triangulated
functors D®(X~tors) — D (20tors).

The underived version of the natural isomorphism from Proposition 10.14 is pro-
vided by Lemma 9.15. Given the underived version, the assertion of the proposition
follows almost immediately from the next lemma.

Lemma 10.15. Let Z°* be a complex of injective quasi-coherent torsion sheaves on
X, and let r: f*_#* — & be a morphism of complexes of quasi-coherent torsion
sheaves on ) such J* is a complex of injective quasi-coherent torsion sheaves and
the cone of r is a coacyclic complex of quasi-coherent torsion sheaves on ). Then
the induced morphism of complexes of quasi-coherent torsion sheaves on 20

E(r): K f 7 —— Ko
has coacyclic cone.

The proof of Lemma 10.15 will be given below near the end of Section 10.5.
146



Lemma 10.16. Let R be a Noetherian commutative ring and R — S be a homo-
morphism of commutative rings such that S is a flat R-module. Let M be a finitely
generated R-module and N be an R-module. Then for every n > 0 there is a natural
isomorphism of S-modules

Exte(S ®@r M, S®@pr N) ~ S ®g Exth(M,N).

In particular, for any injective R-module J one has Exte(S @r M, S ®@g J) =0 for
alln > 0.

Proof. The assumption of commutativity of S can be actually dropped (then one
obtains S-S-bimodule isomorphisms). We observe that for any finitely generated
R-module P there are natural isomorphisms of S-modules Homg (S ®g P, S®@r N) ~
Homp (P, S®r N) ~ S ®@r Homg(P, N). Now let P, — M be a resolution of M by
finitely generated projective R-modules. The S ®p P, — S ®r M is a resolution of
S ®r M by finitely generated projective S-modules. The isomorphism of complexes
of S-modules Homg(S ®g P,, S ®g N) ~ S @ Homg(F,, N) induces the desired
isomorphism for the Ext modules. 0

Lemma 10.17. Let f: Y — X be a flat morphism of Noetherian schemes, and let
1: Z — X be a closed immersion of schemes. Put W = Z xXx Y, and denote by
g W — Z and k: W — Y the natural morphisms. Let J be an injective quasi-
coherent sheaf on X and f*J — K* be an injective resolution of the quasi-coherent
sheaf f*J on'Y. Then one has

HYE'K®) ~ ¢g*'T and H™(K'K*) =0 for n>0.

Proof. To compute H°(k'K*), one can observe that the functor &' is left exact (as
a right adjoint), so H°(k'K*) ~ k'f*J ~ ¢*i'J by Lemma 4.24. The cohomology
vanishing assertion is local in X and in Y (since injectivity of a quasi-coherent sheaf
on a Noetherian scheme is a local property), so it reduces to the case of affine schemes,
for which it means the following.

Let R — S be a homomorphism of Noetherian commutative rings such that S
is a flat R-module, and let R — T be a surjective homomorphism of commutative
rings. Let J be an injective R-module, and let K* be an injective resolution of the
S-module S ®g J. Then the complex Homg(S ®r T, K*) has vanishing cohomology
in the positive cohomological degrees. This is a particular case of Lemma 10.16. [

Lemma 10.18. Let f: Y — X be a flat morphism of ind-Noetherian ind-schemes,
and let Z C X be a closed subscheme with the closed immersion morphismi: Z — X.
PutW = Zxx9 (soW is a closed subscheme in Q) ), and denote by fz: W — Z and
k: W — Q) the natural morphisms. Let # be an injective quasi-coherent torsion

sheaf on X and f* ¢ — J£'* be an injective resolution of the quasi-coherent torsion
sheaf f* _# on Q). Then one has

H(K' o)~ f3i' # and H"(K'#*)=0 for n>0.

Proof. The computation of H is similar to the one in Lemma 10.17 (use Remark 7.4).

To prove the higher cohomology vanishing, choose an inductive system of closed
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immersions of schemes (X, ) er representing the ind-scheme X, so X = “hg’;er X,

We can always assume that there exists 7y € I" such that 7 = X ). Put Y, = X, xx9);
then Q) = “ligq’;er Y, is a representation of 2) by an inductive system of closed

immersions of schemes. Let f,: Y, — X, denote the natural morphism.

Our aim is to show that the exact sequence of quasi-coherent torsion sheaves
0— f* 7 — X" — #' — #? — .- remains exact after applying the
functor A — A|p: YP-tors — (Y, I')-syst. Notice that, by Remark 7.4, we have
(" )l = £ FIr), or in other words, (f*_# ),y = £ P

Denote by N' € (9),T')-syst the cokernel of the morphism of I-systems (f*_#)|r
— A Or. Let v < § € T be a pair of indices. Denote the related transition maps in
the inductive systems by i,5: X, — X5 and k,s5: Y, — Y5.

The quasi-coherent sheaves Ji/&s) on the scheme Yj are injective for all n > 0,
since the quasi-coherent torsion sheaves £ on the ind-scheme ) are injective. By
Lemma 10.17, the short exact sequence 0 — fF Z(x,) — f%/&s) — N%J) — 0

remains exact after applying the functor k:,!y(;. Hence the structure map N%v) —

k’véN %5) in the I-system N! is an isomorphism (of quasi-coherent sheaves on Y,).
As this holds for all v < § € T', we can conclude that the collection of quasi-
coherent sheaves t/V(}l,W) = N%v)’ ~v € T defines a quasi-coherent torsion sheaf .4

on 2. So we have N! = 4t and A1 = N in other words, this means that
the adjunction morphism N' — N'*|r is an isomorphism of I'-systems. Notice that
the quasi-coherent torsion sheaf N'* on 9) is, by the definition, the cokernel of the
monomorphism of quasi-coherent torsion sheaves f*_# — #°. We have shown that
the short exact sequence of quasi-coherent torsion sheaves 0 — f* ¢ — #° —
N'* — 0 on Q) remains exact after applying the functor A" +— A|r.

The argument finishes similarly to the proof of Lemma 6.23, proceeding step by
step up the cohomological degree and using Lemma 10.17 on every step. 0

Lemma 10.19. Let f: Y — X be a flat morphism of ind-Noetherian ind-schemes,
and let i: 3 C X be a closed immersion of schemes. Put 20 = 3 xx2), and denote
by g: W — 3 and k: W — Y the natural morphisms. Let 7 be an injective
quasi-coherent torsion sheaf on X and f*_¢ — £ be an injective resolution of the
quasi-coherent torsion sheaf f*_# on Q). Then one has

H(KoH*)~gi' 7 and H"(K'A*)=0 for n>0.

Proof. The computation of H? is similar to the one in Lemmas 10.17 and 10.18. The
functor &' is left exact as a right adjoint, and it remains to use Lemma 9.15. To prove
the vanishing assertion, choose a closed subscheme Z C 3 with the closed immersion
morphism j: Z — 3. Put W = Z x50 = Z x3 2, and denote by [: W — 20
the natural closed immersion. Then by Lemma 10.18 we have H"(I'k'¢"*) = 0 for
n > 0, and it follows that H"(k'Z*) = 0 for n > 0 as well. O

Proof of Lemma 10.15. The argument is similar to the proof of Lemma 6.20. Given
a complex _#* of quasi-coherent torsion sheaves on X, the related complex J£* of

quasi-coherent torsion sheaves on %) is defined uniquely up to a homotopy equivalence
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(by Proposition 4.15(a)); so it suffices to prove the assertion of the lemma for one
specific choice of the complex #*. We will use the complex #* provided by the
construction on which the proof of Proposition 4.15(b) is based.

Let f* #°* — Z°* be a monomorphism of complexes in 9-tors such that £ is
a complex of injective quasi-coherent torsion sheaves. Denote by .#1* the cokernel of
this morphism of complexes, and let A41* — Z1* be a monomorphism of complexes
in which Z%* is a complex of injectives. Proceeding in this way, we construct a
bounded below complex of complexes of injective quasi-coherent torsion sheaves £
together with a quasi-isomorphism f*_#°* — Z** of complexes of complexes in
2—tors. In every cohomological degree n, the complex Z*™ is an injective resolution
of the quasi-coherent torsion sheaf f*_#" on ). The complex J£* is then constructed
by totalizing the bicomplex .£** using infinite coproducts along the diagonals.

Recall that the functor k': 9)-tors — 20-tors preserves coproducts. In every
cohomological degree n, applying k' to the complex 0 — f* #" — £0" —
Lt — ... produces an acyclic complex in 20-tors by Lemma 10.19. It remains to
use the fact that the coproduct totalization of an acyclic bounded below complex of
complexes is a coacyclic complex [40, Lemma 2.1]. U

Proof of Proposition 10.14. Let .#* be a complex of quasi-coherent torsion sheaves
on X. Choose a complex of injective quasi-coherent torsion sheaves _#* on X together
with a morphism .#* — _#* with a coacyclic cone. Then the cone of the morphism
[** — f* Z° is a coacyclic complex of quasi-coherent torsion sheaves on ).
Choose a complex of injective quasi-coherent torsion sheaves £ * on ) together with
a morphism f*_¢°* — J£* with a coacyclic cone. By Lemma 10.15, the cone of
the morphism k' f* 7 — k' is a coacyclic complex of quasi-coherent torsion
sheaves on 20. Thus the complex k' f*_#* represents the object Rk' o f*(.#*) in the
coderived category D (20-tors).

On the other hand, the complex i'_#* represents the object Ri'(.#*) € D®(3-tors),
hence the complex g*i'_#* represents the object g* o Ri'(.#*) € D°(2W-tors). It
remains to recall the isomorphism ¢*7' F*~ k' f* F* of complexes of quasi-coherent
torsion sheaves on 2 provided by Lemma 9.15. O

10.6. Preservation of the semiderived equivalence. Let 7: X’ — X be a
morphism of semi-separated Noetherian schemes. Assume that the morphism 7 is of
finite type and weakly smooth of relative dimension < d. Consider the inverse image
functor 7*: X—qcoh — X'—qcoh.

Lemma 10.20. Let D* be a dualizing complex of quasi-coherent sheaves on X.
Choose a complex of injective quasi-coherent sheaves D'® on X' together with a mor-
phism of complexes T*D* — D'* with a coacyclic cone. Then D'* is a dualizing
complex of quasi-coherent sheaves on X'.

Proof. 1t is helpful to keep in mind that a bounded below complex is coacyclic if
and only if it is acyclic, and any (unbounded) coacyclic complex of injectives is
contractible. Up to the homotopy equivalence, one can assume both D* and D'* to

be bounded below, and then it suffices that the cone be acyclic.
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The assertion is local in both X and X', so it reduces to the case of affine schemes,
for which it consists of three independent observations corresponding to the three
conditions (i-iii) in the definition of a dualizing complex in Section 4.2. In each case,
we consider a homomorphism of Noetherian commutative rings R — S such that S
is a flat R-module.

(1) Assume that S is a finitely generated R-algebra and for every prime ideal p C R,
the fiber ring x(p) ®g S is regular of Krull dimension < d. If D* is a bounded complex
of injective R-modules, then the complex of S-modules S ®g D* is quasi-isomorphic
to a bounded complex of injective S-modules.

Indeed, it suffices to show that, for every injective R-module J, the S-module
S ®pg J has finite injective dimension. Notice that the R-module S ®pg J is injective
(since the R-module S is flat and R is a Noetherian ring); hence the assertion follows
from Proposition 10.2(b).

In fact, according to [14, Theorem 1] (see also [15, Corollary 1]), it suffices to
assume the fiber rings to be Gorenstein (of bounded Krull dimension) rather than
regular, and the assumption that S is a finitely generated R-algebra can be dropped.
The assumptions on the morphism 7 before the formulation of the lemma can be
weakened accordingly.

(2) If D* is a complex of R-modules with finitely generated cohomology R-modules,
then S ®r D* is a complex of S-modules with finitely generated cohomology
S-modules. This is obvious for a flat R-algebra S.

(3) If D* is a bounded complex of R-modules with finitely generated cohomology
R-modules and the homothety map R — R Hompg(D*, D*) is a quasi-isomorphism,
then the homothety map S — RHomg (S ®g D*, S ®g D*®) is a quasi-isomorphism,
too.

More generally, if M* is a bounded above complex of R-modules with finitely gen-
erated cohomology modules and N* is a bounded below complex of R-modules, then
there is a natural isomorphism R Homg(S®g M*, S®rN°®) ~ S®@gRHompg(M*, N*)
in the derived category of S-modules. This is a straightforward generalization of
Lemma 10.16; one just needs to replace M* with a quasi-isomorphic bounded above
complex of finitely generated projective R-modules. O

Let 7: X — X be an morphism of ind-semi-separated ind-Noetherian ind-
schemes. Assume that the morphism 7 is of finite type and weakly smooth of relative
dimension < d. Consider the inverse image functor 7*: X—tors — X'—tors.

Lemma 10.21. Let Z° be a dualizing complex of quasi-coherent torsion sheaves
on X. Choose a complex of injective quasi-coherent torsion sheaves 2'* on X' together
with a morphism of complexes T*9°* — 2'* with a coacyclic cone. Then 2’ is a
dualizing complex of quasi-coherent torsion sheaves on X'.

Proof. Let Z C X be a closed subscheme; put 7/ = Z xx X'. Let i: 7 — X
and k: Z/ — X’ denote the closed immersion morphisms, and let 74,: 2/ — Z
be the natural morphism (which is of finite type and weakly smooth of relative
dimension < d). By Proposition 10.14, we have a natural isomorphism 75i'2* =
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T3RiI'D* ~ RE'T*2* = k'9P'* in D®°(Z'—qcoh). Since 2°* is a dualizing complex on
X', the complex of quasi-coherent sheaves i'2* is a dualizing complex on Z. Now
Lemma 10.20 applied to the morphism of schemes 75 tells that £'2’* is a dualizing
complex on Z’, which by the definition means that 2'® is a dualizing complex on X’
(see condition (iv) in Section 4.2 and the discussion after it). O

Let X be an ind-semi-separated ind-Noetherian ind-scheme, 7: X’ — X be an
affine morphism of finite type which is weakly smooth of relative dimension < d, and
7' — X’ be a flat affine morphism of ind-schemes. Put = = 77’.

Let 2° be a dualizing complex on X and 2’* be the related dualizing complex
on X', as per the rule of Lemma 10.21. Then Theorem 7.15 provides triangulated
equivalences

TP Rg — : D(Yyflat) ~ DI (YP-tors)
and
9" Rg — : D(Yyflat) ~ D, (Y-tors).

Proposition 10.22. In the context above, the triangulated equivalences D($D) . —flat)
~ D$,(Y-tors) and D(Yyflat) ~ D (Y-tors) from Theorem 7.15 form a commu-
tative square diagram with the triangulated equivalences D()y—flat) ~ D(Q) y—flat)
and D3, (Y-tors) ~ D§(Y-tors) from Corollaries 10.11 and 10.15.

Proof. Notice the natural isomorphism 7*%* ~ n"*7*9* of complexes of quasi-
coherent torsion sheaves on ). We are given a morphism 7%%2°* — %' of
complexes of quasi-coherent torsion sheaves on X', whose cone is coacyclic in
X'—tors.  According to the discussion in the beginning of Section 9.9, based
on the existence of a well-defined functor (35) from Section 8.1, the trian-
gulated functors ®,.ge = 7*7*P* Qg —: DYy flat) — DL (Y-tors) and
Dy = 7D Qg — : D(Yyflat) — D, (Y-tors) are naturally isomorphic. O

10.7. Preservation of the semitensor product. Let X be an ind-semi-separated
ind-Noetherian ind-scheme, 7: X' — X be an affine morphism of finite type which is
weakly smooth of relative dimension < d, and 7’: ) — X’ be a flat affine morphism
of ind-schemes. Put 7 = 77’.

A construction from Section 8.3 (see formula (36)) defines the left derived tensor
product functors

@V = @V/3L. D(Y,flat) x D(Y 4 flat) —— D(Yyflat)

and

@V = @P/FL. D(Y,flat) x D(Yp—flat) —— D() - flat),
endowing the derived categories D(2) y—flat) and D(2)y—flat) with tensor triangulated
category structures.

Proposition 10.23. In the context above, the triangulated equivalence D($) . —flat) ~
D(Q) y—flat) from Corollary 10.11 is an equivalence of tensor triangulated categories.
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Proof. We just have to show that the two constructions of derived functors of tensor
product agree. The definition of a relatively homotopy flat complex of flat pro-quasi-
coherent pro-sheaves on Q) was given in Section 8.2. To distinguish the two settings
in the situation at hand, let us speak about w-relatively homotopy flat complexes and
7' -relatively homotopy flat complexes.

The key observation is that every w-relatively homotopy flat complex is 7’-relatively
homotopy flat. Indeed, we have ) —flat C Py —flat. Furthermore, it follows from
Corollary 10.11 that a complex in )y —flat is acyclic if and only if it is acyclic in
) »—flat. Hence, given a complex §* in P —flat, condition (i) from Section 8.2 holds for
& with respect to the morphism 7n’: ) — X’ whenever it holds with respect to the
morphism 7: ) — X. Concerning condition (ii), it is clear from Proposition 10.12
that this condition holds for a given complex §F* € C(Y)—flat) with respect to the
morphism 7’ if and only if it holds with respect to the morphism .

Now let PB* and 9Q° € C() . —flat) be two complexes of X'-flat (hence also X—flat)
pro-quasi-coherent pro-sheaves on ). Using Proposition 8.8, choose two morphisms
of complexes of X-flat pro-quasi-coherent pro-sheaves §* — P°* and &°* — Q°
such that the cones of both morphisms are acyclic in )y—flat, and both the com-
plexes §° and &° € C(P—flat) are m-relatively homotopy flat complexes of flat pro-
quasi-coherent pro-sheaves on ). Then both the morphisms can be also viewed as
morphisms of complexes of X'-flat pro-quasi-coherent pro-sheaves on ), the cones of
both the morphisms are also acyclic in ) —flat, and both the complexes §* and &°*
are also 7'-relatively homotopy flat. Thus the tensor product F* ®¥ &° computes
both the derived functors P* @P/*L 9Q° and P* VXL Q°. O

Furthermore, another construction from Section 8.3 (see formula (37)) defines the
left derived tensor product functors

Ry = Oz D(Yyflat) x DI(Y-tors) —— DF(Y-tors)
and _ _
R = ®%/xﬂ D(Q)y—flat) x D% (Y —tors) —— D/ () —tors)
endowing the semiderived categories D$(2)-tors) and DS, (2)-tors) with triangulated

module category structures over the tensor categories D(2)y—flat) and D(2)y—flat),
respectively.

Proposition 10.24. In the context above, the triangulated equivalences D($D) y—flat)
~ D(Yyflat) and D5, (Y-tors) ~ DL(Y-tors) from Corollaries 10.11 and 10.13
preserve the module category structures on D$()-tors) and D3, () -tors) over the
tensor categories D()y—flat) and D(Q)y—flat).

Proof. The argument is similar to the proof of Proposition 10.23. We just have to
show that the two constructions of derived functors of tensor product agree. The
definition of a homotopy 2)/X-flat complex of quasi-coherent torsion sheaves on )
was given in Section 8.2; similarly one defines the homotopy %) /X’-flat complexes.
The key observation is that every homotopy 9)/X-flat complex in g)-tors is
) /X'flat. This holds because )y —flat C Y ,—flat a complex in ) —flat is acyclic
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if and only if it is acyclic in ) ,—flat, while a complex in X'—tors is coacyclic if and
only if its direct image is coacyclic in X—tors.

Now let PB* be a complex of X'-flat pro-quasi-coherent pro-sheaves and A4”° be a
complex of quasi-coherent torsion sheaves on ). Using Proposition 8.8, choose a
morphism of complexes of X-flat pro-quasi-coherent pro-sheaves §° — J° whose
cone is acyclic in ) —flat, while F* € C(Q)flat) is a m-relatively homotopy flat
complex of flat pro-quasi-coherent pro-sheaves on ). Then the same morphism can
be also viewed as a morphism of complexes of X'-flat pro-quasi-coherent pro-sheaves
on %), its cone is also acyclic in ) —flat, and the complex F* is also 7’-relatively
homotopy flat (as pointed out in the proof of Proposition 10.23).

Using Proposition 8.10, choose a morphism of complexes of quasi-coherent torsion
sheaves 4° — A”* whose cone has the property that its direct image is coacyclic
in X—tors, while ¢°* € C()—tors) is a homotopy 2)/X-flat complex of quasi-coherent
torsion sheaves on ). Then the direct image of the cone is also coacyclic in X'tors,
and ¢° is also a homotopy 9)/X'-flat complex. Thus the tensor product §* ®@g ¥*

computes both the derived functors P* @y jx A and P ®g) o N O

Theorem 10.25. Let X be an ind-semi-separated ind-Noetherian ind-scheme,
7: X' — X be an affine morphism of finite type which is weakly smooth of relative
dimension < d, and 7':%Y) — X' be a flat affine morphism of ind-schemes. Put
m = 7n’. Let 2° be a dualizing compler on X and 2'* be the related dualizing
complex on X', as per the rule of Lemma 10.21. Then the triangulated equiva-
lence DS, (Y-tors) ~ DS (Y-tors) from Corollary 10.15 is an equivalence of tensor
triangulated categories with the semitensor product operations

Opregne - D (Y—tors) x DI, (Y-tors) — D3, (Y-tors)
and _ _ _

Orege: D3 (Y tors) x DF(Y-tors) —— DI (Y -tors).
as in formula (38) from Section 8.4.

Proof. Follows from Proposition 10.22 together with Proposition 10.23 or 10.24. [

11. SOME INFINITE-DIMENSIONAL GEOMETRIC EXAMPLES

In this section we discuss several examples illustrating the nature of infinite-
dimensional algebro-geometric objects for which the constructions and results of
Sections 7-10 are designed. All the examples below in this section will be those
of flat affine morphisms of ind-schemes 7: ) — X, where X is an ind-separated
ind-scheme of ind-finite type over a field k.
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11.1. The Tate affine space example. The following example, while geometrically
very simple (a trivial bundle), has unusual and attractive invariance properties. The
idea (following [7, Example 7.11.2(ii)] or [58, Example 1.3(1)]) is to consider vector
spaces as a kind of affine schemes or, as it may happen, ind-affine ind-schemes.

(0) Let X be a scheme over a field k. Then, in the algebro-geometric parlance, by a
“k-point on X” one means a morphism Speck — X of schemes over k (i. e., a section
of the structure morphism X — Speck). More generally, given a commutative
k-algebra K, by a “K-point on X” one means a morphism Spec K — X of schemes
over k (i. e., a morphism forming a commutative triangle diagram with the structure
morphisms Spec K — Speck and X — Speck).

Similarly one can speak of k-points or K-points on an ind-scheme X over k (con-
sidering morphisms of ind-schemes in lieu of the morphisms of schemes). An ind-
scheme X over k is determined by its “functor of points”, assigning to a commutative
k-algebra K the set X(K) of all K-points on X and to every homomorphism of com-
mutative k-algebras K’ — K" the induced map X(K') — X(K") (cf. the discussion
in the first paragraph of Section 1.2).

(1) Let V be a finite-dimensional k-vector space. We would like to assign a
k-scheme Xy to V' in such a way that k-points on X would correspond bijectively to
the elements of V. More generally, for a commutative k-algebra K, the K-points on
X will correspond bijectively to elements of the tensor product K @ V.

Here is the (obvious) construction. Consider the dual vector space V* =
Homy (V. k), and consider the symmetric algebra Symy(V*). By the definition,
Sym, (V*) is the commutative k-algebra freely generated by the k-vector space V*.
Put Xy = Spec Symy (V*).

(2) Let V' be an infinite-dimensional k-vector space. Then there is no natural
construction of a k-scheme whose k-points would correspond to the elements of V.
More precisely, the functor assigning to an affine scheme Spec K over k the set of
all elements of K ®i V' is not representable by a scheme over K. However, it is
representable by an ind-affine ind-scheme Xy of ind-finite type over k.

Denote by I' the directed poset of all finite-dimensional vector subspaces U C V,
ordered by inclusion. Then the ind-scheme Xy is given by the I'-indexed inductive
system of the affine schemes Xy constructed in (1), that is Xy = “li_ng”UEF Xu.

(3) Let V be a linearly compact k-vector space, i. e., a complete, separated topo-
logical k-vector space in which open vector subspaces of finite codimension form a
base of neighborhoods of zero. Denote by V* the vector space of all continuous linear
maps V' — k. Then V* is an (infinite-dimensional) discrete vector space; the vector
space V' can be recovered as the dual vector space V' = Homy(V* k) to the discrete
vector space V*, with the natural topology on such dual space.

Consider the symmetric algebra Sym, (V*) (which can be defined as the commuta-
tive k-algebra freely generated by V*, or as the direct limit of the symmetric algebras
of finite-dimensional subspaces of V*). Put Y}, = Spec Symy (V*). This is the infinite-
dimensional affine scheme corresponding to a linearly compact k-vector space. For
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any commutative k-algebra K, the set of K-points on Yy, is naturally bijective to the
set of all k-linear maps V* — K.

(4) Let V be a locally linearly compact (or Tate) k-vector space, i. e., a (com-
plete, separated) topological vector space admitting a linearly compact open sub-
space. Then the corresponding ind-affine ind-scheme 2y (not of ind-finite type)
over k is constructed as follows.

Denote by I' the directed poset of all linearly compact open subspaces U C V,
ordered by inclusion. Then the ind-scheme %)y is defined as )y = “lig”UEF Y.
Here, for any pair of linearly compact open subspaces U’ C U” C V, the inclu-
sion map U’ — U” induces a surjective map of the dual discrete vector spaces
U" — U'*. This linear map, in turn induces a surjective homomorphism of com-
mutative k-algebras Sym, (U"*) — Sym,(U"*), which corresponds to the natural
closed immersion of affine schemes Y;» — Yy~ appearing in the inductive system.

(5) Now let V' be a locally linearly compact k-vector space and W C V be a fixed
linearly compact open subspace. Then the quotient space V/W is discrete in the
induced topology. Put X = Xy and ) = v, in the notation of (2) and (4).

Then X is an ind-affine ind-scheme of ind-finite type over k; hence, in particular,
X is ind-semi-separated and ind-Noetherian. The surjective linear map V- — V/W
induces a flat affine morphism of ind-schemes 7: ) — X. The fibers of m over the
k-points of X are infinite-dimensional affine schemes isomorphic to Yy .

(6) Finally, let us construct a dualizing complex on the ind-Noetherian ind-scheme
X =Xyw. Let U C V/W be a finite-dimensional vector subspace. Then Sym, (U) is
a regular commutative ring of Krull dimension dimy U (in fact, the ring of polynomials
in dimy U variables over k). Choose a (finite, if one wishes) injective resolution £
of the free Symy (U)-module Sym,(U), and let &} be the corresponding complex
of injective quasi-coherent sheaves on Xy. So & is an injective resolution of the
structure sheaf Ox,, in the category Xy—qcoh.

Put D = & @ ANV (U*)[dimy U]. Here AZ™ Y (U*)[dimy U] is a complex of
k-vector spaces whose only term is the one-dimensional top exterior power of the
vector space U*, placed in the cohomological degree — dimy U. Then Dy, is a dualizing
complex on Xy;. Moreover, for any pair of finite-dimensional subspaces U’ C U"” C
V/W and the related closed immersion of affine schemes iy : Xyr — Xyn, there
is a natural homotopy equivalence D¢, ~ i!U/U,,D[']N of complexes of injective quasi-
coherent sheaves on Xp.

It remains to glue the system of dualizing complexes Dy, on the schemes X into
a dualizing complex (of injective quasi-coherent torsion sheaves) 2° on the ind-
scheme Xy,y. For this purpose, we assume that V/W is a vector space of at most
countable dimension over k (so X = Xy i and ) = )y are Ry-ind-schemes). Then
the construction of Example 4.7 does the job.

(7) Notice that, in the context of (6), the complex Dj, has its only cohomology
sheaf situated in the negative cohomological degree — dimy U. Assuming that V/W
is countably infinite-dimensional vector space and looking into the construction of

155



Example 4.7 keeping exactness of the functors of direct image (under a closed im-
mersion) and direct limit in mind, one can see that Z° is an acyclic complex of
quasi-coherent torsion sheaves on Xy . The only cohomology sheaf just runs to
the cohomological degree —oo and disappears in the direct limit as dimy U grows to
infinity. Hence 7*2°* is an acyclic complex of quasi-coherent torsion sheaves on )y .
These acyclic complexes, representing quite nontrivial objects in the coderived and
semiderived categories, are the unit objects of the respective tensor structures given
by the cotensor and semitensor product operations!

(8) At last, let us discuss the invariance properties of the constructions above with
respect to replacing a linearly compact open subspace W C V' with another linearly
compact open subspace.

Let W’ and W” C V be two linearly compact open subspaces. Then W = W’ +
W"” C V is a linearly compact open subspace as well. The quotient spaces W/W’
and W/W" are finite-dimensional, so the morphisms of ind-schemes of ind-finite type
X = xv/W/ — :{V/W = X and X" = xv/wu — %V/W = X induced by the
surjective linear maps of discrete vector spaces V/W' — V/W and V/W" — V/W
are affine and weakly smooth (in fact, smooth) of finite relative dimension. Hence
Corollary 10.13 tells that the class of morphisms in C()-tors) or K()-tors) which
are inverted in order to construct the semiderived category D3, ()-tors) coincides
with the class of morphisms of complexes which are inverted in order to construct
the semiderived category D%, (-tors). In other words, the semiderived category
of quasi-coherent torsion sheaves on the ind-scheme ) = )y is determined by the
locally linearly compact topological vector space V', and does not depend on the choice
of a linearly compact open subspace W C V.

(9) The invariance property of the semitensor product operation (. :ge on
D5 () -tors) is only slightly more complicated. The relative dimension dim W'/W" e

Z is defined as the difference dimy W /W" —dimy W /W' = dimy W' /W —dimy, W" /W,
where W and W C V are _arbitrary linearly compact open subspaces such that W c
W' AW"” and W/+W" C W. The relative determinant det W’ /W" € k-vect is a one-
dimensional k-vector space defined as det V' /W" = dety (W /W") @y dety (W /W')* =
dety (W' /W) @y (dety, W /W)*, where dety (U) = AJ™Y(U) for a finite-dimensional
k-vector space U. Here the equality signs mean natural isomorphisms.

Then the functor (det W//W”)[dim W’/W"] @y Id: D$, (Y -tors) — D%, (Y-tors)
is a tensor triangulated equivalence between the two tensor triangulated categories,
with the tensor structures given by the constructions above. In particular, this functor
takes the unit object to the unit object. Here (det W’/W")[dim W'/W"] is a complex
of k-vector spaces in which the one-dimensional vector space det W’/W” sits in the
cohomological degree —dim W’/W" (and the components in all the other cohomo-
logical degrees vanish). This is the conclusion one obtains from Theorem 10.25.

Example 11.1. Let us spell out in coordinate notation an important particular case
of the above example. Let k((¢)) be the k-vector space of formal Laurent power series
in a variable t over the field k, endowed with the usual topology in which the vector

156



subspaces t"k|[[t]] C k((t)), n € Z, form a base of neighborhoods of zero. Then
V =k((t)) is a locally linearly compact topological vector space over k.

A generic element of k((¢)) has the form f(t) = > 2 \ x,t", where N € Z and
z, € k for all n € Z. So z,: V = k((t)) — k are continuous linear functions; we
will consider them as coordinates on the ind-scheme %)y .

Let W C V be the linearly compact open subspace W = k[[t]] C k((¢)). Then
the Np-ind-scheme X = Xy, can be described, in terms of the anti-equivalence
of categories from Example 1.6(2), as Xy, = Spi®, where 2 is the topological
commutative ring 2 = lglmo k[z_,,...,z_1] with the topology of projective limit
of the discrete polynomial rings A, = k[z_,,...,z_;]. Here the transition map
Any1 —> A, in the projective system takes x_,, 1 to 0 and x_; to z_; for i < n.

The Nyp-ind-scheme ) = 2y can be similarly described, in terms of the same
anti-equivalence of categories, as 2y = SpifR, where R is the topological com-
mutative ring R = lim_ JKlZon, ... x_1, @0, 21,...] with the topology of projec-
tive limit of the discrete ring of polynomials in infinitely many variables R, =
k[z_,,...,x_1,%0,21,...]. The transition map R,.; — R, in the projective sys-
tem of rings takes x_,,_; to 0 and x; to x; for ¢ > —n. The flat affine morphism of
ind-schemes 7: 2y — Xy, w corresponds to the natural injective continuous ring
homomorphism 2l — R, which can be obtained as the projective limit of the natural
subring inclusions A,, — R,,.

Following the discussion in Section 2.4(6), the Grothendieck abelian category
X-tors of quasi-coherent torsion sheaves on X is equivalent to the category 2A-discr
of discrete /A-modules. The abelian category 2A-discr can be simply described in
explicit terms as the category of modules .#Z over the ring of polynomials in infinitely
many variables A = k[...,z_3,2_5, | having the property that for every b € .#
there exists n > 0 such that x_;b = 0 for all ¢ > n. The Grothendieck abelian
category )—tors of quasi-coherent torsion sheaves on ) is equivalent to the category
R—discr of discrete R-modules, which explicitly means modules A4~ over the ring of
polynomials in doubly infinitely many variables R = Kk[...,z_o, 21,20, 21, ...]| with
the property that for every b € A there exists n > 0 such that x_;b = 0 for all i > n
(while no condition is imposed on ;b for ¢ > 0).

So the obvious forgetful functor R—~mod — A-mod induced by the subring inclu-
sion A — R takes discrete R-modules to discrete 2A-modules. The forgetful functor
MR—discr — A—discr corresponds, under the above equivalences between the sheaf
and module categories, to the direct image functor m,: )—-tors — X-tors, in terms
of which the semiderived category DS (2)-tors) is defined.

Finally, the dualizing complex Z° on X as per the construction in (6) is a complex
of injective discrete modules over 2 (concentrated, if one wishes, in the nonpositive
cohomological degrees; cf. Remarks 5.3(3-5)) with the following property. For every

n > 0, the subcomplex D; of all elements annihilated by ..., z_,_3, *_,—2, T4
in 2° is a complex of injective A,-modules homotopy equivalent to an injective
resolution of the free A,-module with one generator k[z_,,,...,z_1]dx_, A---ANdx_;

shifted cohomologically by [n].
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As explained in (8-9), the results of Section 10 imply that the semiderived cate-
gory D§(2)-tors) is preserved by all the continuous linear coordinate changes in the
topological vector space V' =k((t)). This means all the bijective continuous k-linear
maps k((t)) — k((¢)) with continuous inverse maps. Moreover, the semitensor
product operation on D3 (2)-tors) is also preserved by such coordinate changes, up
to dimensional cohomological shifts and determinantal twists.

Question 11.2. In the context of Example 11.1, one can write D§(2)-tors) =
D3l (R—discr), referring to the equivalences of abelian categories )—tors ~ R—discr
and X-tors ~ 2-discr. Is the semiderived category Dg(9R-discr) preserved by arbi-
trary continuous polynomial coordinate changes, i. e., all the automorphisms of the
topological ring R 7

11.2. Cotangent bundle to discrete projective space. Let V' be an infinite-
dimensional discrete k-vector space. Then the projectivization of V is an ind-scheme
B (V) of ind-finite type over k, defined informally as the space of all one-dimensional
vector subspaces in V' (cf. [58, Example 1.3(2)]). Any one-dimensional vector sub-
space L € V corresponds to a k-point [: Speck — B(V).

The tangent space to B(V) at the point [ can be computed as TP(V) =
Homy (L, V/L); so it is a discrete k-vector space (as one would expect). Accordingly,
the cotangent space 1;"B(V) = Homg(V/L, L) is a linearly compact k-vector space.
Following Section 11.1(3), there is an infinite-dimensional affine scheme correspond-
ing to T*B(V), described as Yrspv) = Spec Symy (Ti(V)). So, denoting by ) the
total space of the cotangent bundle to X = PB(V'), one would expect the fibration
m: Y —> X to be a flat affine morphism of ind-schemes. In order to show that this
is indeed the case, let us explain how to formalize this informal discussion.

(1) Let U be a finite-dimensional k-vector space. Then the projectivization P(U)
is defined as the projective spectrum of the graded ring Symy(U*), i. e., P(U) =
Proj Sym, (U*) (where the grading on the commutative k-algebra Sym, (U*) is defined
by the rule that the elements of U* C Symy(U*) have degree 1). This means that
the scheme points of P(U) correspond bijectively to homogeneous prime ideals in the
graded ring R = Sym, (U*) not containing (in other words, different from) the ideal
P, Rn C R of all elements of positive degree.

For every element r € Ry, the subset in Proj R consisting of all homogeneous prime
ideals not containing r is an affine open subscheme in Proj R naturally isomorphic
to Spec R[r~']y, where R[r~!] is the Z-graded ring obtained by inverting the element
r € Ry and R[r~']y C R[r~!] is the subring of all elements of degree 0.

Let U” be a finite-dimensional k-vector space and U’ C U” be a vector subspace.
Then the surjective k-linear map U”* — U’* induces a surjective homomorphism
of graded rings R” = Symy(U"*) — Sym,(U"*) = R’. Hence the induced closed
immersion of projective spectra P(U’) = Proj R" — Proj R" = P(U").

(2) Let M be a graded module over the graded ring R = Symy(U*). Then
a quasi-coherent sheaf M over P(U) = Proj R is assigned to M in the following

way. For every element r € R;, the restriction of M to the affine open subscheme
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Spec R[r~ ']y C Proj R is the quasi-coherent sheaf over Spec R[r~']y corresponding
to the R[r~']p-module M[r~'],. Here M[r~'] = R[r~'] ®g M and M|[r~']y is the
degree 0 component of the Z-graded module M |[r~!].

The functor M —— M from the abelian category of graded R-modules to the
abelian category of quasi-coherent sheaves on Proj R is exact and preserves coprod-
ucts; it is also a tensor functor between the two tensor categories. In particular, the
functor M —s M takes flat graded R-modules F' to flat quasi-coherent sheaves F
on Proj R. One has M = 0 if and only if, for every b € M, there exists n > 1 such
that R;b =0 in M for all © > n. The functor M —— M also takes finitely generated
graded R-modules to coherent sheaves on P(U) = Proj R.

For any graded R-module M and any integer n € Z, denote by M(n) the graded
R-module with the components M (n); = M,; (and the same action of R as in M).
The tautological line bundle Opyy(—1) on P(V) is defined informally by the rule that
the line L is the fiber of Op(y)(—1) over a k-point I: Speck — P(V') corresponding
to a one-dimensional k- Vector subspace L C V. More formally, the quasi-coherent
sheaf Op(y)(n) on P(V) (for any n € Z) corresponds to the graded R-module R(n).

Accordingly, one has M ( ) = M(n) for any graded R-module M, where M(n) =
Opw)(n) ®o, ., M for any quasi-coherent sheaf M on P(V).

Let U" € U” be a vector subspace in a finite-dimensional k-vector space, and
let R” — R’ be the related surjective morphism of graded rings, as in (1). De-
note by iy P(U') — P(U”) the related closed immersion of projective spaces
over k. Let M” be a graded R"-module and M" be the related quasi-coherent sheaf
on P(U"). Then the quasi-coherent sheaf i};,;,,M" on P(U’) corresponds to the
graded R'-module R’ @pr» M".

(3) Let V' be a discrete k-vector space. Denote by I' the directed poset of all finite-
dimensional vector subspaces U C V, ordered by inclusion. The projectivization of
V' is defined as the ind-scheme PB(V) = “lim P(U), where the transition maps
igryr: P(U") — P(U") are the ones defined above in (1-2).

Our aim is to construct a flat pro-quasi-coherent pro-sheaf T on (V') correspond-
ing to the tangent bundle. So, for any k-point [: Speck — (V') and the related
one-dimensional vector subspace L C V, the fiber of T over [ should be the discrete
k-vector space Homy (L, V/L) ~ (L* @, V)/k.

Let U C V be a finite-dimensional vector subspace. We start with constructing the
restriction of T onto the closed subscheme P(U) C B(V). Denoting by iy : P(U) —
B (V) the closed immersion morphism, we would like to construct the quasi-coherent
sheaf Ty = i;% on the scheme P(U).

The infinite-dimensional vector bundle V(1) on P(U) corresponds to the graded
module V ®, R(1) over the graded ring R = Symy (U*). The degree —1 component of
this graded module is the vector space V', and the degree 0 component of the vector
space V ® U*. The latter vector space contains a canonical element e € V ®j U* ~
Homy (U, V') corresponding to the identity map U — V.
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Let fy: R — V ®k R(1) be the graded R-module map taking the free generator
1 € R to the element e € V ® U*. Denote by Ty = coker(fy) the cokernel of fy
taken in the category of graded R-modules. By definition, the quasi-coherent sheaf
Tu on P(U) = Proj R corresponds to the graded R-module T}.

(4) The graded R-module T is not flat, but it is “flat up to torsion R-modules”, in a
suitable sense; so the quasi-coherent sheaf 7;; on P(U) is flat. More precisely, the map
fu: R — V ®x R(1) factorizes as the composition R — U ®y R(1) — V ®y R(1),
where the split monomorphism of free graded R-modules U @y R(1) — V ®y R(1) is
induced by the inclusion of k-vector spaces U — V. The cokernel of the morphism
R — U ®g R(1) is finitely generated graded R-module; the corresponding coherent
sheaf on P(U) is the locally free sheaf corresponding to the tangent bundle to P(U).

To see algebraically that the cokernel of the graded R-module morphism R —
U @k R(1) corresponds to a locally free coherent (or at least, a flat quasi-coherent)
sheaf on P(U), one can consider the Koszul complex

0— R —— U®; R(1) — A2(U) @ R(2) — - -+ — A" V(1) @, R(dimy U),

where A} (U) are the exterior powers of the k-vector space U. This complex is a
free graded resolution of the graded R-module A4™=U(U)(dimy U), which is a one-
dimensional k-vector space viewed as a graded R-module concentrated in the single
degree —dimy U. The exact functor M —— M annihilates this graded R-module,
so this functor takes the Koszul complex to an exact finite complex of locally free
coherent sheaves on P(U). Accordingly, all the graded R-modules of cycles and
boundaries of the Koszul complex are also taken to locally free coherent sheaves on
P(U) by the functor M —— M.

(5) Let U" C U"” C V be two finite-dimensional subspaces in our discrete k-vector
space V. Then the functor R’ ® g+ — takes the graded R”-module morphism [y~
to the graded R’-module morphism f;. Hence we have a natural isomorphism of
graded R'-modules Ty ~ R' ®pn Ty, and consequently a natural isomorphism 7y o~
i0 Tur of flat quasi-coherent sheaves on P(U").

Now the rule TPW) = Ty, for all U € I defines the desired flat pro-quasi-coherent
pro-sheaf T on the ind-scheme B (V).

(6) Similarly to the symmetric algebra of a vector space, one can define the sym-
metric algebra of a module over a commutative ring S. Given an S-module N, the
symmetric algebra Symg(/V) can be defined as the commutative S-algebra freely gen-
erated by the S-module N. When F'is a free S-module, Symg(F) is a free S-module,
too; and the (nonadditive) functor N — Symg(N) preserves direct limits; so when
F is a flat S-module, Symg(F) is a flat S-algebra.

Furthermore, given a quasi-coherent sheaf A/ on a scheme Z, one defines the quasi-
coherent commutative algebra Sym,(N) on Z (in the sense of Section 3.6) by the
rule Sym z(N)(W) = Symp (N (W)) for all the affine open subschemes W C Z.
Clearly, Sym ,(F) is a flat quasi-coherent commutative algebra on Z whenever F is
a flat quasi-coherent sheaf on Z. For every morphism of schemes f: 2/ — Z” and

160



a quasi-coherent sheaf N on Z”, one has a natural isomorphism Sym . (f*N") ~
1*Sym ;. (N") of quasi-coherent algebras on Z'.

(7) In the context of (3-5), we put Ay = Sym p) Tu for every finite-dimensional
vector subspace U in the given discrete k-vector space V. So Ay is a flat quasi-
coherent algebra on the projective space P(U). Then the rule AF ) = A;; defines
a flat pro-quasi-coherent commutative algebra 2 on the ind-scheme X = B(V'). The
ind-scheme ) together with the flat affine morphism of ind-schemes 7: ) — X
corresponds to the pro-quasi-coherent algebra 2l on X via the construction of Propo-
sition 3.12. This is the desired flat affine morphism of ind-schemes corresponding to
the cotangent bundle on the ind-projective space F(V).

(8) Assuming that the dimension of V' is at most countable, one can construct a
dualizing complex Z°* on X = P(V) following the approach of Remarks 5.3(3-5).
Notice that, similarly to Section 11.1(7), the dualizing complex Z° is an acyclic
complex of quasi-coherent torsion sheaves on X whenever V is a k-vector space of
(countably) infinite dimension.

11.3. Universal fibration of quadratic cones in linearly compact vector
space. Let W be an infinite-dimensional discrete k-vector space and W* be the dual
linearly compact k-vector space. Then the elements of the vector space Symz (W)
correspond to continuous quadratic functions ¢: W* — k. It is worth noticing that
any such quadratic function actually factorizes through a finite-dimensional discrete
quotient vector space of W*.

The zero locus Y, of any nonzero continuous quadratic function ¢: W* — k is
an infinite dimensional affine scheme, or more specifically a closed subscheme in the
affine scheme Yy« corresponding to the linearly compact topological vector space
W* under the construction of Section 11.1(3). This closed subscheme is an infinite-
dimensional quadratic cone. Such quadratic cones Y, C Yy - are parametrized by
nonzero continuous quadratic functions ¢q: W* — k viewed up to a multiplication
by a scalar from k. In other words, the space of parameters of the quadratic cones
in W* is the ind-scheme (V) from Section 11.2(3), where the infinite-dimensional
discrete k-vector space V is constructed as V = Sym? (W).

This informal discussion suggests that there should be a flat affine morphism of
ind-schemes 7: Y — X = P(V) whose fibers over the k-points of P (V') are the
quadratic cones Y,. The aim of this section is to spell out a precise construction of
the ind-scheme ) and the morphism 7.

(0) Let us first return to the discussion of the ind-scheme B(V) from Sec-
tion 11.2(3). The approach hinted at in Section 11.1(0) suggests to describe schemes
and ind-schemes by their “functors of points”, i. e., the functors they represent on
the category of affine schemes. For our present purposes, let us restrict ourselves
to field extensions k — K. One easly observes that, for any such field extension,
the set X(K) of K-points in X = (V) is naturally bijective to the set of all
one-dimensional vector subspaces L C K ®j V' in the K-vector space K @, V. (The
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case of an arbitrary commutative k-algebra K is considerably more complicated;
see [58, Example 1.3(2)].)

(1) Let W be a discrete k-vector space. The discrete vector space Sym (W) can
be defined as the degree 2 component of the graded k-algebra Sym, (1), that is, the
vector subspace in the k-algebra Symy (W) spanned by the products w'w” with w’,
w” € W. Put V = SymZ(W).

Let U C V be a finite-dimensional vector subspace. Consider the graded ring
R = Sym, (U*). Then the tensor product Sym, (V) ®x R is a bigraded commutative
R-algebra. For the purposes of applying the functor M —— M (see Section 11.2(2))
we will consider the grading on Symy (W) ®g R induced by the grading of R. Then

the functor M —— M takes the graded R-algebra Symy (W) ®x R to the quasi-
coherent algebra Symy (W) ®xOpvy on the scheme P(U). This quasi-coherent algebra
corresponds to the affine morphism of schemes Yy« xx P(U) — P(U), where Yy« =
Spec Symy (W) (as in Section 11.1(3)).

(2) Consider the free graded module Sym, (W) @y R(—1) over the graded algebra

Sym, (W) ®yx R. Applying the functor M —— M to this graded module produces
the quasi-coherent module Symy (W) ®x Op)(—1) over the quasi-coherent algebra
Symk(W) QK OP(U) on P(U)

The free graded module Symy (W) ®y R(—1) over the graded algebra Sym, (W) ®
R is spanned by the element 1 sitting in degree 1 (in the grading induced by the
grading of R). The degree 0 component of the graded algebra Sym, (W) ®y R is the
algebra Sym, (W), and the degree 1 component is the vector space Symy (W) @, U* ~
Homy (U, Sym, (W)). The natural injective k-linear map U — V ~ SymZ (W) —
Symy (W) defines a canonical element e € Sym, (W) @, U*.

Let fy: Sym (W) ®x R(—1) — Sym, (W) ®x R be the morphism of graded
R-modules taking the generator 1 € Symy (W) ®x R(—1) to the element e €
Sym, (W) @, U*. The morphism fy; is injective because the ring Sym, (W) @y R ~
Symy (W & U*) has no zero-divisors. Denote by Cp the cokernel of fy taken in
the category of graded R-modules. So Cy is naturally a graded R-algebra (namely,
the quotient algebra of Symy (W) @y R by the ideal generated by the homogeneous
element e). By the definition, the quasi-coherent algebra Cy on P(U) = Proj R is

obtained by applying the functor M —— M to the graded R-algebra Cy.
Our next aim is to show that the quasi-coherent sheaf C;y on P(U) is flat.

Lemma 11.3. Let f: G — F be a monomorphism of locally free coherent sheaves
on a Noetherian scheme X. Assume that, for every field K and any morphism of
schemes i: Spec K — X, the morphism of coherent sheaves on Spec K (i. e., of
K -vector spaces) i*f: i*G — *F is injective. Then the cokernel F/f(G) of the
monomorphism f is a locally free sheaf on X.

Proof. This lemma is well-known, so we restrict ourselves to pointing out that it
remains true for flat quasi-coherent sheaves in lieu of locally free coherent ones. If
f: G — Fis amonomorphism of flat quasi-coherent sheaves on a Noetherian scheme

X and, for every i: Spec K — X as in the lemma, the morphism ¢*f: i*G — *F
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is injective, then F/f(G) is a flat quasi-coherent sheaf on X. This is (a particular
case of) the result of [10, Remark 2.3], which is based on [2, Proposition 5.3.F]; it
also follows from [10, Theorem 1.1]. O

(3) Ome can start from observing that, for any finite-dimensional subspace
U C Symi(W), there exists a finite-dimensional subspace W C W such that
U C SymZ(W). The map fy is the direct limit of the similar maps fy
with the vector space W replaced by its finite-dimensional subspaces W sat-
isfying this inclusion.  Furthermore, the morphism of free graded R-modules
fu: Sym, (W) ®; R(—1) — Sym, (W) ®y R is the direct sum of the morphisms of
finitely generated free graded R-modules Sym{ (W) @, R(—1) — Sym**(W) @y R,
where n = 0, 1, 2, ... These observations make Lemma 11.3 applicable as it is stated
(for locally free coherent sheaves), and one does not even need the more general
version of it suggested in the proof.

Let K be a field and [: Spec K — P(U) be a morphism of schemes. Then the

composition Spec K — P(U) — Speck makes k a subfield in K. As mentioned
above in (0), the morphism [ corresponds to a one-dimensional vector subspace L C
K@U C K®Symg (W) ~ Sym% (K @, W) C K®;V. So any nonzero vector q € L
defines a quadratic function ¢: (K ®x W)* — K, which factorizes as (K @, W)* —
(K @ W)* -4 K. Applying the functor M — M and then the functor i* to the
morphism of graded R-modules fi: Sym, (W) ®; R(—1) — Sym, (W) ®; R, one
obtains the morphism of K-vector spaces Sym (K @ W)@ L — SymK(K R W)
taking a tensor a ®x ¢ with a € Sym’% (K @, W) and § € L C Sym% (K @, W)
to the vector ag € Sym'x"?(K @, W) (where the multiplication is performed in the
symmetric algebra Sym (K ®; W)). This map of K-vector spaces is injective.

(4) According to Lemma 11.3, it follows that the quasi-coherent algebra Cy
on the projective space P(U) is flat. Now let U' < U” C V be two finite-
dimensional subspaces in the k-vector space V = SymZ(W). Put R’ = Sym, (U"*)
and R" = Symy(U"*). As explained in Section 11.2(1-2), we have a surjective
morphism of graded rings R” — R’ inducing a closed immersion of the projective
spectra iy : P(U’) — P(U’/)

Similarly to Section 11.2(5), the functor R’ ® g — takes the morphism of graded
R’-modules fy» to the morphism of graded R’-modules f;,. Hence we have a natural
isomorphism of graded R’-modules, and in fact of graded commutative R'-algebras,
Cyr ~ R ®@p» Cyr, and consequently a natural isomorphism Cyr =~ if;,Cyr of flat
quasi-coherent commutative algebras on P(U’).

Finally, the rule ¢) = C; defines a flat pro-quasi-coherent commutative al-
gebra € on the ind- scheme X = PB(V). The ind-scheme ) together with the flat
affine morphism of ind-schemes 7: %) — X corresponds to the pro-quasi-coherent
algebra € on X via the construction of Proposition 3.12. This is the desired flat affine
morphism of ind-schemes corresponding to the B(V')-parametric family of quadratic
cones in the linearly compact topological vector space W*.
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(5) To make the setting for possible application of the constructions and results of
Sections 7-9 complete, it remains to specify a dualizing complex on the ind-scheme
X =B(V). It was mentioned in Section 11.2(8) how this can be done (assuming the
dimension of the k-vector space W, hence also V, is at most countable).

APPENDIX. THE SEMIDERIVED CATEGORY FOR A NONAFFINE MORPHISM

Let X be an ind-semi-separated ind-Noetherian ind-scheme, %) be an ind-semi-
separated ind-scheme, and 7: ) — X be a nonaffine flat morphism of ind-schemes.
The aim of this appendix is to spell out a definition of the ) /X-semiderived category
D5 (2)-tors) of quasi-coherent torsion sheaves on %) in this context.

A.1. Becker’s coderived category. In this appendix, we will use a different ap-
proach to the definition of the coderived category than in the main body of the
paper (cf. Section 4.4). The relevant references for Becker’s coderived category
are [23, 37, 6, 62, 56.

Let E be an exact category with enough injective objects. Notice that in any such
exact category the infinite coproduct functors are exact (if the coproducts exist). A
complex E* in E is said to be Becker coacyclic (or “coacyclic in the sense of Becker”) if,
for any complex of injective objects J* in E, the complex of morphisms Homg(E*, J*)
is acyclic (as a complex of abelian groups).

Lemma A.4. (a) The totalization of any short exact sequence of complexes in E is
a Becker coacyclic complex.

(b) The coproduct of any family of Becker coacyclic complexes, if it exists in K(E),
15 a Becker coacyclic complez.

(c) Consequently, if the infinite coproducts exist in E, then any coacyclic complex
in the sense of Section 4.4 is also coacyclic in the sense of Becker.

Proof. Parts (a—b) are (a straightforward generalization of) [56, Lemma 9.1]; they are
closely related to Proposition 4.15(a). Part (c) follows immediately from (a-b). O

Lemma A.5. If the category E is abelian with the abelian exact structure, then any
coacyclic complex in E is acyclic.

Proof. A complex E* in E is acyclic if and only if the complex of abelian groups
Homg(E*, J) is acyclic for any injective object J € E (viewed as a one-term complex
of injective objects). O

The Becker coderived category DP*°(E) is defined as the triangulated quotient cat-
egory of the homotopy category K(E) by the thick subcategory of Becker coacyclic
complexes. It is clear from Lemma A.4(c) that Becker’s coderived category of an exact
category E with infinite coproducts and enough injectives is (at worst) a triangulated
quotient category of the coderived category in the sense of Section 4.4. So there is
a triangulated Verdier quotient functor D®(E) — E°(E) forming a commutative
triangle diagram with the triangulated Verdier quotient functors K(E) — D®(E)
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and K(E) — DP(E). When E is abelian, it follows from Lemma A.5 that there is
also a triangulated Verdier quotient functor D*°(E) — D(E).

Proposition A.6. Let E be an exact category with infinite coproducts and enough
injective objects such that the full subcategory of injective objects Eyro; is preserved by
the infinite coproducts in E (e. g., this holds for any locally Noetherian Grothendieck
abelian category with the abelian exact structure). Then the canonical functor
D<(E) — DP*°(E) is a triangulated equivalence.

Proof. Follows from Proposition 4.15(b). The conditions on the exact category E can
be relaxed a bit; see condition (x) in [41, Section 3.7] or (even more generally) the
results of [44, Section A.6]. O

In is an open problem whether the functor DP®°(E) — D%(E) is a triangulated
equivalence for every Grothendieck abelian category E (with the abelian exact struc-
ture), or even for the category of modules over an arbitrary ring. See, e. g., [51,
Example 2.5(3)] for a discussion. The advantage of Becker’s coderived category,
though, is that it is known to work well for all Grothendieck abelian categories.

Theorem A.7. Let A be a Grothendieck abelian category and Ay C A be its full
subcategory of injective objects. Then the composition K(Ay) — K(A) — DP<(A)
of the inclusion functor K(Ai;) — K(A) and the Verdier quotient functor K(A) —
DP<(A) is a triangulated equivalence K(Ain;) =~ DP°(A).

Proof. This result can be found in [24, Corollary 5.13], [37, Theorem 3.13], or [56,
Corollary 9.4]. O

Lemma A.8. Let A and B be Grothendieck abelian categories, and let F: A — B
be an exact functor which has a right adjoint (equivalently, F is exact and preserves
coproducts). Then the functor F takes Becker coacyclic complexes in A to Becker
coacyclic complezxes in B.

Remark A.9. An analogue of Lemma A.8 holds for coacyclic complexes in the sense
of Section 4.4 under weaker assumptions: any exact functor preserving coproducts,
acting between exact categories with exact coproducts, preserves coacyclicity. This
assertion, following immediately from the definitions, was mentioned and used many
times throughout the main body of this paper.

Proof of Lemma A.8. 1t is a particular case of the Special Adjoint Functor Theorem
that a functor between cocomplete abelian categories having sets of generators is a left
adjoint if and only if it preserves colimits (equivalently, is right exact and preserves
coproducts). This explains the equivalent reformulation of the lemma’s assumptions
in the parentheses. Now let G: B — A be the right adjoint functor to F'. Since
the functor F' is exact, the functor G takes injectives to injectives. Let A® be a
complex in A and J*® be a complex of injective objects in B. Then the isomorphism
of complexes of abelian groups Homg(F'(A*), J*) ~ Homa(A*, G(J*)) shows that the
complex F'(A*) is coacyclic in B whenever a complex A* is coacyclic in A. ([l
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A.2. Locality of coacyclity on schemes. Let X be an reasonable ind-scheme.
Then the category X—tors of quasi-coherent torsion sheaves on X is a Grothendieck
abelian category (by Theorem 2.4). So it makes sense to speak about Becker coacyclic
complexes in X-tors and the Becker coderived category DP<°(X—tors).

Lemma A.10. Let f: Y — X be a flat morphism of reasonable ind-schemes. Then
the inverse image functor f*: X—tors — )—tors takes Becker coacyclic complexes in
X-tors to Becker coacyclic complexes in )—tors.

Proof. The functor f* is exact by Lemma 7.3 and has a right adjoint by
Lemma 2.10(b), so it remains to apply Lemma A.8. O

Lemma A.11. Let f:Y) — X be an affine morphism of reasonable ind-schemes.
Then the direct image functor f.: —-tors — X—tors takes Becker coacyclic complezres
in P-tors to Becker coacyclic complexes in X—tors.

Proof. The functor f, is exact by Lemma 7.2 and preserves coproducts by
Lemma 7.1(a), so Lemma A.8 is applicable. O

The ideas of the formulations and proofs of the next two lemmas can be found in [12,
Remark 1.3] (where a more complicated setting of quasi-coherent curved DG-modules
is considered).

Lemma A.12. Let X = |J, U, be an open covering of a Noetherian scheme X.
Let jo: Uy, — X denote the open immersion morphisms. Then a complex of quasi-
coherent sheaves M*® on X 1is Becker coacyclic if and only if, for every a, the complex
of quasi-coherent sheaves j*M?* on U, is Becker coacyclic.

Proof. In fact, by Proposition A.6, there is no difference between the Becker coacyclic-
ity and coacyclicity in the sense of Section 4.4 in the assumptions of this lemma. The
functors j* preserve coacyclicity by Lemma A.10; so the “only if” assertion is clear.

To prove the “if”, one says that either by Proposition 4.15(b) or by Theorem A.7
there exists a complex of injective quasi-coherent sheaves [J°* on X together with
a morphism of complexes M*®* — J°* with a coacyclic cone. By Lemma A.10, the
cones of the morphisms j: M®* — j: J* are coacyclic as well. If the complexes 7% M?*
are coacyclic, then it follows that so are the complexes j*.J°.

On a Noetherian scheme, injectivity of quasi-coherent sheaves is a local property; so
JeJ*® is a complex of injective quasi-coherent sheaves on U,. Any coacyclic complex
of injectives is contractible; so 7% 7* is a contractible complex. Finally, a complex of
injective objects is contractible if and only if it is acyclic and its objects of cocycles
are injective. As injectivity of sheaves and acyclicity of complexes are local properties
on X, we can conclude that the complex J* € C(X-qcoh;) is contractible. It follows
that the complex M* € C(X—qcoh) is coacyclic. O

Proposition A.13. Let X = J, U, be an open covering of a quasi-compact semi-
separated scheme X. Let j,: U, — X denote the open immersion morphisms. Then
a complex of quasi-coherent sheaves M?* on X is Becker coacyclic if and only if, for

every o, the complex of quasi-coherent sheaves j:M?® on U, is Becker coacyclic.
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Proof. Similarly to the previous lemma, the functors of restriction to open subschemes
preserve coacyclicity by Lemma A.10. So the “only if” assertion is obvious. Moreover,
refining the covering if necessary and using the quasi-compactness, we can assume
that X =J, U, is a finite affine open covering of X.

Choose a linear order on the set of indices «, and for any subset of indices
ap < -+ < ap denote by ja, .. .a: ﬂs ank — X the open immersion of the
intersection of the open subschemes Uy, ..., Uy in X. Since the scheme X is semi-
separated, the open subscheme ﬂ];:l U,, C X is affine for all £ > 0, and the open
immersion of any affine open subscheme into X is an affine morphism of schemes; so
the morphism jq, ., is affine for all £ > 0.

For any quasi-coherent sheaf N on X, the Cech complex

0 ——= N —— P JaciiN — @Kﬁjaﬁ*g’;ﬁj\/ N

is an acyclic finite complex of quasi-coherent sheaves on X (to show the acyclicity,
one observes that the restriction of the Cech complex to each of the open subschemes
U, C X is contractible). Therefore, given a complex of quasi-coherent sheaves M?*
on X, we have an acyclic finite complex of complexes

(57) 0 — M* — @ JarJoM® — @ ]aﬁ*jaﬁ M* > 0.
Now, if the complex j;M* is coacyclic for every «, then the complex j; ~, M?®
is coacyclic for all ay < -+ < a with & > 0 (as the restriction to an open subscheme

preserves coacyclicity). Then, by Lemma A.11, the complex jo, . oy Ja,. o, M* is a
coacyclic complex of quasi-coherent sheaves on X.

Finally, the total complex of the bicomplex (57) is coacyclic by Lemma A.4(a).
Since the Becker coacyclic complexes form a full triangulated subcategory in
K(X—qcoh), we can conclude that the complex M* is Becker coacyclic. 0

Remark A.14. All the results of this Section A.2 are also valid for the coacyclicity
in the sense of Section 4.4 in lieu of the coacyclicity in the sense of Becker (cf.
Remark A.9). The advantage of Becker’s coderived categories for the purposes of the
present appendix is that Theorem A.7 is available for them (specifically, in application
to the categories g)—tors for non-ind-Noetherian ind-schemes 2)).

A.3. The semiderived category for a nonaffine morphism of schemes. In
this section, unlike in the rest of the paper, we do not automatically assume all the
schemes to be concentrated (i. e., quasi-compact and semi-separated). We start with
a series of lemmas before proceeding to the key definition.

Lemma A.15. Let A be an abelian category with countable coproducts and enough
injective objects, and let My — M? — Ms; — --- be an inductive system of
complezes in A, indexed by the poset of nonnegative integers. Assume that the complex
M? 1s Becker coacyclic in A for every n > 0. Then the complex hﬂwo M s Becker

coacyclic in A as well.
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Proof. The complex [],-, My is Becker coacyclic in A by Lemma A.4(b). The total
complex of the short exact sequence of complexes 0 — [[,5o My — [[,50 My —
%ﬂn>0 M is Becker coacyclic by Lemma A.4(a). Since the Becker coacyclic complexes

n

form a full triangulated subcategory in K(A), it follows that the complex hﬂwo M?
is also Becker coacyclic. O

Let X = Spec R be an affine scheme. The principal affine open subschemes in X are
the open subschemes Spec R[r~!] C R corresponding to the morphisms R — R[r~1]
of localization by multiplicative subsets generated by a single element in R. The
principal affine open subschemes form a base of neighborhoods of zero in Spec R, and
the intersection of any two principal affine open subschemes is a principal affine open
subscheme, Spec R[r; '] Xspec r Spec R[ry '] = Spec R[(r17r2)7}]. Furthermore, for any
morphism of affine schemes Spec S — Spec R, the full preimage of any principal
affine open subscheme in Spec R is a principal affine open subscheme in Spec S.

Lemma A.16. Let R — S be a morphism of commutative rings and N°® be a
complex of S-modules. Let s € S be an element. Assume that N* is Becker coacyclic
as a complex of R-modules. Then S[s™'|®s N* is also Becker coacyclic as a complex
of R-modules.

Proof. The complex of R-modules S[s™!]®g N*® can be described as the direct limit of
the sequence of morphisms of complexes of R-modules N* = N* =5 N* — ...,
so Lemma A.15 is applicable. U

Lemma A.17. Let Y = |J, V. be an affine scheme covered by principal affine
open subschemes. Denote by jo: Vo —> Y the open immersion morphisms. Let
f: Y — X be a morphism of affine schemes, and let N°* be a complex of quasi-
coherent sheaves on Y. Then the complex f.N* of quasi-coherent sheaves on X is
Becker coacyclic if and only if, for every o, the compler fijasjiN°® of quasi-coherent
sheaves on X s Becker coacyclic.

Proof. If the complex f,N* is Becker coacyclic in X—qcoh, then Lemma A.16 tells
that the complex fja«j N is Becker coacyclic in X—qcoh for every a.

Conversely, using quasi-compactness of the affine scheme Y, we can assume that
the set of indices « is finite. Choose a linear order on these indices, and for any subset
of indices a; < --- < o denote by Ja,,..a: ﬂ];:l V., — Y the open immersion.
Assume that the complex f,ja.j N is Becker coacyclic in X—qcoh for every . Then
Lemma A.16 tells that the complex fija,. ..y Ji,.. . .a/N" is coacyclic in X—qcoh for

all o < ... < ag and k > 0 (since ﬂ’;zl V,, is a principal affine open subscheme
in V).

Consider the Cech complex of complexes (57) for the complex of quasi-coherent
sheaves N* on the affine scheme Y with its open covering by the affine open sub-
schemes V, C Y:

(38) 0 == N* ——= (P JaudaN" — D o dasN e —— 0.
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The direct image functor f, for the morphism of affine schemes f: Y — X is exact,
so it takes the exact complex of complexes (58) in Y—qcoh to an exact complex of
complexes in X —qcoh:

(59) 0— f*N. - @a f*joz*j:;N. — @a<ﬁ f*ja,ﬁ*jZ’BN. — - —> 0.

Finally, the total complex of the bicomplex (59) is Becker coacyclic in X—qcoh by
Lemma A.4(a), and we have seen that all the terms of this complex of complexes
except possibly the leftmost one are Becker coacyclic. It follows that the leftmost
term f,N* is Becker coacyclic in X—qcoh, too. 0

Lemma A.18. Let Y = |J, V. be an affine scheme covered by (not necessarily
principal) affine open subschemes. Denote by jo: Vo —> Y the open immersion
morphisms. Let f: Y — X be a morphism of affine schemes, and let N'* be a
complex of quasi-coherent sheaves on Y. Then the complex f.N° of quasi-coherent
sheaves on X is Becker coacyclic if and only if, for every «, the complex f.jasj N
of quasi-coherent sheaves on X is Becker coacyclic.

Proof. As the principal affine open subschemes form a base of the topology of Y,
every affine open subscheme V, C Y in our covering can be represented as a (finite)
union V, = [J, Wy of some principal affine open subschemes W, 9 C Y. If W, C
V, C Y are affine open subschemes in an affine scheme and W, 4 is a principal affine
open subscheme in Y, then W, ¢ is also a principal affine open subscheme in V,,.

Denote by kqp: Wa9 — V, the open immersion morphisms, and put l,y =
Jokap: Wae — Y. Now if the complex f.N is Becker coacyclic in X—qcoh, then
the complexes f.ly 0+ 379./\/' * are Becker coacyclic in X—qcoh by Lemma A.17 (as W ¢
are principal affine open subschemes in Y). Since V, = |J, Wa is a covering of an
affine scheme by its principle affine open subschemes, Lemma A.17 implies that the
complex f,jaxjN*® is Becker coacyclic in X—qcoh.

Conversely, if the complexes f.ja.j N * are Becker coacyclic in X—qcoh, then so are
the complexes f.l, 0« 13’9./\/" (by the same Lemma A.17, as W, ¢ are principal affine
open subschemes in V). Since Y = |, , Wa, is a covering of an affine scheme by
its principal affine open subschemes, yetvanother application of Lemma A.17 allows
to conclude that the complex f,N* is Becker coacyclic in X—qcoh. 0

Lemma A.19. Let Y be a scheme, and let |J; Vg =Y =J, W, be two affine open
coverings of Y. Denote by jg: Vg — Y and k,: W, — Y the open immersion
morphisms. Let X be an affine scheme, f: Y — X be a morphism of schemes, and
let N'* be a complex of quasi-coherent sheaves on Y. Then the complezes of quasi-
coherent sheaves f*j/;*jg./\/" on X are Becker coacyclic for all B if and only if the
complexes of quasi-coherent sheaves f*kv*ki;/\/' on X are Becker coacycl for all .

Proof. For every pair of indices 3 and 7 choose an affine open covering Vg N'W,, =
Up Upne of the open subscheme Vg "MW, C Y. Then X ={J;_ ,Ugs,p is an affine
open covering of the scheme X, for every 3, «, 6 one has Ug, 4y C Vg and Ug, 4 C
W, for every (3 one has Vg = UW Ug 0, and for every v one has W, =, , Ug 5 6.
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Denote by lg~¢: Ug,9 — Y the open immersion morphisms. Assume that the
complexes f,jg« jg./\/' * are Becker coacyclic in X—qcoh for all 5. Then, by Lemma A.18
applied to the affine open subscheme Ug, 4 in the affine scheme Vg, the complexes
felg 0+ l;mg}\/' are coacyclic in X—qcoh for all 3, v, #. By the same Lemma A.18
applied to the affine open covering W, = UB,H Up ., of the affine scheme W, it
follows that the complexes f*krv*k‘i./\f * are Becker coacyclic in X—qcoh for all v. [

Let X be a semi-separated scheme. Then, for any affine scheme U, any morphism of
schemes U — X is affine. For any two affine schemes U and V and any morphisms
of schemes U — X and V — X, the scheme U x x V is affine.

Lemma A.20. Let f: Y — X be an affine morphism of quasi-compact semi-
separated schemes. Let X = |J, U be an affine open covering of X. Put V, =
Uy xx Y; then Y = J, Va is an affine open covering of Y. Consider the pullback
diagram

vV, L,y

| s

Ua]—a>X

Let N'* be a complex of quasi-coherent sheaves on Y. Then the following conditions
are equivalent:

(a) the complex f.N* is Becker coacyclic in X—qcoh;
(b) the complezes fika kN are Becker coacyclic in X—qcoh for all a;
(c) the complexes fo kN are Becker coacyclic in U,—qcoh for all c.

Proof. (a) <= (c) In view of the natural isomorphism j* f,N* ~ f,.k:N"* of com-
plexes of quasi-coherent sheaves on U,, the assertion follows from Proposition A.13.

(b) <= (c) We have fikakiN® =~ joufaskiN°®, since fky = jofa. It remains to
observe that, for any affine open immersion j: U — X, a complex of quasi-coherent
sheaves M* on U is Becker coacyclic if and only if the complex of quasi-coherent
sheaves j,M*® on X is Becker coacyclic. This follows from Lemmas A.10 and A.11. 0O

Proposition A.21. Let X be a quasi-compact semi-separated scheme, and let
[ Y — X be a morphism of schemes. Let X =], U, be an affine open covering
of X, and let sV =Y = U7 W, be two open coverings of Y such that the
compositions Vg — Y — X and W, — Y — X are affine morphisms.

Denote by jo: Uy — X, kg: Vg — Y, and l,: W, — Y the open immersion
morphisms. Furthermore, put So 3 = Uy Xx Vg and T, , = Uy Xx W, and denote
by gap: Sap — Y and hoy: T, — Y the natural open immersions, and by
wpt Sap —> Uy and fi_: Ty, — Uy, the natural morphisms of affine schemes.

Let N** be a complez of quasi-coherent sheaves on Y. Then the following conditions
are equivalent:

(a) the complexes f*kg*/{iEN. are Becker coacyclic in X—qcoh for all 3;
(b) the complexes fign s« gzﬁ./\f' are Becker coacyclic in X—qcoh for all o and 3;

(c) the complexes féf’B*gZ,ﬁN' are Becker coacyclic in U,—qcoh for all a and f3;
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(d) the complexes f .+ h’o“w./\P are Becker coacyclic in Uy—qcoh for all o and ~;
(e) the complexes fiho., hj;y,y./\/' are Becker coacyclic in X—qcoh for all o and ~;
(f) the complexes f*lv*lij\/' are Becker coacyclic in X—qcoh for all .

Proof. Conditions (a—c) are equivalent to each other by Lemma A.20 applied to the
affine morphism of schemes fkz: Vg — X and the complex of quasi-coherent
sheaves k;;./\f * on Vpg. Similarly, conditions (d-f) are equivalent to each other by
Lemma A.20 applied to the affine morphism of schemes fl,: W, — X and the
complex of quasi-coherent sheaves I*A* on W.,. Finally, the equivalence (c) <= (d)
is provided by Lemma A.19 applied to the morphism of schemes U, xx Y — U,
into the affine scheme U,, the restriction of the complex of quasi-coherent sheaves
N*® on Y to the open subscheme U, xx Y C Y, and the two affine coverings
Uﬁ Sas=Us XXYZUyTow of the scheme U, xx Y. O

Now we can formulate the promised definition. Let f: Y — X be a morphism of
schemes; assume that the scheme X is quasi-compact and semi-separated. Let N
be a complex of quasi-coherent sheaves on Y.

Choose a covering of the scheme Y by open subschemes Vg C Y such that the
compositions Vg — Y — X are affine morphisms of schemes (for example, any
affine open covering of Y satisfies this condition). Denote by kz: Vg — Y the open
immersion morphisms.

We will say that the complex N is semiacyclic (or more precisely Y /X -semi-
acyclic) if, for every index /3, the complex f*kg*k;./\/’ * of quasi-coherent sheaves on
X (that is, the direct image to X of the restriction of N'* to V) is Becker coacyclic
in X—qcoh. According to Proposition A.21 (a) < (f), this property does not depend
on the choice of an open covering Y = (J; V3.

Remark A.22. The reader should be warned that our terminology is misleading.
The semiacyclicity of a complex in Y—qcoh is by design an intermediate property
between the acyclicity and the Becker coacyclicity. Any Becker coacyclic complex in
Y—qcoh is Y /X-semiacyclic (by Lemmas A.10 and A.11).

On the other hand, any Y /X-semiacyclic complex A"* in Y—qcoh is acyclic. Iin-
deed, it suffices to check that the restriction of N'* to V5 is acyclic for every . Notice
that any Becker coacyclic complex in X—qcoh is acyclic by Lemma A.5. Now acyclic-
ity of the complex f*kg*ng * in X—qcoh implies acyclicity of the complex kg/\f *in
V—qcoh, since the direct image functor f.ks. = (fks).: Vg—qcoh — X—qcoh for
an affine morphism of schemes fkg: Vg — X is exact and faithful.

So the semiacyclicity is a stronger property than the acyclicity.

Remark A.23. Similarly to Section A.2 (cf. Remark A.14) all the results of this
Section A.3 are equally valid for the coacyclicity in the sense of Section 4.4 in lieu of
coacyclicity in the sense of Becker. Moreover, when the scheme X is Noetherian, the
two coacyclicity notions involved are equivalent to each other by Proposition A.6.

Finally, we can define the semiderived category (or the Y / X -semiderived category)
D% (Y—qcoh) of quasi-coherent sheaves on Y as the triangulated quotient category
171



of the homotopy category K(Y—qcoh) by the thick subcategory of Y /X-semiacyclic
complexes. In view of the previous remark, this definition agrees with the definition
in Section 7.1 assuming that X is an semi-separated Noetherian scheme.

Indeed, the definition in Section 7.1 (specialized from ind-schemes to schemes)
presumes the morphism f: Y — X to be affine. In this case, one can use the open
covering of Y consisting of a single open subscheme V =Y for the purposes of the
definition above in this section. Then it is clear that the two definitions are the same.

A 4. Direct images of restrictions of injective sheaves. The aim of this section
is to prove the following technical lemma.

Lemma A.24. Let X be a Noetherian scheme, Y be a quasi-compact semi-separated
scheme, and f:Y — X be a flat morphism of schemes. Let V C Y be an open
subscheme with the open immersion morphism k: V — Y. Assume that the com-
position fk:V — X is an affine morphism of schemes. Let J be an injective
quasi-coherent sheaf on'Y . Then the quasi-coherent sheaf f.k.k*J on X is injective.

We will deduce Lemma A.24 from the next proposition.

Proposition A.25. Let X be a Noetherian scheme, Y be a quasi-compact semi-
separated scheme, and f:Y — X be a flat morphism of schemes. Let J be an
injective quasi-coherent sheaf on'Y and F be a flat quasi-coherent sheaf on'Y . Then
the quasi-coherent sheaf f.(F ®o, J) on X is injective.

The following particular cases of Proposition A.25 are easy. If F = Oy, then
the assertion of the proposition holds because the direct image functor f, for a flat
morphism of schemes f: Y — X preserves injectivity of quasi-coherent sheaves. In
this case, there is no need to assume that the scheme X is Noetherian. If X =Y
and f = id is the identity morphism, then the result reduces to Lemma 4.4(b) (for
which the Noetherianity assumption is essential).

Lemma A.26. Let f: Y — X a flat morphism of affine schemes, where the affine
scheme X in Noetherian. Let J be an injective quasi-coherent sheaf on'Y and F be
a flat quasi-coherent sheaf on'Y . Then the quasi-coherent sheaf fo(F ®o, J) on X
1S injective.

Proof. In algebraic language, the assertion means the following. Let R — S be a
homomorphism of commutative rings such that S is a flat R-module. Assume that
the ring R is Noetherian. Let J be an injective S-module and F' be a flat S-module.
Then the R-module F' ®g J is injective.

Indeed, it suffices to observe that F is a (filtered) direct limit of finitely generated
free S-modules, J is an injective R-module (since S is a flat R-module and J is an
injective S-module), and the class of all injective R-modules is closed under direct
limits in R-mod (since R is a Noetherian ring). O

Lemma A.27. Let X be a Noetherian scheme, Y be an affine scheme, and f: Y —
X be a flat morphism of schemes. Assume that there exists an affine open subscheme

U C X such that the morphism [ factorizes as Y — U — X. Let J be an
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injective quasi-coherent sheaf on'Y and F be a flat quasi-coherent sheaf on'Y . Then
the quasi-coherent sheaf f.(F ®o, J) on X is injective.

Proof. Denote the morphisms involved by ¢g: Y — U and h: U — X. Applying
Lemma A.26 to the flat morphism of affine schemes g: Y — U with a Noetherian
scheme U, we see that the quasi-coherent sheaf g.(F ®p, J) on U is injective. It
remains to say that the direct image functor h,: U-qcoh — X-—qcoh preserves
injectivity, as an open immersion A is a flat morphism. O

Proof of Proposition A.25. Let Y = |J, W, be a finite affine open covering of the
scheme Y. Denote by [,: W, — Y the open immersions.

The key observation is that any injective quasi-coherent sheaf J on Y is a direct
summand of a direct sum P, lo+Kq, where K, are some injective quasi-coherent
sheaves on W,. Indeed, one easily observes that there are enough injective quasi-
coherent sheaves of this particular form, that is, any quasi-coherent sheaf M on Y is
a subobject of a quasi-coherent sheaf of the form @, [,./C,, where IC,, € Wa—qcoh;;.
(It suffices to choose injective quasi-coherent sheaves IC,, in such a way that ¥ M is
a subobject of I, for every a.)

As we are free to choose our finite affine open covering Y =, W, of the scheme
Y, we can make the affine open subschemes W, C Y as small as we wish. Specifically,
we can assume that for every a there exists an affine open subscheme U, C X such
that f(W,) C U,.

Hence the question reduces to the following. We can assume that J = [, where
l,: W — Y is the immersion of an affine open subscheme and K € W-qcoh;.
Moreover, we can have f(W) C U for some affine open subscheme U C X. In
this context, we have to prove that, for any flat quasi-coherent sheaf F on Y, the
quasi-coherent sheaf f.(F ®o, [.K) on X is injective.

By Lemma 2.2, we have F®o, [.K ~ L. (I* F®0,, K) in Y -qcoh (as the morphism [ is
affine, since the scheme Y is semi-separated by assumption). Hence f.(F ®o, [.K) ~
fl(FF ®0,, K) in X—qcoh.

It remains to apply Lemma A.27 to the flat morphism of schemes fl: W — X,
the injective quasi-coherent sheaf I on W, and the flat quasi-coherent sheaf [*F
on W. Here X is a Noetherian scheme, W is an affine scheme, and the morphism fI
factorizes as W — U — X for an affine open subscheme U C X. O

Proof of Lemma A.24. We have the assumption that the morphism fk: V — X is
affine. Let us deduce from this assumption that the morphism k: V — Y is affine.

Let W C Y be an affine open subscheme. We have to show that W xy V is an
affine scheme. Indeed, W xx V is an affine scheme, since W is an affine scheme
and V' — X is an affine morphism (so W xx V' — W is an affine morphism as
a base change of an affine morphism). As W Xy V =Y Xyyy (W xx V) and the
morphism Y — Y X Y =Y Xgpecz Y is affine (the scheme Y being semi-separated
by assumption), it follows that W xy V is an affine scheme.

Finally, by Lemma 2.2 we have k.k*J ~ k.(Oy ®o, k*T) ~ kOy Qp, J in
Y—qcoh. Hence f.k.k*T =~ fi(k.Oy ®o, J) in X—qcoh. The quasi-coherent sheaf
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F = k,Oy on Y is flat, as the direct image with respect to a flat affine morphism
of schemes takes flat quasi-coherent sheaves to flat quasi-coherent sheaves. Thus
Proposition A.25 is applicable.

Notice that we have never used the assumption that V' is an open subscheme in Y.
It suffices that k: V — Y be a flat morphism. (]

A.5. The semiderived category for a morphism of ind-schemes. The defini-
tion of the semiderived category in this section resembles the ones in [43, Section 4.3]
(where the context is very different). We start with a consistency lemma involving
only schemes.

Lemma A.28. Leti: Z — X be a closed immersion of semi-separated Noetherian
schemes, and let f: Y — X be a flat morphism of quasi-compact semi-separated
schemes. Consider the pullback diagram (so W = Z xx Y )

ARG Ve

A
75X
Let J* be a Y /X-semiacyclic complex of injective quasi-coherent sheaves on Y.

Then K'J* is a W /Z-semiacyclic complex of (injective) quasi-coherent sheaves
on W.

Proof. Let Y = 5 Vi be an open covering of the scheme Y such that the compo-
sitions Vg — Y — X are affine morphisms of schemes. Put Ty = Vg xy W =
Vi xx Z. Then W = |J;Tjs is an open covering of the scheme W such that
the compositions Tg — W — Z are affine morphisms of schemes. Denote by
Jjg: Vg — Y and lg: Ty — W the open immersion morphisms.

By the definition, the condition that J° is a Y /X-semiacyclic complex of quasi-
coherent sheaves on Y means that the complex of quasi-coherent sheaves f.js.j5J"*
on X is Becker coacyclic for every 3. Since J° is a complex of injective quasi-coherent
sheaves on Y, Lemma A.24 implies that f.js.j5J " is a complex of injective quasi-
coherent sheaves on X. Any Becker coacyclic complex of injectives is contractible.
We have shown that f.js.j5J " is a contractible complex of (injective) quasi-coherent
sheaves on X for every £.

Consider two pullback diagrams

T kg kg

B —>VB Tﬁ —)V,g
l,@l lja glel lfjﬂ
Wy 75X

By Lemma 4.24 applied to the leftmost diagram (taking into account Lemma 2.1(a)),

we have lz;k:!j' o~ k:!ﬂjgj' in C(Ts-qcoh). By Lemma 2.3(a) applied to the rightmost

diagram, we have g*lﬂ*k!ﬁjgj' ~ i!f*jg*jgj’ in C(Z—qcoh). Combining these isomor-

phisms together, we obtain g.lg.l5k'T " =~ gl ks js T " ~ @' f.js.j5 T in C(Z—qcoh).
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Since f.jg«j5J* is a contractible complex of (injective) quasi-coherent sheaves on
X, the complex ' f.js. JpJ " is a contractible complex of (injective) quasi-coherent
sheaves on Z. Thus the complex g*lg*l};klj * is a contractible, hence Becker coacyclic,
complex of (injective) quasi-coherent sheaves on Z. By the definition, this means that
E'J* is a W/Z-semiacyclic complex of quasi-coherent sheaves on W. O]

Let X be an ind-semi-separated ind-Noetherian ind-scheme, %) be an (ind-quasi-
compact) ind-semi-separated ind-scheme, and 7: ) — X be a flat (but not neces-
sarily affine) morphism of ind-schemes. Our aim is to define the 2)/X-semiderived
category D5 ()-tors) of quasi-coherent torsion sheaves on Y.

Firstly, let _#° be a complex of injective quasi-coherent torsion sheaves on ). We
will say that _#° is a ) /X-semiacyclic complex if, for every closed subscheme Z C X
with the closed immersion morphism 7: Z — X and the related closed subscheme
W =7 xx%) C ) with the closed immersion morphism k: W — ), the complex
k' #° of injective quasi-coherent sheaves on W is W /Z-semiacyclic in the sense of
the definition in Section A.3.

As we have seen in the proof of Lemma A.28, this means that, for every open
subscheme V. C W such that the composition V. — W — Z is an affine mor-
phism, the complex of (injective) quasi-coherent sheaves 7z.,j.j*k' £ on Z must be
contractible. Here the notation for morphisms is 7,: W — Z and j: V — W. It
suffices to check this condition for open subschemes V. .C W belonging to a chosen
covering of W by open subschemes that are affine over Z.

Furthermore, let X = “hﬂ?;er X, be some chosen representation of X by an in-

ductive system of closed immersions of schemes. Then Lemma A.28 tells that it
suffices to check the W /Z-semiacyclicity condition above for the closed subschemes
Z =X,CX, wherey €I

Now we want to explain what it means for a complex of not necessarily injective
quasi-coherent torsion sheaves A4 °° on 2) to be ) /X-semiacyclic. Here we are going
to use Theorem A.7 (so it is important that we are working with the Becker coderived
categories). By Theorem A.7, there exists a morphism of complexes of quasi-coherent
torsion sheaves A#° — _£° on 2 whose cone is Becker coacyclic in )-tors, while
SF° is a complex of injective quasi-coherent torsion sheaves on ). The complex
A in P-tors is said to be P /X-semiacyclic if the complex _£° in P-torsyy is
) /X-semiacyclic in the sense of the previous definition (which is applicable to the
complexes of injectives only).

In other words, the full subcategory of g)/X-semiacyclic complexes in K(g)—tors)
is, by the definition, the minimal thick subcategory in K()—tors) containing both the
Becker coacyclic complexes and the ) /X-semiacyclic complexes of injective quasi-
coherent torsion sheaves on 9).

Remark A.29. Similarly to Remark A.22, we observe that any 2)/X-semiacyclic
complex in P -tors is acyclic. Indeed, all the Becker coacyclic complexes in g)—tors are
acyclic by Lemma A.5. Now let _#° be a %) /X-semiacyclic complex of injective quasi-
coherent torsion sheaves on ). Then, by Remark A.22, the ind-scheme ) can be
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represented by an inductive system of closed immersions of schemes ) = “ligl’;er Y,

such that, denoting by k., : Y, — 9) the closed immersion morphisms, the complexes
of quasi-coherent sheaves k% _£°* on Y, are (Y,/X,-semiacyclic, hence) acyclic for
all 7. As the direct image functors k,.: Y,—qcoh — 2)—tors are exact, it follows
that the complex #° = hﬂwer kwl{;;/° is acyclic in )—tors.

The semiderived category (or the ) /X-semiderived category) DS (Y)—tors) of quasi-
coherent torsion sheaves on 9) is defined as the triangulated quotient category of the
homotopy category K(2)—tors) by the thick subcategory of ) /X-semiacyclic com-
plexes. The following lemma tells that this definition agrees with the one in Sec-
tion 7.1 when both are applicable.

Lemma A.30. Let X be an ind-semi-separated ind-Noetherian ind-scheme and
7: %) — X be a flat affine morphism of ind-schemes. Then a complex N° of
quasi-coherent torsion sheaves on ) is ) /X-semiacyclic if and only if the complex
TN ° of quasi-coherent torsion sheaves on X is coacyclic.

Proof. First of all, let us mention once again that there is no difference between
the two notions of coacyclicity for complexes of quasi-coherent torsion sheaves on an
ind-Noetherian ind-scheme X (by Proposition A.6). Furthermore, the direct image
functor m, takes Becker coacyclic complexes in )—tors to coacyclic complexes in
X—tors by Lemma A.11. Hence it suffices to consider the case of a complex of injective
quasi-coherent torsion sheaves #* € C(2)-torsiy).

Let X = “hﬂ’;er X, be a representation of X by an inductive system of closed
immersions of schemes. Put Y, = X, x3x 9); then 9 = “lig’;er Y, is a repre-
sentation of ) by an inductive system of closed immersions of schemes. Denote
by iy: X, — X and k,: Y, — ) the closed immersion morphisms, and by
my: Y, — X, the natural flat affine morphisms of schemes. By the definition of
the functor m,: ¥)—tors — X—tors (see Section 2.6), we have a natural isomorphism
i;ﬂ* o~ 7r7>,</’<;!W of functors %)-tors — X, —qcoh for every v € I'.

Assume that the complex 7, _£° is coacyclic in X-tors. By Lemma 7.6(b), the
functor m, takes injective objects to injective objects; so m, _#° is a complex of in-
jectives in X-tors. Hence the complex 7, _#° € C(X-torsy,;) is contractible. It fol-
lows that the complex i!vw* JF° is a contractible complex of injective quasi-coherent
sheaves on X.,. Therefore, so is the complex 7T7*/’<:!7 FZ " € C(X,-qcoh,,); in particular,
the complex m*k; SF° is coacyclic. Following the discussion of Y /X-semiacyclicity
in the end of Section A.3, this means that the complex /’{:'7 F° € C(Y,qcoh) is
Y, /X,-semiacyclic. By the definition, we can conclude that the complex #£° €
C( /X torsyy,;) is PP /X-semiacyclic.

Conversely, assume that the complex _£° is ) /X-semiacyclic. Then the complex
Wy*k}y SF° is a (Becker) coacyclic complex of injective objects in X, —qcoh, so it is a
contractible complex of injective objects. Hence the complex i;m SF° is contractible
in X, —qcoh;,;. We also know from the previous paragraph that . _#° is a complex
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of injective objects in X-tors. Using Lemma 4.21, we conclude that 7, _#° is a
contractible (hence coacyclic) complex in X—tors. O

Remark A.31. One can think of this appendix as pointing a direction for possible
generalization of the results of Sections 7-10 to nonaffine morphisms of ind-schemes
m: ) — X, but this a long way. To begin with, it is not obvious (and needs to
be checked) that the full triangulated subcategory of %) /X-semiacyclic complexes in
K()—tors) (in the sense of the definition in this appendix) is closed under coproducts.
The difficulty arises from the fact that the full subcategory of injective objects in
5Y)-tors is not closed under coproducts. Perhaps more importantly, it is not clear how
to extend the constructions of resolutions in Section 8.2 to nonaffine morphisms 7,
or what to replace them with in the nonaffine case. So the semi-infinite algebraic
geometry of quasi-coherent torsion sheaves for nonaffine morphisms of ind-schemes
7m: %) — X remains a challenge.
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